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PREFACE. 



We have endeayoured in the present work to combine some of 
the modem developments of Higher Algebra with the subjects 
usuallj included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modem notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Begarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. YI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution ; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
case of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
found it necessary, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 
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gible as possible to the beginner ; and at the same time to omit 
no proposition which might be found useful in the applioation 
of this calculus. For many of the examples in this Chapter, as 
well as in other parts of the work, we are indebted to the kind- 
ness of Mr. Cathcarty Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the mediimi of the functions of the diffe- 
rences of the roots of equations — this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly 
the Traits cCAlgibre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, which have contributed bo 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro^ 
ductory to the Modern Higher Algebra of Dr. Salmon, and the 
TJieorie der hindren algehraischen Fortnen of Clebsch ; and 
in some degree to the Thiorie des Formes hinaires of the 

* Theory and Solution of Algebraical Equationty London, 1835 ; Analyeie and 
Solution of Cubic and Biquadratic JSquatione, London, 1842 ; and Theory and 
Solution of Algebraical Equations of the Higher Orders^ London, 1843, 
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Chov. F. Fad De Bruno. We must reoord also our obligations 
in this department of the subject to Mr. Michael Eoberts, from 
whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the University of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by him at the Uni- 
versity Examinations. 

In the chapter on the Complex Variable we have followed 
closely the treatment of imaginary quantities given by M. 
Briot in his Lemons (TAlgibre, 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Bubini, and papers in the mathematical journals by Boole, 
Cayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Bobert Graham, of Trinity College, Dublin, who has read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
gestions made by him. 

Tkiititt College, 

September t 1881. 



Note. — The first ten Chapters of this work may be regarded bb forming an 
elementary course. In reading these Chapters for the first time, Students arc 
recommended to omit Art. 63 of Chap. V., and to confine their attention in 
Chap. VI. to Arts 65, 66, 67, 61, 62, and 63. 
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THEORY OF EQUATIONS. 



INTRODUCTION. 

1. Befinlttoiis. — Any mathematical expression involving a 
quantity is called e^ function of that quantity. 

We shall be employed mainly with such algebraical func- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only ; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical function of x : — 

aaf^ + baf^~^ + caf*'^ + -\-kx+ l. 

Here it is to be observed that our definition has reference to 
the quantity 0? only, of which the expression is a function. The 
several coefficients a, 6,.c, &c., may be irrational or fractional, 
and the function still remain rational and integral in x, 

A function of x is represented for brevity by F(x)yf{x)y ^{x), 
or some similar symbol. 

The name polynomial is given to the algebraical func- 
tion to express the fact that it is constituted of a number of 
terms containing different powers of x connected by the signs 

B 
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plus or minus. For oertain values of the variable quantity x^ 
one given polynomial may become equal to another differently 
constituted. The algebraical expression of such a relation is 
called an equation; and any value of the quantity x which 
satisfies this equation is called a root of the equation. The 
determination of all possible roots constitutes the complete 
soluiion of the equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the following manner : — 

The highest power of x in this equation being n, it is said to 
be an equation of the n'* degree in x. For an equation of the 
n'* degree we shall, in general, employ the form here written. 
The suffix attached to the letter a indicates the power of x 
which each coefficient accompanies, the sum of the exponent of x 
and the suffix of a being equal to n for each term. An equation 
is not altered if all its terms be divided by any quantity. We 
may thus, if we please, dividing by Ooy make the coefficient of of 
in the above equation equal to unity. We shall find it often 
cq;nvenient to make this supposition ; and in such cases we shall 
write the equation in the form 

An equation is said to be complete when it contains terms 
involving a? in all its powers from n to 0, and incomplete when 
some of the terms are absent; or, in other words, when some of 
the coefficients p^ joj, Ac, are equal to zero. The term j»„, 
which does not contain x, is called the absolute term. An equa- 
tion is numerical^ or algebraical, according as its coefficients are 
numbers, or algebraical symbols. 

2. Mmneiical and Algebraical Eqvatloiis. — In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It was natural, 
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therefore, that the attention of mathematioians should have been 
at an early stage in the history of the science directed towards 
inquiries of this nature. The science of the Theory of Equa- 
tions, as it now stands, has grown out of the successive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coefficients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coefficients are such symbols, may be expressed in terms 
of these coefficients in a general formula ; and that the nimie- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular nimibers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula in the case of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain cases these formulas fail to give us the solution of 
a nimiencal equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect, inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as established by the researches of modem 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 

b2 



4 Introduction. 

3. Polynomials. — One important object of the science of 
the Theory of Equations is thus the discovery of those values 
of the quantity x which give to the polynomial f{x) the par- 
ticular value zero. In attempting to discover such values of 
the variable we shall be led into many inquiries concerning 
the values assumed by the polynomial for other different values 
of X. We shall, In fact, see in the next Chapter that, corre- 
sponding to a continuous series of values of x varying from an 
infinitely great negative quantity (- oo ) to an infinitely great 
positive quantity (+ oo ),/(^) will assume also values continuously 
varying. The study of such variations is a very important part 
of the subject on which we are engaged. The general solution 
of numerical equations is, in fact, a tentative process ; and by 
examining the values assumed by the polynomial for certain 
arbitrarily assumed values of the variable, we shall be led, if 
not to the root itself, at least to an indication of the neighbour- 
hood in which it exists, and within which our further approxi- 
mation must be carried on. 

A polynomial is sometimes called a quantic. It is convenient 
to have distinct names for quantics of the 2nd, 3rd, 4th, 5th, 
&c., degrees. That of the 2nd degree is called a quadratic or 
quadric ; that of the 3rd is called a cubic'; that of the 4th a 
quartic or biquadratic ; that of the 5th a quintic ; and so on. The 
equations obtained by equating these quantics to zero are called 
quadratic^ cubic^ biquadratic^ &c., equatiofis, respectively. 



CHAPTER I. 

GENERAL PROPERTIES OF POLYNOMIALS. 

4. In tracing the changes of value of a polynomial correspond- 
ing to changes in the variahle, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very small are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

^ (^ (It 1 Chi an-i 1 On 1 I 

it is plain that its value tends to become equal to a,,jf^y as x tends 
towards oo . We proceed, then, to inquire what is the value of x 
nearest to zero which will have the effect of making the t«rm 
aoj^ exceed the sum of all the others. 
Theorem. — If in the polynomial 

(hx^ + aix^'^ + (hx^~^ + . . . + an^iX + an 

the value — n- 1, or any greater value^ be mhstituted for x, where a* 

18 that one of the coefficients ^i, ^2, . . . flf« tchose numerical value is 
greatest, irrespective of sign, the term containing the highest power 
of X will exceed the sum of all the terms which follow. 
The inequality 

flfoa^ > aiOif^'^ + flTa^c""* + . . . + ttn-x a; + a„ 
is satisfied by the following : — 

a^af^ > ajc {af-^ + a^' + . . . + d? + 1), 
where ak is the greatest among the coefficients 

without regard to sign. 
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This leads, summing the geometric series, to the condition 

which is satisfied if Oo (a? - 1) he > or = a^, 

or ar > or = — + 1 ; 

which proves the theorem. 

Remark. — This theorem is useful in furnishing us, when the 
coefficients of the polynomial are given numhers, with a number 
such that when x receives values neareiftio + oo the polynomial 
will preserve constantly a positive sign. If we change the 
sign of 0?, the first term will retain its sign if n be even, and 
will become negative if n be odd; so that we are furnished 
by the same theorem with a negative value of x^ such that for 
any value nearer to - oo , the polynomial will retain constantly 
a positive sign if n be even, and a negative sign if n be odd. 
The constitution of the polynomial is, in general, such that 
limits much nearer to zero than those here arrived at can 
be found beyond which the function preserves the same sign ; 
for in the above proof we have taken the most unfavourable case, 
i.e. where all the coefficients except the first are negative, and 
each equal to aji ; whereas in general the coefficients have varying 
values, positive, negative, or zero. Several theorems, having for 
their object the discovery of such closer limits, will be given in a 
subsequent Chapter. 

5. "We now proceed to determine what is the most important 
term in a polynomial when the value of x is indefinitely dimi- 
nished, and what is the greatest value of x for which that term 
exceeds all the others. 

It is evident that the polynomial tends to become equal to 
On ^ X tends towards zero. We inquire what is the greatest 
value of X which gives ff„ the preponderance. 

Theorem. — If in the polynomial 

aoX** + ai,r^~^ + . . . f a„.ix + a^ 



Theorem. 7 

the value , or any smaller value^ be iuhttituted for Xy where an 

an + arc 

is the greatest coefficient exclueive ofa^j the term On will he nume- 
rically greater than the sum of all the others. 

To prove this, let a? = - ; then by the theorem of Art. 4, 

au being now the greatest among the coefficients Oo, ai, 0^.1, 

without regard to sign, the value — + 1, or any greater value of 

y, will make 

,V4r' 11 1 

y y" y"" 

henoe the value — - — , or any less value of x. wlQ make 

an + «*'-' 

flfi > an-\X + flf«_2iC' + . . . + aoi«^. 

This proposition is often stated in a different manner, as 
follows: — Values so small may be assigned to x as to make th$ 

polynomial 

On^iX + an-2^ + . . . + a^af* 

less than any assigned quantity. 

This is evident, as in the above proof a„ may be taken to be 
the assigned quantity. 

There is also another useful statement of the theorem, as 
follows : — When the variable x receives a very small value^ the sign 
of the polynomial 

is the same as the sign of its first term a„^ix. 

This appears by writing the expression in the form 

for when a value sufficiently small is given to Xy the numerical 
value of the term ^n-i exceeds the sum of the other terms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of a„^i. 
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6. Change of form of a Polynomial eorrespondlng 
to an Increase or diminution of the Variable. Berlired 
Functions. — We shall now examine the foim assumed by the 
polynomial when x + his substituted for x. 

If we suppose h essentially positive, the resulting form will 
correspond to an increase of the variable; and by changing the 
sign of A in the result we obtain the form corresponding to a 
diminution of x. 

When X is changed to ic + A, /{x) becomes f(x + A), or 

a^{x + A)" +a,(ar+A)"'* + 02(0?+^)**"'+ . . . + a«_a(ir + A)* + ff«_i(ar+A) +rtn. 

Let each term of this expression be expanded by the binomial 
theorem, and the result arranged according to ascending powers 
of h. We then have 

aoof^ + aio^'^ + azof^'^ + . . . + r/j^-ja** + On-iX + «„ 
+ k |/»ar„a?*"* + (w - 1) aix^"^ + (n - 2) fljar'*'' + . . . + 2flr,p^a? + fl«_i | 



+ 



r-^ L (n - l)a,af-^ + (w - l)(n - 2)aix"-^ + . . . + 2anJ^ 



4- 

It will be observed that the part of this expression indepen- 
dent of h i^f{x) : a result which is obvious d priori ; and that 
the subsequent coefficients of the different powers of h are 
functions of x of degrees diminishing by unity. It will further 
be observed that the coefficient of h may be derived from /(a?) 
in the following manner : — Let each term in/{x) be multiplied 
by the exponent of x in that term, and let the exponent of a; in 
the term be diminished by unity, the sign being retained ; the 
sum of all the terms oif(x) treated in this way will constitute a 
polynomial of dimensions one degree lower than those of /(a?). 
This polynomial is called the first derived function of /(«). 
It is usual to represent this function by the notation f\x). 
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The coefficient of -z — ^ may be derived from f\x) by a process 

the same as that employed in deriving /'(a?) from /(a?), or by the 
operation twice performed on /(a?). It is represented by/''(^)« 
Th\3isf'\x) is called the second derived function of /(a?) ; and in 
like manner the succeeding coefficients may all be derived by 
successive operations of this character ; so that, employing the 
notation here indicated, we may write the result thus : — 

f{x + h) =f{x) ^f'{x)h +-^ A' +-Q^ *' + ... + a,h\ 

We may observe that, since the interchange of x and h does 
not alter /(a; + A), the expansion may also be written in the form 

/(a- + A) =/(A) +/'(A) a: +-^^ aj* + ^^3 a?» + . . . + Oo^^ 

We shall in general employ this notation ; but on certain 
occasions it will be found more convenient when dealing with 
the successive derived functions to use suffixes instead of the 
accents here employed, the latter notation becoming cumbrous 
when we. go beyond the first two or three derived functions. 
The above expansion will then be written as follows: — 

f{x 4- A) =/(a^) + f(x) h +/a(ar> j^ + • • • +/r(^) ^ g 3 ^ + • • • 



Example. 

Find what tlio polynomial Asfi -v ^x^ -*Ix ■\- A becomes when x is changed into 
x + A. 

Hero 

f{x) =4a;» + 6««-7« + 4, 

f'(x) =12a:Hl2«-7, 

f"{x) = 24 a: + 12, 

/'"W = 24; 
and the result is 

4x»+62!2-7j: + 4+(12aJ»+12a:-7)A+(24a?+12) r^+24 r-^- 

This example shows how the absolute tenn of each function disappears when its 
derived is fonned, the degree of the function dimimshing, till finally /n(r) is reached, 
which is equal in general to{«.n-l . n -1 .. . 2.1}ao; in this case f%(x) 
= {3.2. 1)4. 
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7. Cantliiiilty of a Rattaital Integral FuneiiaB of ^r. 

— If the value of x be made to vary, by indefinitely small inore- 

ments, from one quantity a to a greater quantity i, it becomes 

an inquiry how the polynomial /{x) varies at the same time. 

The object of the present Article is to show that/(a?) passes at 

the same time through all vcdues between f{a) and /{b) ; in 

other words, that it varies continuously along with x. Let x be 

increased from a to a + A. The corresponding increment of 

/(a?) is 

/{a + A) -/ W, 

which is equal, by Art. 6, to 

in which all the coefficients /'(a), /"(a), Ac, are finite quantities. 
Now, by the theorem of Art. 6, this latter expression may, by 
ta&ig h small enough, be made to assume a value less than any 
assigned quantity ; so that the difference between /{a + h) and 
/{a) may be made as small as we please, and will ultimately 
vanish with h. The same is true during all stages of the 
variation of x from a to ( ; thus the continuity of the function 
/{x) is established. 

It is to be observed that it is not here proved that f{x) 
increases continuously from /(a) to /(J). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but our proof shows that it cannot pass per saltum from one 
value to another. The sign of f\a) will determine whether /(a?) 
is increasing or diminishing ; for we know by Art. 5 that when 
h is small enough the sign of the total increment will depend on 
that of /'(a) A. We thus observe that when f\a) is positive/ (x) 
is increasing with x; and when/' (a) is negative /{x) is diminishing 
as X increases. 

8. Form of the liuotleiit and Remainder when a 
Polynomial Is divided hy a Binomial. — Let the quotient, 
when 



Form of the Quotient and Remainder^ Sfc. 1 1 

is divided by a? - A, be 

This we shall represent by Q, and the remainder by R. We 
have then the following equation : 

f[x)^{x-h)Q-^R. 

The meaning of this equation is, that when Q is multiplied 
by a; - A, and R added, the result must be identical^ term for term, 
with /(a?). In order to distinguish identical equations of this 
kind from others, it will often be found convenient to use the 
symbol here employed in place of the usual symbol of equality. 
The right-hand side of the identity is 

bouf + bi 1 a^* + bi )ixf*'^ + . . . + J„_i )x-hR 
-hbo) -hbi) -hbf^) -hbf^i. 

Equating the coefficients of x on both sides, we get the fol- 
lowing series of equations to determine bo, (i, bt,,,. (n-n R » — 

bi = boh + fli, 
Jj = 6iA + flj, 

^3 = JjA + flTs, 



R = ifi-iA + Un. 



These equations supply a ready method of calculating in 
succession the coefficients (o^ ^i^ &c., of the quotient, and the 
remainder. For this purpose we write the series of operations 
in the following manner : — 

(itiy ^l> ^2> ^3) .... fln-i, flPn> 

6oA, bihy b'ih, .... fin-sA, 6»-i2.. 

*1> biy t>3, .... t>n-ly H. 

In the first line are written down the successive coefficients 



i 
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oi/(x) ; the first term in the seoond line is obtained by multi- 
plying Oo (or 6oy which is equal to it) by h. The product boh is 
placed under ai, and then added to it in order to obtain the 
term (i in th^ third line. This term, when obtained, is multi- 
plied in its turn by A, and placed under <h. The product is 
added to Os to obtain the second figure bt in the third line. The 
repetition of this process fiimishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 

Examples. 

1. Find] the quotient and remainder when 3r^ - 5:^ -I- lOx' + 11« - 61 is divided 
by jp-3. 

The calculation is arranged as follows : — 

3-6 10 11 - 61. 
9 12 66 231. 



4 22 77 170. 

Thus the quotient is 3** + 4«' + 223; + 77, and the remainder 170. 

2. Find the quotient and remainder when x^ + 6a^ + 3^; + 2 is divided by a; - 1 . 

Am, <2 = jj» + 6a:+9, i2 = ll. 

3. Find Q and i? when «»-4«* + 7x'- liar- 13 is divided by «- 6. 

[N. B. — ^When any term in a polynomial is absent, care must be taken to supply 
the place of its coefficient by zero in writing down the coefficients of f(x). In this 
example, therefore, the series in the first line will be 

1-4 7 0-11 -13.] 

Ant, Q = «* + a:* + 12a:2 + 60a:+ 289, B = 1432. 

4. Find the quotient and remainder when a:* -f 3x'' - 15^;^ + 2 is divided by « - 2. 
Am. <2 = «8 + 2«' + 7x«+14**+28fl;* + 664f>+112«> + 209« + 418, JJ = 838. 

6. Find thequotient and remainder when jr^ + x' - 10« -f 113 is divided by a? + 4. 

Am. <2 = ar*-4«3 + 16«»-63«+242; i2 = -866. 

9. Tabnlatloii of Functloiis. — The arithmetical opera- 
tion explained in the preceding Article supplies a convenient 
practical method of calculating the value of a polynomial whose 
coefficients are given numbers when any number is substituted 
for X. For, the equation 
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since its two members are identically equal, must be satisfied 
when any quantity is substituted for x. Put x = h\ then 
/(A) = jB ; a? - A being = 0, and Q remaining finite. Hence the 
result of substituting A for a? in f[x) is the re^iainder when 
f{x) is divided by a? - A, and can be calculated rapidly by the 
process of the last Article. 

For example, the result of substituting 3 for a; in the poly- 
nomial of Ex. 1, Art. 8, viz., 

3a:*-5ir» + 10a:' + llar-61, 

is 170, this being the remainder after division by a? - 3. The 
student can verify this by actual substitution. 
Again, the result of substituting - 4 for a; in 

a?» + ic»-10a? + 113 

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as X receives a continuous series of values increasing from - oo to 
+ 00 , f{x) will pass through a corresponding continuous series. 
If we substitute in succession for x/vclb, polynomial whose coef- 
ficients are given numbers, a series of numbers such as 

— 00 , ... — 3, — 2, — 1, 0, 1, 2, 3, . . . + 00 , 

and calculate, and note down, the corresponding values of /(ar), 
the process may be called the tabulation of the function, 

ExiMPLSS. 

1. Tabulate the trinomial 2x^ -k- x - 6, for the values of x 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Values of x^ 


-4 


-3 


-2 


-1 i 
1 





1 


2 


3 


4 


Values of /(«), 


22 


9 





1 

-0 


-6 


-3 


4 


16 


30 



2. Tabulate the polynomial 10a:'* - 17j?' + « + 6 for the values of x 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Values of Xj 


-4 


-3 


-2 


-1 





1 


2 


! 3 


4 


Values of /(«) 


-910 


-420 


-144 


-22 


6 





20 


1 126 


378 
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10. OrapUc Representatloii of a PolynomiaL — 

Whenever we have to deal with a great number of values of any 
varying quantity, it is important to be able to represent them in 
some simple and expressive manner. This in the present in- 
stance can be effected, and the general character of the function 
made apparent to the eye, by means of a graphic representation. 
We proceed to explain such a representation of the function 

Let two right lines OX, OY 
(fig. 1), cut one another at right 
angles, and be produced indefinitely 
in both directions. These lines are 
called the axis of x and axis of y, 
respectively. Lines, such as 0-4, 
measured on the axis of x at the 
right-hand side of 0, are regarded 
as positive, and those, such as 
0A\ measured at the left-hand 
side, as negative. Lines parallel 
to OF which are above XX\ such as AP or -B'Q', are positive; 
and those below it, such as ^T or A'Py are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

We can now take any length we please on OX as imity, 
and any number positive or negative will be represented by a 
line measured on XX^ ; the series of numbers increasing from 
to + 00 in the direction OX, and diminishing from to - oo in the 
direction 0X\ Let any number m be represented by OA ; cal- 
culate /(w) ; from A draw AP parallel to OF to represent /(m) 
in magnitude on the same scale as that on which OA represents 
m, and to represent by its position above or below the line OX 
the sign of /(m). 

Corresponding to the different values of m represented by 
0-4, OBy OCy &c., we shall have a series of points P, Q, jB, Ac, 
which, when we suppose the number of values of m indefinitely 
increased so as to include all numbers between - oo and + oo , will 



Fig. 1. 
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trace out a oontinuous curved line ; and this curved line will, 
by the distances of its several points from the line OX^ exhibit 
to the eye the several values of the function /(ic). 

The student acquainted with analytic geometry will observe 
that the process we have here explained is that of tracing the 
plane curve whose equation is y =/(«?). 

It is of course impossible to substitute for x all the numerical 
values between - oo and + oo ; and the labour of the calculation 
precludes our substitution of more than a limited nimiber of 
values in any psurticular case. But the advantage of this graphic 
representation is, that in general we shall be able, from the 
calculation of a limited number of values of f{x) corresponding 
to smcJl integral values of ;r, to draw approximately the form of 
the curve representing the function, and thus obtain a general 
idea of its nature. 

The process here described is also called tracing the function. 
We add examples : — 

Examples. 

1 . Let it be required to trace the trinomial f{x) = 2dj* + a: - 6. 
From Ex. 1, Art. 9, we have, for the values of x 

. . . . — 4, — 3, — 2, — 1, 0, 1, 2, 3, 4, . . . . 

the eorreBponding values fdf(x) 

.... 22, 9, 0,-6,-6,-3, 4, 15, 30, .... 

The unit of length taken is one-sixth of 
the line OD in fig. 2. 

By means of these values we obtain 
the positions of nine points on the curve ; 
seven of which, -4, -B, C, D, E^ F, (?, are 
here represented, the other two correspond- 
ing to values of /(or) which lie out of the 
limits of our figure. 

It may occur to the student that we 
have here exercised considerable imagina- 
tion in drawing that part of the curve 
which lies between the points deteimined 
by calculation; and that much closer nu- 
merical values must be substituted for x in 
order to obtain the shape of the curve with 
any accizraey. He will learn, however, as ^^' ^' 

he proceeds, that we aie asnsted in our approximation to the form of the curve by 
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many other conndendons besides the ascertained values oif(x). Cases undoubt- 
edly occur in which the portion of the curve between two values of x must be more 
closely examined, and then the substitution of nearer values of x will become neces- 
sary. The next example will furnish an illustration of such cases. 

Remark, — ^The ourve here traoed outs the axis of 2; in two 

points (a number equal to the degree of the polynomial): in 

other words, there are two values of Xy for which the value of 

the given polynomial is zero ; these are the two roots of the 

3 

equation 2a^ + a? - 6 = 0, viz., - 2, and ^. The curve correspond- 
ing to a given polynomial may not out the axis of x at all, or 
may out it in a number* of points less than the degree of the 
polynomial. Such cases correspond to the imaginary roots of 
equations, as will appear more fully in the next Chapter. For 
example, the curve which represents the polynomial 2x* -hx-\-2 
will, when traced, lie entirely above the axis oix; in fact, since 
this function differs from the former only by the addition of the 
constant quantity 8, each value oi/{x) is obtained by adding 8 
to the previously calculated value, and the entire curve can be 
obtained by simply supposing the previously traced curve to be 
moved up parallel to the axis of y through a distance of 8 of the 
imits. It is evident, by the solution of the equation 23?" + a? + 2 
= 0, that the two values of x which render the polynomial zero 
are in this case imaginary. Whenever, as here, the number of 
points in which the curve cuts the axis of x falls short of the 
degree of the polynomial, it is customary to speak of the curve 
as cutting the line in imaginary points. 

2. Trace the polynomial 

10j3-17«» + a: + 6. 

This is already tabulated in Art. 9 for the values uf x 

-4.-3,-2,-1, 0, 1, 2, 3, 4. 

We may here remark, as an exercise on Art. 4, that this function retains positive 
values for all positive values of ir greater than 2*7, and retains negative values lor all 
values of J? nearer to - 00 than - 2*7. The curve will, then, if it cuts the axis of « at 
all, cut it at a point (or points) corresponding to some value (or values) of j; be- 
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tveen - 2-7 and + 27; w thatif ourobjoct U to dBterauiiB, or approximate to, the 
pcflitioiu of the roots of the equation /(i)= 0, 
our tabulation may be confined to the Interral 
between - 2-7 and 2-7 ; indeed it may be con- 
fined to a closer interval, u vill appear vben 
ve come to a more preciee diacuMion of the 
limita of the roota of equationa (cf. lUmork, 
Art. 4). This is a caae in vhich the aub- 
■titution of integral value* only of > pvee lery 
little help towarda the tracing of the carve, and 
wheie, coniequenitj, amaller intervals have to 
be examined. We give the tabulation of the 
function for intervals of one-tenth between 
the integen - 1, 0; 0, I ; 1, 2. From these 
Tallies the poaitions of the corresponding points 
on the curve may be approximately ascertained, 
uid the curve traced as in fig. 3. 



Values of 
V«lue«of/(j 



» [-22.I-IS-96I- 



Tslnetof* 
Valuea of /(x) 




Valuesttfx | 1 I 1-1 | 
V(auBsof/{r) ; | --lel 



11 1-6| 1-7] 1-8 1-9 I 2 
)|G'04J 7-7 |ll'04jlfi-12| 20 



II. HaslBim and ninlma Values of PolynonilalB. — 

It is apparent from the oonsideTatioiiB establiehed in the pre- 
ceding Ajtides, tliat as the variable x changes from - so to + co , 
the ftmotioD f{x) may imdergo many variations. It may go 
on for a obtain period inoreasiDg, and then, oeasmg to increase, 
may commence to diminish ; it may then oease to diminish and 
commenoe again to increase ; after which another period of 
diminution may arrive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to dimimsb, it is said to have attained a 
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maximum value ; and when it ceases to i^iminiftli and oom- 
menoes to inoreasey it is said to have attained a minimum 
value. A polynomial may have several mATimn. or several 
minima values, or both, the number depending on its degree. 
Nothing exhibits so well as a graphio representation the occur- 
renoe of such a maximum or minimum value ; as well as the 
various fluctuations of which the values of a polynomial are sus- 
ceptible. We shall give in a subsequent Chapter themethod of 
finding the values of x corresponding to the maxima or Tniin'Tnf L 
values oi/{x)y together with criteria to decide between maxima 
and minima. These are among the considerations alluded to in 
Art. 10, as aiding us in the graphic construction of the poly- 
nomial. Another very material aid to such a construction 
would be a knowledge of the values of x corresponding to the 
points (if any) in which the line XX' is cut by the curve ; that 
is to say, of the values of x which render /(^) » 0. Such a value 
of a; is a root of the equation /(ar) = 0. 

We proceed in the next Chapter to a discussion of the roots, 
and general properties of equations. 



CHAPTER n. 

GENERAL PROPERTIES OF EQUATIONS. 

12. The questions whioh we have now to disouss with respeot 
to the equation 

are whether every such equation must have a root ; whether, 
assuming the existenoe of roots, their number is definite or in- 
definite ; what is their ch&racter ; are they always real, or may 
they involve the imaginary expression >v/- 1. 

The following theorem enables us to establish the existence 
of a real root in many instances : — 

Theorem. — If two real quantities a and b be substituted for 
the unknoum quantity x in any polynomial f{x)y and if they furnish 
results having different signsy one plus and the other minus ; then the 
equation f{x) = Q must have at least one real root intermediate 
in value between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function /(ic) established in Art. 7 ; for 
since /(a?) changes continuously from /(a) to/ (6), i. e. passes 
through all the intermediate values, while x changes from a 
to b ; and sinoe one of these quantities, f{a) or/ (6), is positive, 
and the other negative, it follows that for some value of x inter- 
mediate between a and byf(x) must attain the value zero which 
is intermediate between /(a) and /(J). 

The student will assist his conception of this theorem by 
reference to the graphic method of representation described in 
Art. 10. What is here proved, and what will appear obvious 
from the figure, is, that if there exist two points of the curved 

c2 
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line representing the polynomial on opi>OBite sides of the axis OX, 
then the curve joining these points must cut that axis at least 
once. It will also be evident from the figure that several values 
may exist between a and h for which f{x) = 0, t. e. for which 
the curve cuts the axis. For example, in fig. 3, Art. 10, ^^ -2 
gives a negative value (- 144), and a? = 2 gives a positive value 
(20j, and between these points of the curve there exist three 
points of section of the axis of x. 

Corollary* — // there exist no real quantity which, substituted 
for Xy makes /{x) = 0, thenf{x) must be positive for every real value 
o/x. 

For it is evident (Art. 4) that a: = oo make8/(ir) positive ; and 
no value of x^ therefore, can make it negative ; for if it did, the 
'€K][uation would by the theorem of this Article have a real root, 
which is contrary to our present hypothesis. In terms of the 
graphic representation this theorem may be expressed by saying 
that when the equation/(2;) = has no real root, the curve repre- 
senting the polynomial/(a;) must lie entirely above the axis of x. 

13. Theorem* — Every equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in succession - oo , 0, oo for a? in the poly- 
nomi'al/(a?). The results are, n being odd (see Art. 4), 

a? = - 00 , f(x) is negative ; 

a; = 0, sign oif{x) is the same as that of On ; 

a? = + 00 , f{x) is positive. 

If On is positive, the equation must have a real root between - oo 
and 0, t. e. a real negative root ; and if a^ is negative, the equa- 
tion must have a real root between and oo , /. e. a real positive 
root. The theorem is thus proved. 

14. Theorem. — Every equation of an even degree, whose last 
tenn is negative, has at least two real roots, one positive and the 
other negative. 
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The results of substituting - oo , 0, oo are in this case 



0, 

+ 00, 



+ ; 



hence there is a real root between - oo and 0, and another be- 
tween and +00 ; ue,^ there exist^at least one real negf^ive, and 
one real positive root. 

We have contented ourselves in both these Articles with 
proving the existence of roots, and for this purpose it is sufficient 
to substitute very large positive or negative values, as we have 
done, for x. We are of course able to narrow the limits within 
which the roots lie by the aid of the theorem of Art. (4), and 
still more by the aid of the theorems to be given subsequently, 
to which we have before made reference. 

15. Existence of a Root in the General Equation. 
Imaffinary Roots. — We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
real root at all. It becomes then 
an inquiry whether, in the ab- 
sence of real values, there may 
not be values involving the ima- 
ginary expression ^- 1 which, 
when substituted for Xy reduce the 
polynomial to zero ; or whether ^' 
there may not be in certain cases 
both real and imaginary values ^*^' ** 

of the variable which satisfy the equation. We take a simple 
case to illustrate our meaning. As already remarked (see Ex. 1, 
Art. 10), the curve corresponding to the polynomial 

/{x) = 2.r^ + ar + 2 
lies entirely above the axis of ur, as in fig. 4. The equation 
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f{x) = has no real roots ; but it has the two imaginary roots 

1 yi5 /— 1 v/i5 



-4-^ 



^v/-l, -^--j-V^ 



as is evident by the solution of the quadratic. 

In this simple instance we observe that, in the Absence of 
any real values, there are two imaginary expressions which 
reduce the polynomial to zero. The general proposition of 
which this is a very particular illustration is, that every rational 
integral equation 

aoic^ + aiir^^+flaa?"'* + . . . + a^iX+an = 
must Juive a root of the form 

a and /3 being real finite quantities. This proposition includes 
both real and imaginary roots, the former corresponding to the 
value /3 = 0. 

As the proof of this proposition involves considerations 
somewhat advanced, and as we do not wish to interrupt the 
student so early in his study of the subject by investigations of 
a difficult nature, we shall defer its discussion to a subsequent 
part of this work. For the present, therefore, we assume the 
proposition, and proceed to derive certain consequences from it. 

16. Theorem. — Every eqtmtion of n dimensions has n roots^ 
and no more. 

We first observe that if any quantity A is a root of the equa- 
tion /(a;) = 0, then/(ar) is divisible by ar - /* without a remainder. 
This is evident from Art. 9 ; for if /(A) =0, t.e. if A is a root 
oif{x) = 0, jB must be = 0. 

The converse of this is also obviously true. 

Let, no% the given equation be 

This equation must have a root, real or imaginary (see Art. 15), 

whicli we shall denote by the symbol oi. Let the quotient, when 

f[x) is divided by ;r - oi, be ^i [x) ; we have then the identical 

equation 

fix) = (^-a,)0i(r). 
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Again, the equation ^i [x) = 0, whioh is of n - 1 dimenjsions, must 
have a root, whioh we represent by at. Let the quotient ob- 
tained by dividing ^i (^r) by a? - as be ^s (^)« Henoe 

and .'. fix) -= (a? - Qi) {x - ca) f^% (a?), 

where ^ (^) is of n - 2 dimensions. 

Proceeding in this manner, we prove that./(a;) consists of the 
product of n factors, each containing x in the first degree, and a 
numerical factor ^n (^)* Comparing the coefficients of sxf^^ it is 
plain that ^^(a)^^ 1. Thus we prove the identical equation 

f{x) 3 (a? - Ci) (a? - aa) (a? - as) (a? - an-i) (« - cin). 

It is evident that the substitution of any one of the quanti- 
ties ai, aa, . . . o» for x in the right-hand member of this equation 
will reduce that member to zero, and will therefore reduce /(a?) 
to zero ; that is to say, the equation/(rr) = has for roots the n 
quantities oi, oa, as • • • on^u ^n* And it can have no other roots ; 
for if any quantity other than one of the quantities ai, aa, . . . a» 
be substituted in the right-hand member of the above equation, 
the factors will be all different from zero, and therefore the pro- 
duct cannot vanish. 

Corollary. — Two polynomials of the n'* degree cannot be equal 
to one another for more than n values of the variable without being 
completely identical. 

For if, in fact, we equate their difference to zero, we obtain 
an equation of the n*^ degree, which can be satisfied by n values 
only of the variable, unless each coefficient be separately equal 
to zero. 

Remark. — ^The theorem of this Article, although of no as- 
sistance in the solution of the equation/(2;)=>0, enables us to 
solve completely the converse problem, i. e. to find the equation 
whose roots are any n given quantities. The required equation 
is obtained by multiplying together the n simple factors farmed 
by subtracting from x each of the given roots. It also enables 
us to obtain, when any one or more of the roots of a g^ven equa- 
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tion are known, the equation containing the remaining roots. 
To effect this we have only to divide the given equation by the 
product of the given binomial factors. The quotient will be the 
required polynomial composed of the remaining factors. 



Examples. 

1 . Find the equation whiee roots are . 

-3, -1, 4, 6. 

AnM. ^-5j^-13i:>+ 63d; +60 = 0. 

2. The equation 

a?*-6«> + 8««-17«+10 = 

has a root 6 ; find the equation containing the remaining roots. 

[N. B. — Use the method of division of Art. 8.] 

Ans. «»-«» + 3*-2 = 0. 

3. Solve the equation 

ar* - 16*8+ 86j?« - 176x + 106 = 0, 

two roots being 1 and 7. 

Ant, The other two roots are 3, 6. 

4. Form the equation whose roots are 

2» ^' 7* 

Ant, 14j;»-23«>-60« + 9 = 0. 

6. Solve the cubic equation 

jr3 - 1 = 0. 

Here it is evident that x = \ satisfies the equatiop. Divide by x—\, and solve the 
resulting quadratic. The two roots are found to be 

1 1 /-;; 1 1 /— 
__ + _a/_3 a/-3. 

2 2^ ' 2 2^ 

It can be easily shown that if either of these imaginary roots is squared, the other 
results. It is usual- to represent these roots by w and w'. They are called the two 
imaginary cube roott of unity. We have the identical equation 

' 6. Form an equation with rational coefficients which shall have for a root the 
irrational expression 

This expression has four different values according to the different combinations 
of the radical signs. These values are 
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The requiied equation is, therefore, 

{X'-^/p-\/q)(x-{- ^/p-^^/g){x- \/p+ y^y)(x+ %/p-Vq)^% 

or 

or, finally, 

17. Equal Roots. — It must be observed that the n factors 
of which a polynomial /(ar) oonsists need not be all different 
from one another. The factor x-a^ for example, may occur in 
the second or any other higher power not superior to n. In this 
case we speak of the equation /(^r) = still as having n roots, 
two or more being now equal to one another ; and the root a is 
called a multiple root of the equation ; double, triple, &c., ac- 
cording to the number of times the factor is repeated. 

The proprieiy of this mode of speaking will be apparent, 
and the nature of multiple roots of equations made clearer, 
by a reference to the graphic construction in Art. 10, fig. 3. 
We see by an inspection of the figure that the two positive roots 
of the equation lOar* - 17«* + a:+ 6 = are nearly equal, and we 
can conceive that a slight addition to the absolute term of this 
polynomial, which is as we have seen in the remark, Ex. 1, 
Art. 10, equivalent to a small parallel movement upwards of the 
whole curve, would have the effect of rendering equal the roots 
of the equation thus altered. In that case the line OX would 
no longer cut the curve in two distinct points, but would touch 
it. Now, when a line touches a curve it is properly said to meet 
the curve, not once, but in two coincident points. The occurrence 
of a triple or higher multiple root can be illustrated in a similar 
manner. Our principal object here is to indicate by a figure the 
manner in which double roots enter into equations, and to point 
out how these double roots form as it were the connecting link 
between real and imaginary roots. Let us suppose that the 
above polynomial is further altered by another small addition 
to the absolute term. We shall then have a graphic represen- 
tation in which the axis OX cuts the curve in only one real 
point, viz., that corresponding to the negative root, the two 
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points of section corresponding to the two posiiiYe roots haying 
now disappeared. 

Consider, for example, the polynomial lOar* - 17^?" + ar + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily oonstmct the figure : the point 
corresponding to A in fig. Swill now lie much above the axis of 2*. 
Divide by a; + 1, and obtain the trinomial 10^ - 27 jt -i- 28 which 
contains the remaining two roots. They are easily found to be 

20 "*^ 20 ^ ' 20 ' 20 ^ 

In the examples we have studied, in both tins Art. and 
Art. 15, we observe that a change in the form of a polynomial 
may convert it from one having real roots into another in which 
two of the real roots become equal, and a further change may 
convert it into a form where the two roots become imaginaiy. 
We also observe in these examples that when a change of form 
of the polynomial causes one real root to disappear, a second also 
disappears, and the two are replaced by a pair of imaginary 
roots. This is true in general, as will be established in the 
next Article. 

18. Ima^nary Itooto enter E^aatloBa In Pairs. — 
The proposition we have to prove may be stated as follows : — 
If an equation f{x) = 0, ichose coefficient are all real quantities^ 

have for a root the imaginary expression a + /3 \/--l, it must oho 
have for a root the conjugate imaginary expression a - j3 \/-l. 
The product 

(a?-a-/3v/^)(«-a + /3y^)-(a?-a)U/3'. 

Let the polynomial /(or) be divided by the second member of 
this identity, and if possible let there be a remainder Rx + R. 
We have then the identical equation 

/(.r) ^ { (a? - a ) ' + /3* ) Q + iir + ir, 
where Q is the quotient, of n - 2 dimensions in x. Substitute in 
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this identity a + /3 \/-l for x. This, by hypothesis, oause8/(a?) 
to vanish. It also causes {x - a)' + /3' to vanish. Hence 

From this we obtain the two equations 

iia + JB'=0, 22/3 = 0, 

sinoe the real and imaginary parts cannot destroy one another ; 

hence 

iJ = 0, 22'= 0. 

« 

Thus the remainder 2ir + 22' vanishes ; and, therefore, f{x) is 
divisible without remainder by the product of the two factors 

The equation has, consequently, the root a - /3 \/-l as well 

88 the root a + /3 v^-l. 

Thus the total number of imaginary roots in an equation 
with real coefficients will always be even ; and every polynomial 
may be regarded as composed of real factors, each pair of ima- 
ginary roots producing a real quadratic factor, and each real 
root producing a real simple factor. The actual resolution of 
the polynomial into these factors constitutes the complete solu- 
tion of the equation. 

We observed in Art. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. We 
may now regard this statement from another point of view. Sup- 
pose a polynomial has the quadratic factor {x - aY + A;, and let 
its form be altered by means of slight alterations in the value of 
k. When k is negative, the quadratic factor gives a pair of real 
roots ; when A; « 0, this factor has two equal roots, a ; when k is 
positive, the factor has two imaginary roots. 

Remark. — A proof exactly similar to that above given shows 

that surd rootSy of the form a ± vy, enter equations whose coef- 
ficients are rational in pairs. 



/.. 
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Examples. 

■1 . Form the cubic equation which shall contain the two roots 

1, 3 + 2-v/^. 

Am, a:»-7x»+19«-13 = 0. 

2. Form a rational equation which shall have for two of its roots 

Am, «*-12j;» + 72j;»- 312* + 676 = 0. 

3. Solve the equation 

a:*+2x»-6** + 6«+2 = 0, 

which has a root 

-2 + -v/3. 

^iw. The roots are- 2 f\/ 3, l±v^^^ 

4. Solve the equation 

3x»-4«» + « + 88 = 0, 

one root being 

2 + -/^ 

— — 8 
Am, The roots are 2 + v^-7, --. 

19. Descartes' Rule of Signs— PMltlwe Roots.— This 
rule, which enables us, by the mere inspection of a given equar 
tion, to assign a superior limit to the number of its positive 
roots, may be enunciated as follows : — No equation can hate more 
positive roots than it has changes of sign from + to -, and from - to 
+, in the terms of its first member . 

We shall content ourselves for the present with the proof 
which is usually given, and which is more a verification than a 
general demonstration of this celebrated theorem of Descartes. 
It will be subsequently shown that this rule of Descartes, and 
other similar rules which were discovered by early investi- 

jtlj gfttors relative to the number of the positive, negative, and 
imaginary roots of equations, are immediate deduo^ns from 
the more general theorems of Budan and Fourier. - Mf^. /iST 

-^^ Let the signs of a polynomial taken at random succeed each 
other in the following order : — 

+ + - + + + - + -. 

In this there are in all seven changes of sign, including 
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those from + to -, and from - to +. It is pro^sed to show that 
if this polynomial be multiplied by a biiSt)mial whose signs, 
corresponding to a positive root, are + -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 

We write down only the signs which occur in the operation 
as follows : — 

+ + - + + + - + - 

+ - + + + + - + 



+ ±- + - + + + ±- + - + 

We have placed here in the result the ambiguous sign ± 
wherever there are two terms with different signs to be added. 
We observe in this case, and it will readily appear also for every 
other arrangement, that the effect of the process is to introduce 
the ambiguous sign wherever the sign + follows +, or - follows -, in 
the original polynomial. The number of variations of sign is 
never diminished. There is, moreover, always one variation 
added at the end. This is obvious in the above instan^B, where the 
original polynomial terminates with a variation ; if it terminate 
with a continuation of sign, it will equally appear that the cor- 
responding ambiguity in the resulting polynomial must furnish 
one additional variation either with the preceding or with the 
8U]>eradded sign. Thus, in even the most unfavourable case; 
that, namely, in which the continuations of sign in the original 
remain continuations in the resulting poljmomial, there is one 
variation added ; and we may conclude in general that the 
effect of the multiplication of a polynomial by a binomial 
factor 2; ~ a is to introduce at least one additional change of 
sign. 

Suppose now a polynomial formed of the product of the 
factors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
a: - a, a? - /3, iP - 7, &c., corresponding to the positive roots 
a, /3, 7, &c., ... is to introduce at least one change of sign for 
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each ; bo that when the complete product is formed containing 
all the roots, we are sore that the resulting polynomial has at 
least as many changes of sign as it has podtiye roots. This is 
Descartes' proposition. 

20. HMcartM' Rvle of Stsna — ^MegatlTe Roots. — ^In 
order to give the most adYant§geous statement to Descartes' rule 
in the case of negative roots, we first prove that if - a? be substi- 
tuted for X in the equation f{x) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identical equation of Art. 16 

f(x) 3 (if- a,) {x-a^ (a; - aj) . . . . (a?-a«), 

from which we derive 

/(- ^) = (- 1)" (* + «i) (^ + fla) (a? + a,) . . . . (i? + a»). 

From this it is evident that the roots of /(-a*) = are 

Hence the negative roots of /(a?) are positive roots of/(- a?), and 
we may enunciate Descartes' rule for negative roots as fol- 
lows: — No equatioti can have a greater number of negative roots 

m 

than there are changes of sign in the terms of the polynomial f{-x). 

21. line of Descartes' Rule tn proYlns the exIsteMCC 

of Ima^nary Roots. — ^We are often able to detect the existence 

of imaginary roots in equations by the application of Descartes' 

rule ; for if it should happen that the sum of the greatest possible 

number of positive roots, added to the greatest possible number 

of negative roots, is less than the degree of the equation, we are 

sure of the existence of imaginary roots. Take, for example, 

the equation 

a^ + 10ir' + a?-4 = 0. 

This, having only one variation, cannot have more than one 
positive root. And, changing x into - ar, we get 

a:^-10a?'-ar-4 = 0; 

which, haAong only one variation, the original equation cannot 
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have more than one negative root. Hence^ in the proposed 
equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots, ^his application of 
Descartes' rule is available only in the case of incomplete 
equations ; for it is easily seen that the sum of the number of 
variations in/(a?) and/(-a?) is exactiy equal to the degree of 
the equation when it is complete. 

22. Theorem. — ^We shall close this chapter with the fol- 
lowing theorem, which defines folly the conclusions which can 
be drawn as to the roots of an equation from the signs furnished 
by its first member when two given numbers are substituted 
for a?: — If two numbers a and 6, substituted for x in the polt^nomial 
f{x)j give results with contrary signSy an odd number of real roots 
of the equation f{x) ^0 lies between them; and if they give results 
tcith the same sign^ either no real root or an even number of real 
roots iies between them. 

We proceed to prove the first part of this proposition : the 
second is proved in an exactiy similar manner. 

Let the following m roots ai, oa, . . . . amy and no others, of 
the equation f{x) = lie between the quantities a and i, of 
which, as usual, we take a to be the lesser. 

Let ^{x) be the quotient when/(ir) is divided by the product 
of the m factors {x - ai) {x-a^ . , . . {x- a«). We have, then, 
the identical equation 

f[x) 3 (a?- ai)(ir - aa) .... (x- a„) ^(a?). 

Putting in this successively a? = «, a? = 6, we obtain 
f{a) = (a-a,)(a-a2) .... («-am)^(a), 
/(6) = (6-a0(6-a,) .... (6-a«)«(6). 

Now ^(a) and ^(6) have the same sign; for if they had dif- 
ferent signs there would be, by Art. 12, one root at least of the 
equation ^ (ar) « between them. By hypothesis, f[a) B,ndf(b) 
have different signs ; hence the signs of the products 

(a-ai){a-a2) .... {a''am)9 
(6-ai)(ft-a2) .... (6-a«), 
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9 

are different ; but the sign of the seoond is positive, since aU 
its factors are positive ; hence the sign of the first is negative; 
but all the factors of the first are negative ; thevef ore their 
number must be odd ; which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

Xt is instructive to regard this proposition by the light of 
the graphic method of construction, from which point of view it 
appears almost intuitively true ; for if a point be taken on a 
curve at one side of the axis, we must cross the axis an odd 
number of times to reach a point at the other side ; and we must 
cross it an even number of times, or not at all, to reach any 
other point at the same side of the axis. 

Examples. 

1. If the signs of the tenne of an equation be all positiyey it cannot haye t 
positive root. 

2. If the signs of the terms of any complete equation be alternately positiTe 
and negative, it cannot have a negative root. 

3. If an equation consist of a number of terms connected by + ngns foUowedby 
a nimiber of terms connected by - signs, it has <m» positive root and no more. 

[Apply Art. 12, substituting and oo ; and Art 19.] 

4. If an equation involve only even powers of jp, and if all tlie coeffidenta have 
positive signs, it cannot have a real root. 

[Apply Arts. 19 and 20.] 

6. If an equation involve only odd powers of x, and if ike ooef&oienta have all 
positive signs, it has the root zero and no other real root. 

6. If an equation be complete, the nimiberof continuations of sign iD.f{x) is the 
same as the nimiber of variations of sign in/(- x), 

7. When an equation Ib complete ; if all its roots are real, the number of positive 
roots is equal to the number of variations, and the nimiber of negative roots is 
equal to the number of continuations of sign. 

8. An equation having an even nimiber of variations ol sign must have its last 
sign positive, and one having an odd number of variations must have its last sign 
negative. 

[N. B. — The sign + is always given to the highest power ol «.] 

9. Hence prove that if an equation has an even number of variations it must 
have an equal or less even number of positive roots; and if it has an odd number of 
variations it must have an equal or less odd number of positive roots; in other 
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words, tlie number of positive roots when less than the number of variations must 
differ from it by an even nimiber. 

[Substitute* and oo , and apply Art 22.] 

10. Find an inferior limit to the nimiber of imaginary roots of the equation 

a^-3a:»-ic+l=0. 

Am. At least two imaginary roots. 

11. Find the nature of the roots of the equation 

«*+16a;» + 7«-ll = 0. 
[Apply Arts. 14, 19, 20.] 

Am, One positive, one negative, two imaginary. 

12. Show that the equation 

where q and r are essentially positive, has one negative and two imaginary roots. 

13. Show that the equation 

x^ — qx-k-r^Oy 

where q and r are essentially positive, has one negative root ; and that the other two 
roots are either imaginyy or both positive. 
4 14. Show that the equation 



A^ B^ cr- z» ,. . 

x-a x-b x-e x-l ' ^-^'/ 



r 



where a, 3, r, .... / are numbers all different from one another, cannot have an 
imaginary root. 

Substitute o + /3 \/- 1 and a - /3 \/- 1 in succession for «, and subtract. We 
get an expression which can vanish only on the supposition /3 = 0. 

15. Show that the equation 

ar»»- 1 = 

has, when n is even, two real roots 1 and - 1, and no other real root ; and, when it 
is odd, the real root 1, and no other real root. 

[This and the next example follow readily from Arts. 19 and 20.] 

16. Show that the equation 

x» + 1 = 

has, when n is even, no real root ; and, when n is odd, the real root — 1, and no 
other real root. 

17. Solve the equation 

a^ \7^3?^ + 3j'«' + l^x - r* = 0. 
This is equivalent to 

(«» + ^a? + y')'-?*-H = 0. 



^«»- - 2 y +^- jyH\/^ + r*. 



The different rigns of the radicals give four combinations, and the expression 
here written involves the four roots. 

D 
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18. Form the equation which has for roots the different valuea of the expression 



2+e V^T + v^ii+aA 

where ^ = 1. 

If no restriction had been made by the introduction of 0, this expression would 

have 8 values. The v 7 must now be taken with the same sign where it occurs 
under the second radical and free from it. There are, therefore, only four values 
in dl. Ana. ar* - 8jr» - 12j;2 + 84jr ~ 63 = 0. 

19. Form the equation which has for roots the four values of 



-9 + ev^l37 + 3\/34-2eVl37, 

where d^=\. Ans. x^ + 36;r> - 400j^ - 3168* + 7744 = 0. 

20. Form an equation with rational coefficients which shall have for roots all the 
values of the expression 

where ai» = l, 62' = !, 63* =1. 

There are eight different values of this expression, viz., 

Assume 

x=0i y/p + 02 ^/ q + 63 \/r. 

Squaring this, we have 

a?* =!» + ^ + r + 2 (©2 «3 v/ ^r -f as 61 v/rp + 61 62 v/i?y) . 
Transposing, and squaring again, 
(j:2_^_^_r)« = 4(^r + rp+j9y) + 8ai62e3yp^(eiv/j»+^\/^4ejv^). (1) 

Transposing, substituting x for ©i y/p + 62 \/q + ©a v^» M^d squaring, we obtain 
the final equation free from radicals 

{a:*-2x2(p + y + r)+;p*+^- + r«-2^r-2rp-2/?y}«=64|»yr«*. 

This is an equation of the eighth degree, whose roots are the values above writ- 
ten. Since 0i, 02» &s have disappeared, it is indifferent which of the eight roots 

± \/ P ± a/^ ± V *" ^ assumed equal to x in the first instance. The final equation 
is that which would have been obtained if each of the 8 roots had been subtracted 
from jr, and the continued product formed, as in Ex. 6, Art. 16. 



CHAPTER III. 

RELATIONS BETAVEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
ROOTS. 

23. Relations between the Roots and Coeffielents. — 

Taking for simplicity the coefGLcient of the highest power of x 
as iinity, and representing, as in Art. 16, the n roots of an equa- 
tion by Qi, aa, as, .... Om, we have the following identity : — 

s (d? - oi) (ir - a,) {x - oj) . . . . (ir - On). (1) 

When the factors of the second member of this identity are 
multiplied together, the product will consist, as is proved in 
elementary works on Algebra, of a highest term af ; plus a 
term a^"* multiplied by the factor 

t. e. the sum of the roots with their signs changed ; plus a term 
^"' multiplied by the factor 

Oi Ca + Oi Os + Oa as + . . . . + On -i fl«j 

». e. the sum of the products of the roots taken in pairs ; plus a 
term ;c""' multiplied by the factor 

— (nia2a3+ aia2a4 + .... + an-zOn-iOnjy 

I. e. the sum of the products of the roots with their signs 
changed taken three by three ; and so on. It is plain that the 
sign of each coefficient will be negative or positive according as 
the number of roots in each product is odd or even. The last 
term is 

± aiaaOj. . . . Qn-i Ohj 

1)2 
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the fiign being - if n is odd, and + if n is even. Equating the 
coefficients of x on each side of the identity (1), we have the 
following series of equations : — 

JOl = - (oi -f 02 + fls + . . . + On),. 

p%— (aia2 + ciiaa+a3Ci3+ . . . . + a«-iaw), 

/?» = -(aia208 + cii 0304 + .... +afi-2a»-i On), [ ^ ^ 



/?«= (—1)** 010203 .... On-iO», 

which Aimish us with the following 

Theorem. — In every algebraic equation^ the coefficient of 
whose highest term is unity ^ the coefficient p^of the second term with 
its sign changed is equal to the sum of the roots. 

The coefficient p^ of the third term is equal to the sum of the 
products of the roots taken two by two. 

The coefficient p^ of the fourth term with its sign changed is 
equal to the sum of the products of the roots taken three by three ; 
and so on^ the signs of the coefficients being taken alternately negative 
andpositivey and the number of roots multiplied together in each term 
of the corresponding function of the roots increasing by unity ^ till 
finally that function is reached which consists of the product of the 
n roots. 

When the coefficient a^ of it** is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to — -; the sum of their products in pairs is 

equal to — ; and so on. 

Cor. 1. — Every root of an equation iM a divisor of the last 
term. 

Cor. 2. — If the roots of an equation be all positive, the coef- 
ficients will be alternately positive and negative; and if the 
roots be all negative, the coefficients will be all positive. This 
is obvious from the equations (2) [cf . Arts. 19 and 20]. 

24. Applications of the Theorem. — Since the equations 
(2) of the preceding Article furnish us with n distinct relations 
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between the n roots and the coefficients, it might perhaps be 
supposed that by their means some advantage is gained in the 
general solution of the equation. Such, however, is not the 
case ; for suppose it were attempted to determine by means of 
these equations a root, oi, of the original equation, this could be 
effected only by the elimination of the other roots by means of 
the given equations, and the consequent determination of a final 
equation of which ai is one of the roots. Now, in whatever 
way this final equation is obtained, it must have for solution 
not only ai, but each of the other roots a^, 03 . . . a» ; for, since 
all the roots enter in the same manner in the equations (2), if it 
had been proposed to determine a, (or any other root) by the 
elimination of the rest, our final equation could differ from that 
obtained for ai only by the substitution of 03 (or that other root) 
for Qi. T^e final equation arrived at, therefore, by the process 
of elimination must have the n quantities ai, a^, . . . . a» for 
roots ; and cannot, consequently, be easier of solution than the 
given equation. This final equation is, in fact, the original 
equation itself, with the root we are seeking substituted for x. 
This we shall show for the particular case of a cubic. The pro- 
cess is perfectly general, and may be applied to an equation of 
any degree. Let a, /3, 7 be the roots of the equation 

We have, by Art. 23, 

Pi^-ia + li + y), 

Ih = a^ + ay + /3y, 
/?3 = - a/jy. 

Add these three equations, after multiplying the first by o% 
and the second by a. We find 

or a'-f^iQ^ + Pitt +y?3 = 0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In general the 



38 Roots and Coefficients of Eqaatums. 

suooessive equations of Art. 23 are to be multiplied by a*"*, a*'', 
a**"', &o., and added. 

Although the equations (2) furnish, as we have seen, no aid 
in the general solution of the given equation, they are of use, 
when some (one or more) of the roots are known, in facilitating 
the jGinding of the others ; they may also be of use in jGinding 
the roots when certain particular relations among them are 
known to exist. 

Examples. 

• 1 . Solve the equation 

«>- ox- -16x^-80 = 0, 

the sum of two of its roote being equal to nothing. 
Let the roots be a» /3, 7- We have, then, 

a + /3 + 7= •>' . 

0/8 + 07 + 37 = -16, 

oi97 s - 80. 

Taking /3 + 7 = 0, we have, from the first of these, 0=0, and from either the 
second or third we obtain 37 = - 16. We find for /3 and 7 the values 4 and - 4. Thus 
the three roots are 5, 4, — 4. 

• 2. Solve the equation 

jrS-3x2 + 4=0, 

two of its roots being equal. 

Let the roots be o, o, /3. We have 

2o + /8 =^ 3, 

o^ + 2oi9 = 0, 

from which we find o = 2, and /8 = - 1. The roots arc 2, 2, - 1 . 

. 3. The equation 

«*+ 4x3-2^2 -12j; + 9 = 

has two pairs of equal roots ; find them. 
Let the roots be a, o, /3, /3 ; we have 

2o+2/8=-4, 

o2 + /3H4oi3=-2, 

from which we obtain for o and /8 the values 1 and - 3. 

4. Solve the equation 

ir'-9x-+14.r + 24 = 0, 

two of whose roots are in the ratio of 3 to 2. 
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Lot the roots be a, i8, 7, with the relation 2a = 3/3. By elimination of a wo 

easily obtain 

5/3 + 27 - 18, 

3iS« + bfiy = 28, 
from which we have the following quadratic for jS : — 

19/3^-90/3 + 56 = 0. 

14 
The roots of this are 4, and — ; the former gives for a and 7 the values 6 and 

~ 1. The three roots are 6, 4, - 1. The student will here ask what is the signi- 

14 
ficance of the value 7^ of /3 ; and the same difficulty may have pn»entcd itself in 

Ithe previous examples. It will be observed that in all examples of this nature wo 
never require all the relations between the roots and coefficients in order to dcter- 
i'mine the required unknown quantities. The reason of this is, that the given con- 
jdition establishes one or more relations among the roots. Whenever the equations '' 
employed appear to furnish more than one system of values for the roots, the actual 
roots are easily determined by the condition that they must satisfy the equation (or 
equations) between the roots and coefficients which wo have not employed in deter- 
mining them. Thus, in the present example, the value /3 = 4 gives a system satisfy- 
ing the omitted equation 

0/87= -24; 

14 . 
while the value i9 = tt gives a system not satisf 3dng this equation, and is therefore 

to be rejected. 

• 5. The roots of the equation 

r3-9r»+23x-15 = 

are in arithmetical progression ; find them. 

Let the root4 be a - 8, a, a + 8 ; we have at once 

3o = 9, 

3o« - «' = 23, 

from which we obtain the three roots 1, 3, 5. 

• 6. The roots of 

J* + 2a;3- 21x2 _ 22x + 40 = 

are in arithmetical progression ; find them. 

Assume for the roots a - 38, a - 8, a + 8, a •(- 38. 

Ah8. -0,-2, 1, 4. 

• 7. The roots of 

21 jr^ + 42j:2 - 28j: - 8 = 

are in geometric progression ; find them. 
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Assume for the roots op, a, -. From the third of the eqiiatioiiB (2), Art. 23, we 

P 
8 2 

have a' B --, or a - -. We get a quadratic for p, and either value gives 

2 -2 
f An,. -2, -, —. 

' 8. Solve the equation 

3*< - 40*5 + laOdP* - 120* + 27 = 0, 

whose roots are in geometric progression. 

Assume for the roots — , -, op, op'. Using the second and fourth of the equa- 

r 9 

tions (2), Art. 23, we easily find Ant, -, 1, 3, 9. 

• 9. Solve the equation 

«* + 16«» + 70«» + 120* + 64 = 0, 

whose roots are in geometric progression. Am, - 1, - 2, - 4, - 8. 

. 10. Solve the equation 

6.c»-ll«*+6«-l=0, 

whose roots are in harmonic progression. 

Take the roots a, iS, 7. We have the relation 

1 1 _ 2 

hence 



AnM, 1, 2» 3- 



2 2 2 
-^'"- 9* 3' "3' 



iSy + 7a + oj3 = 37a ; 

• 11. Solve the equation 

8l4r>-18ar»-.36« + 8 = 0, 

whose roots are in harmonic progression. 
. 12. If the roots of the equation 

3f* 
be in harmonic progression, show that the mean root is — . 

' 13. The equation 

«*-2j^ + 4«»+6*-21 = 

has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take a + i8 = 0, and employ the first and third of equations (2), Art. 23. 

Ant, v^3, --v/3, l±v/^. 
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• 14. The equation 

3i:*-26jc»+60«»-60j?+12 = 

has two roots whose product is 2 ; find all the roots. 

• 15. One of the roots of the cubic 

s^ -j»«* + ^4? - r = 

is double another ; show that it may be found from a quadratic equation. 

• 16. Show that all the roots of the equation 

can be obtained when they are in arithmetical progression. 

Let the roots be a, a + 8, a + 28, . . . . a + (» - 1) 8. The first of equations (2) 

gives 

-;ii=»a+{l + 2 + 3+ . . . . + («-l)}J 

= na + ^ I, (1) 

Again, since the sum of the squares of any number of quantities is equal to the 
square of their sum minus twice the sum of their products in pairs, we haye the 

equation 

>H»- 2/1, = a»+ (a + «)«+ (a+ 2a)» + . . . 

, ,v • »i(ii-l)(2»-l)^ 
= na« + «(«-l)o«+-i 9 ^8». (2) 



Subtracting the square of (1) from n times the equation (2), we find S* in terms 
of pi and j»s. We can then find a from equation (1). Thus all the roots can be 
expressed in terms of the coefficients p\ and jpa. 

• 17. Find the condition which must be satisfied by the coefficients of the equa- 
tion 

when two of its roots a, iS are connected by a relation a + i8=0. Am.pq-r^O. 

• 18. Find the condition that the cubic 

should have its roots in geometric progression. An$. jfir - ^ s 0. 

19. Find the condition tiiat the same cubic should have its roots in' harmonic 
progression (see £x. 12). An$. 21r^-9pgr'\-2q^ = 0, 

. 20. Find the condition that the equation 

^ +iM?' + qx* + rj? + #= 

should have two roots connected by the relation a + 0-0; and find in that case the 
two quadratics from which a, fi and 7, 8 are obtained. 

Ant. pgr-p^s-t^ = Ot px^-\-rsOf «*+iW+— =0. 

• 21 . Find the condition that the biquadratic of £x. 20 should have its roots con- 
nected by the relation i8 + 7 = a + 8. Afi$, p^-ipq-\-Sr = 0. 
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' 22. Find the condition that the roots a, iS, 7, 8 of 

ar* ^px^-\-gx^ \rx-\ * = 

should be connected by the relation a/3 = 78. Ans, p^M-r' = 0. 

* 23. Show that the condition obtained in Ex. 22 is satisfied when the roots of the 
biquadratic are in geometric progression. 

25. DeprenMlon of an Equation when a relation 
existii between two of lt« Roots. — The examples given 
under the preceding Article illustrate the use of the equations 
connecting the roots and coefficients in determining the roots in 
particular oeises when known relations exist among them. The 
object of the present Article is to show that, in general, if a 
relation of the form = 0(a) exiat heticeen two of tJie roots of an 
equation f{x) = 0, the equation may he depressed two dimetusions. 

Let 0(ar) be substituted for x in the identity 

f{x) = tty^mf^ + «i j^"* + . . . + r?«, 

then /(^W) = rto (0M Y + a, (^(y) y-' + + «,., ip(x) + flr«. 

We represent, for convenience, the second member of this 
identity by F{x), Substitute a for Xj then 

^(«) -/(*(«) )-/(/3)=0; 

hence a satisfies the equation F[x) » 0, and it also satisfies the 
f equation /(j*) =^ ; hence the polynomials /(a?) and F{x) have a 
I y -common measure x-a; thus a can be determined, and from it 
0(a) or /3, and the given equation can be depressed two dimen- 
sions. 

Examples. 

• 1. The equation 

has two roots whose diflfen'nce = 3 : find them. 

Hero i3 - a - 3, /3 = 3 4 o ; substitute j* + 3 for x in the given pol^niomial f(r) ; 
it becomes jr* + 4/^ - 7;r - 10 ; the common measure of this and f{x) is x - 2 ; from 
which a= 2f i3 ^^ o ; the third root is - 2. 

• 2. The equation 

j^ - 5x3 -f 1 1 jr2 _ 1 3^ + G ,_, 

has two roots connected by the relation 2/8 + 3a = 7 : find all the root^. 

/ Ant. 1, 2, I+v^-2. 

J ■ . , ..' / . /' /•• 



The Cube RooU of Unity, 43 

In connexion with this suhject it maj be observed, that 
when two polynomial8/(ir) and F(x) have one or more common 
factors, this factor or factors may be found by the ordinary 
process for obtaining their common measure. Thus, if we 
know that two given equations have common roots, we can 
obtain these roots by equating to zero the greatest common 
measure of the given polynomials. 

Examples. 

• 1 . The equations 

Ix^^bx^- 6x- 9 = 0, 

3jt»-|-72«- 111-- 16=0, 

have two common roots, find them. Ant. - I , — 3. 

2. The equations 

«' + px^ -}- ^jc + r = 0, 

a:3+ya;« + /ar + r' = 0, 

have two common roots ; find the quadratic which furnishes them, and also the 3rd 
root of each. 

p-p p-p r-fr r—r 

26. The Cube Rooto of Unity. — Equations of the 

forms 

a:*-l=0, ;r» + l=0 

are called binomial. The roots of the former are called the n 
n^* roots of unity, A general discussion of these forms will be 
given in a subsequent Chapter. We confine ourselves at pre- 
sent to the simple ceise of the binomial cubic, for which certain 
useful properties of the roots can be easily established. It has 
been already shown (see Ex. 5, Art. 16), that the roots of the 

cubic 

.^^-1 = 

^ ^' ■"2'^2^"^^' ~2~2^"'^' 

If either of the imaginary roots be represented by w, the 
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other is easily seen to be m', by actually squaring ; or we may 
see the same thing as follows : — 

If cu be a root of the cubic, oi' must also be a root ; f or, since 
cu' = 1, we get, by squaring, w* » 1, which is (w')'.= 1, thus show- 
ing that cu^ satisfies the cubic a;' - 1 » 0. We have then the 

identity 

a^-l s(a?-l)(a?-toi)(a?-w'). 

Changing x into -a-, we get the following identity also : — 

aj^H- 1 = (a: + l)(a;+(ii)(ir + w*), 
which furnishes the roots of 

a?» + l = 0. 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by a», or w', or by unity ; for 
example, 

CI* = Ci>*. W •= W, W* = III', ftl' = w', Ci>* = ftl*. w' = 1, &c. 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots : — 

1 + CU + tol* = 0. 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
of the forms P + cuQ, P + w'Q. 

ExiLMFLES. 

' 1 . Show that the product 

(a»m + «•'«)(«»' m + «»n) 
is rational. Am. m^— mn + M*. 

• 2. Prove the following identities : — 

m' + «* s (m + n)((»m + oi«n)(«»'iii + •»»), 
m' — fi'a (m — «)(«m — «*m)(«»'»i-«»«). 

• 3. Show that the product 

(a -I- «iS + «^7)(a + «'iS + o^) 

is rational. An9. a' + iS' + -y* - iS^ - 70 - o3. 

• 4. Prove the identity 

(a + i3 -f- 7) (a + «i3 + « - 7) (a + «' i3 + cry) s a' -f- iS' + 7* - 3 0^7. 
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• 5. ProTO the identity 

{a+«»i8 + «*7)-+(a + ««iS+<ry)»H(2a-i8-7)(2iS-7-o)(27-o-i3). 
[Apply Ex. 2.] 

. 6. Prore the identity 

[Apply Ex. 2, and substitute for « - «' its value v - 3.] 

• 7. Prove the identity 

where 

a'-a» + 2i87, /3'aiB»+27a, y = 7»+2aj9. 

. 8. Find the equation whose roots are 

Am. a:*-3miM:-(m>+«') = 0. 

• 9. Find the equation whose roots are 

-4#w. j:»-3/** + 3(/'-m»)«-(/» + m' + #i»-3/i»fi) = 0. 

Remark. — Corresponding to the w n^* roots of unity there 
will be n nf^ roots of any quantity. The n roots of the equation 

are the n n'* roots of a. 

The three cube roots, for example, of a are 

V a, CUV fl, ci>' V fl, 

where va represents the real cube root aoeording to the ordinary 
arithmetical interpretation. Each of these satisfies the cubic 

ar* - fl = 0. 

It is to be observed that the three cube roots may be obtained 
by multiplying any one of the three above written by 1, oi, ci>'. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of unity. Thus, besides the 
ordinary cube root 3, the nimiber 27 has the two imaginary 
cube roots 

as the student can easily verify. 



46 Root^ and Coejfficients of Equations. 

• 10. Form a rational equation which shall have 

for a root ; where «^ = 1. 

Compare Ex. 8. Ant. «» 4 3 P;r - 2Q = 0. 

1 1 Form an equation with rational coefficients which shall have 

for a root, where 6i* = 1, and ds' = l. 
Cubing the equation 

and substituting x for its value on the right-hand side, we get 

s^ - P - Q^UiBiV^ ' '- 

Cubing again, we have 

• (r^-P- Q)3= 27 PQt». 

Since 9i and $% may each have any one of the values 1 , «, «*, the nine roots of 
this equation are 

yp+ y^ «yp+«ya ««yp+«»yQ; 
«yp+«»yQ: «'yp+ vq. «yp+ y* 

t^'^yp^t^Vd, Vp+i^^VQ. Vp+^Vq- 

We see also that, since B\ and 82 have disappeared from the final equation, it is 
indifferent which of these nine roots is assumed equal to :e in the first instance. The 
resulting equation is that which would have been obtained by multiplying together 
the nine factors of the form x —'^P — yQ obtained from the nine roots above 
written. 

12. Form separately the three cubics whose roots are the groups in three 
(written in vertical columns in ^. 11) of the roots of the equation of the preceding 
example. We can write them down from Ex. 8, taking first m and n equal to 
yp, y/Q ; then equal to wy/py w\/Q; and finally equal to v^y/P, m^^/Q> 

Ans. jps- 3 yPQjr-P-Q = 0, 
x^ - 3««yPQ«-P- Q = 0, . 
3^ - 3«yPQx-P-Q = 0. 



Symmetric Functions of the Roots. 47 

27. Symmetric Fnnctloiis of the Roots. — Symmetrio 
functions of the roots of an equation are those in which all 
the roots are alike involved, so that the function is unaltered 
in value when any two of the roots are interchanged. For 
example, those functions of the roots (the sum, the sum of the 
products in pairs, &c.) with whioh we were concerned in Art. 23 
are functions of this nature ; for, as the student will readily 
perceive, if in any of these expressions the root ai, let us say, be 
written in every pltice where a% occurs, and a2 in every place 
where oi occurs, the value of the expression will be imchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, each root entering in the first 
degree only in any term of any one of them. 

By means of the equations (2) of Art. 23 the values of an 
infinite variety of symmetric functions of the roots can, without 
knowing the roots themselves, be obtained in terms of the coef- 
ficients. It will in fact be shown when we come to the more f 

I 

general discussion of this subject, that any rational symmetric j 
function of the roots can be so expressed. We content ourselves | 
in the present CQiapter with some simple examples, most of which 
will have reference to equations of the third and fourth degrees. 
It is usual to represent a symmetric function by the Greek letter 
2 attached to one term of it from which the entire expression 
may be written down. Thus, if a, /3, 7 be the roots of a cubic, 
2a'/3' represents the symmetric function 

where the products in pairs are taken, and each term squared. 
Again, 2a' /3 represents 

a'/3 + a*7 +i3'7 + /S'a + 7'a + 7^/3, 

where all possible permutations of the roots two by two are 
taken, and the first root in each term then squared. 

For a biquadratic whose roots are a, /3, 7, S, 2a')3' repre- 
sents 

a'^^ + a*7* + o'8' + jS'^/ + /3^-8^ +7^8^ 
and so on. 
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Examples. 

1. Find the'yalue of Sa'iS of the roots of the cubic 

Multiplying together the equations 

a + 3 + 7=-P» 

iSy + 7a + oj9 = Qj 
we obtain 

Sa«3+ 3a^7 = -^; 

hence 2a'3 = 3r - pq, 

2. Find for the same cubic the value of 

a» + /l" + 7*. Am, la*=p^-2f. 

3. Find for the same cubic the value of 

Multiplying the values of 2a and So*, we obtain 

hence, by Ex. 1, 

4* Find for the same cubic the value of 

/B»72 + 7»a« + a«/B». 
We easily obtain 

* 3V + 7'o'+«'3'+2a^(a + i8 + 7)=^, 
from which 

Sa«/B»=^-2i>r. 

* 

6. Find for the same cubic the value of 

(i8 + 7)(7 + «)(« + i8)- 
This is equal to 

2a^ + So»iS. Am, r-pq. 

6. Find the value of the symmetric function 

+ 7*aj9 + y^^ + 7'i85 + ''ajS + «'a7 + ««iS7 
of the roots of the biquadratic 

** + jP** + ^JC* + ra:+ # = 0. 
Multiplying together 

a + iS + 7 + 5 = -;?, 

afiy + o35 4- 078 + ^878 = - r, 
we obtain 

2a^$y-k-4a0y9=pr; 
hence 

So'i37 = jw-4#. 
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7. Find for the lame biquadratic the symmetric function 
Squaring So, we easily obtain 

8. Find for the same biquadratic the symmetric function 

Squaring the equation 

we obtain 

2a*iS« + 2Sa»i87 + 60^78 = ?*; 
hf^nce 

2a-iS'«^-2/>r-f 2#. 

9. Find for the same biquadratic Sa^/S. 

To form this symmetric function, we take the two permutations aj9 and 3a of 
the letters a, $ ; these give two terms v?^ and /3^a of 2. We have similarly 
two terms from every other pair of the letters a, i8, 7, 8; so that the symmetric 
function consists of 12 terms in all. 

Multiply together the two equations 

2oj9 = ^, 

as can be easily seen. 

It is convenient to remark here, that results of the kind expressed by ;this last 
equation can be verified by the consideration that the number of terms in both 
members of the equation must be the same. Thus, in the present instance, since 
So* contains 4 terms, and 2aj9 6 terms, their product must contain 24 ; and these 
are in &ct the 12 terms which form 2a?i3, together with the 12 which form :ia^fiy 
(see Ex. 6). 

Using results of previous examples, we have 

2a?iS = p»y-2^ -pr + 4». 

10. Find for the same biquadratic the value of 

a*+/5* + 7* + «*. 
Squaring So^, and employing oresults already obtained, 

2a« = ii*-4p2^ + 2^« + 4pr-4#. 

11. Find in terms of the coefficients the sum of the squares of the roots of the 
equation 

Squaring Sai, we easily find 

j>i'=2oi« + 22ai08: 
hence 

E 
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12. Find the sum of the reciprocals of the roots of theequatiaii in the preceding 
example. 

From the second last, and last of the equations of Art. 23, we haye 

a2as On + aios 0*1+ .... + aiat .... On-i =* (- l)""*/>i.-i, 

aioaos a„e (-l)*j»i,; 

dividing the former by the latter, we have 

111 1 -Pm-\ 

- + - + - + + — = -=-—, 

ai 03 as Cim Pn 

or 

^—- — . 

«! Pn 

In a similar manner the sum of the products in pairs, in threes, &c. of the 
reciprocals of the roots can be found by dividing the 3rd last, or 4th last, &c. coef- 
ficient by the last. 

• 13. Find for the cubic equation 

00'' + 3 01 jr> + Soia; + 08 s 

the values, in terms of the coefficients, of the following three functions of the roots 

a, By 7'— 

0B-7)^+(r-a)3+(«-i3)«, 

a{0-y)U0 (y-aj' + r (a-ft', 

It will be often found convenient to write, as in the present example, an equa- 
tion with binomial eoeffieientty that is, numerical coefficients corresponding to those in 
the expansion by the binomial theorem, in addition to the literal coefficimts «0i «it 
&c. 

We easily obtain 

«oM (i8 - 7)' + (r - a)' + (« - a)2 } - 18 (ai> - ao»i), 

ao*{«(i8-r)» + iS(7-a)«+7(a-i3)2}=9(flo«3-«i«i), 

noM a^iB - 7)* + i8M7 - «)' + 7" (a - «•} = 18 («»' - «!«»). 

• 14. Find in terms of the coefficients of the cubic in the preceding example the 

quadratic 

(a: - «)• (13 - 7)U (i: - iB)M7 - «P + (^ - 7)* (a - i8)« = 0, 

where a, 3, 7 are the roots of the cubic. 

Am. (flooa - fli') a?' + («o«3 - «i «2) « + («i «8 - aj*) = 0. 

• 15. Find for the cubic of Example 13 the value of 

(2a-iS - 7) (2/3- 7 - a)(27-a-i8). 

3ai 

Smce 2o - i3 - 7 = 3a - (o -I- iS + 7) = 3a + — , 

oo 

the required value is easily obtained by substituting for a; in the identity 

ao^-V 3aia;'+ 3aiar + <i3=«o(ir-a)(a?-i3)(ar-7). 
Ant. flo'(2o-i8-7)(2i3-7-a)(27-a-i8)=-27(ao2ff3-3«oaia»+24ii'). 
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16. Find, for the biquad r atic equation 

the yalne of the symmetiic function of the roots 

08-7)«(«-«)» + (r-«)*08-8)' + («-i8)M7-8)». 

Here the equation ib written with binomial coefficients corresponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
is easily seen to be identical with 

220^/33 -22a>i37+ I2a^8. 

Employing the residts of examples 6 and 8, we find 

«oMO-7)'(«-«)* + (7-«)»(3-V+(a^i8)a(7-J)»)=24(iio«4-4«ia» + 8aa'). 

17. Taking the six products in pairs of the four roots of the equation of Ex. 16, 
and adding each product, e,g. aj9, to that which contains the remaining two roots, 
g.f, 7S, we haye the three sums in pain 

fiy-^ai, 7a+3S> 0^8+78; 

it is required to form the two following symmetric ftmcdons of the roots of the bi- 
quadratic: — 

(7a + 38) (03 + 78) + (aj9 + 7«)(i37 + ««) + (i87 + ««) {7« + W, 

O87 + o«) (7a + fi9) (a/3 + 75)- 

The former' of theee is the sum ol the products in pairs, and the latter the con- 
tinued product, of the three expressions above given. As these three functions of 
the roots are important in the theory of the biquadratic, we shall represent them 
uniformly by the letters X, /a, y. We have to find expressions in terms of the 
coefficients f or /ir + yX + A^ and Kfuf. 

The former is tv?fiy^ and is easily found to be (see Ex. 6) 

0(^2/41^ = 4 (4ai 03 — ooai). 
The latter is, when multiplied out, equal to 

a37»(«» + /8« + 7» + 8»)+««iS'7*8»(i+^ + ^+~), 

and gives after easy calculations the following : — 

oo' X/iy » 8 (2 ao<i3* - 3 00 As <>4 + 2ai' Ol) . 

18. Find, for the biquadratic of Ex. 16, the following symmetric function : — 

{(7-a)09-8)-(«-«(7-8)}{(«-i3)(7-«)-(i8-7)(«-8)} 

{08-7)(a-«)-(7-«)(i3-J)|. 

This is an important symmetric function in the theory of the biquadratic. To 
prevent any ambiguity in writing this, or corresponding functions in which the dif • 

£2 
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f erences of the roots of the biquadratic enter, we explain the notation we uniloniilj 
employ. 

Taking in circular order the three roots a, 3, 7, we have the three differenoes 
3 -7» 7 - o, a- iS ; and subtracting B from each root in turn, we hare the tfam 
other differences a - S, 3-8, y-h. We combine these in pain as follows :— 

(iS- 7) («-»). 
(7 -a) (3 -J), 
(a -3) (7 -8). 

The symmetric function in question is the product of the diflersDces of these 
three. 

Employing the yalues of X, /i, y in the preceding example, we have 

-M + i'-0B-7)(«-»), -•' + ^-(7-«)08-»), -X + /i-(«-3)(7->)- 
We have, then, to find the value of 

(lK-ii-v){2ii^v-K)(2v-\-li), 

or (3\ - 2 aiS) (3/i -'Xafi)\Zw- 2a/3), 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the value of 2a3, and attending to the results 
of £z. 17, we obtain 

ao'(2A. - /i-y) {2/i- r-X) (2if- A. -/i) =-432{<io«t«4+2ai«,4ii-ai«3«-«i«fl4 -•»'}• 

The functions of the coefficients arrived at in Examples 16, 16, and the present 
example, will be found to be of great importance in the theory of the cubic and bi- 
quadratic equations. 

19. Find, for the biquadratic of Ex. 16, the symmetric function 

(a-iS)' + (a-7)' + («-8)' + (iB-7)» + 08-»)H(7-«)'. 

This may be written 2 (a — fi)*. 

Ant. ffo'2(a-3)' = 48(4ii<-«o%). 

20. Find, for the biquadratic of Example 6, the symmetric function 2(« -3)^. 

An8, a(a-iS)* = 3j?*-16i>V+20}» + 4pr-l«#. 

21. Show that, for the biquadratic of Example 16, the value of the same sym- 
metric function can be written in the form 

ao*S(a -iS)* = 16{48(aof2- ffiT-«o*(aoa4-4fliaj+ 3ai«)}. 

« 22. Prove the following relation between the roots and coefficients of the bi- 
quadratic of Ex. 16: — 

flo'(i3 + 7-«-8)(7^'«-i8-5)(a+3-7-J) = 32(flo*fl8-3aoai»f + 2«i»). 
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28. Remark. — We dose this chapter with certain observations 
which will be found useful in verifying the results of the calcula- 
tion of symmetric functions. The first is, that the degree of any 
symmetric function in the roots is always equal to the sum of the 
suffixes in each term of its value in terms of the coefficients. The 
student will observe that this is true in the case of the results of 
Examples 13, 15, 16, 17, 18, 19, 21, 22 ; and that it must be 
so in general appears from the equations (2) of Art. 23, for the 
suffix of each coefficient in those equations is equal to the degree 
in the roots of the corresponding function of the roots ; hence 
in any product of any powers of the coefficients the simi of the 
suffixes must be equal to the degree of the corresponding func- 
tion of the roots. 

The second observation is, that for any symmetric function of 
tfie differences of the roots of an equation written with binomial 
coefficients^ the value in terms of the coefficients must be smh that 
the algebraic sum of the numerical factors in it is equal to cipher. 
This is true in general; for if in^the equation with binomial 
coefficients 

aoX^ + naiotf^"^ + — ^ — ^ a^Jif^^ + . . . + a^ = 

we make 

it becomes 

(ir + l)« = 0, 

i.e. all the roots become equal ; hence any function of the dif- 
ferences of the roots must in that case vanish, and therefore also 
the function of the coefficients which is equal to it ; but this 
consists of the algebraic sum of the numerical factors after 
putting 

In examples 15, 16, 18, 19, 21, 22, of Art. 27, we have in- 
stances of this. 
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MiscELLAinsoirs Examples. 

1. Find the value of the symmetric functioii 

/8»+y 7»-l-tt» tt«-h/8» 
fiy ya c^ 

of the roots of the cuhic equation 



Ant, ^-3. 



2. Find for the same cuhic the value of 

(/5 + 7-a)»+(7+a-/5)»+(a + /5-7)». 

3. Find the value of 2a'/9' of the roots of the same equation. 
Here 2aj92a3i3' = 2a'i9'+ad72a2/9; hence &c. 

4. Find for the same cuhic the symmetric function 

20^ is easily obtained by squaring 2 a' (see £z. 3, Art. 27). 

Ans, 2/^ - 12jp*^+ 12/^r + ISj?*^- 18j?^ -6^. 

5. Find for the same cuhic the value of 

i3 + 7 7-fa' a + iS 

An.. "^J^lZ^PLllt . 
r-pq 

6. Find for the same cuhic the value of 

^ + 7 7+a a + ^ 

Ant, ^--= . 

7. Find for the same cubic the value of 

2$y-a^ 27a-i3» 2ajS-7 » 
/8 + 7-0 7 + o-i3 a + i3-7* 



l^-2ii»^ + 14i»'-8j2 

^.nt% 



ipg-f^-Sr 
— - j for the same cubic 
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9. Find in terms of the coefficientB the value of 2 -^ of the biquadratic equation 
Here Jai82-5= J^+2^; and 2aJ- = 4 + 2^. 

10. Find the value of 2 -^ for the equation 

11. Find for the biquadratic of Question 9 the value of 

(*ompare Ex. 22, Art. 24. Am. r^ - p^». 

12. Find the value of % {Of^a-VaiY {fi-yf oi the zxwts of the cubic 

oaafi + 3ai«2 + 3^23; + as = 0. 

18 
Am, — ^ («o*2 - <ii')«. 

. 13. Find the symmetric function 2 of the roots of the equation 

0102 

The given function may be written in the form 

(11 1 ) 

i — + — + .... + - }-i 
1 ai 02 an) 

+ a2 { — + — +.... + — [-1 
( ai 02 Oh) 



a\ 



+ 



( 1 1 

+ an 5 — + — -I- .... + 

\ a\ an On 






or 2ai 2 M ; hence Ans, n, 

ai pH 

• 14. Clear of radicals the equation 

and express the coefficients of the resulting equation in ^ in terms of the coefficients 

of the cubic of £x. 1. 

Am, 3f«-2(/>2-2j)<-p* + 4/|2j-8/>r = 0. 
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% lA. If «« 3» 7i ' ^ ^ '^^^ ^ ^^ biquadratic of Question 9, prove 

(«»i.l)(/3»+l) (r* + l) («» + l)=(l-y + »)»+(/»-r)«. 

Subntitute in turn each of the roots of the equation j^ + 1 = in the identity of 
Art.l6,ind multiply. 

16. For the general equation prove 

(«i»+ 1) (at*+ 1) . . . (a»*+ I) = (1 -Pi-^Pi-- ' .)*+ (P\-P^+ ' . .)'• 

17. If a, /3, 7) 8 he the roots of the equation 

flo^r* + ^aiar* + 6fl2*' + ♦tfa* + «*= ; 

prov<» 

i,oS(i3 + 7) (7 + a) (o + /3) (o + J) (iS + J) (7 + 5) = I6 { 6aifltfla-«o«8'-«i'«i}. 

The symmetric function in question is {fi + p)(p-\-\){\-{-/i), or SXS/uy — X/ur. 
whcro X, M» ^ ^^® *^® values of Ex. 17, Art. 27. 

18. The distances on a right line of two pairs of points from a fixed origin are 
the roots (a, $) and (a\ ^) of the two quadratic equations 

Ar» + 2*«+c=0, a'x*-f 2A'« + «' = 0; 

prove that when one pair of the points aro the harmonic conjugates of the other pair, 

the following relation exists : — 

ay + «'r-2W=0. 

19. The distances of three points Ay B^ C on a. right line from a fixed origin O 
on the line are the roots of the equation 

find the condition that one of the points Ay By C7 should bisect the distance between 
the other two. 

Compare Ex. 16, Art. 27. Ana. a'rf-3a*c4 2^ = 0. 

20. Retaining the notation of the preceding question, find the condition that the 
four points 0, A, By C should form a harmonic division. 

Ana, ad^-dbed^ 2(^ = 0. 

This can be derived from the result of Ex. 19 by changing the roots into their 
reciprocals, or it can be easily calculated independently. 

21. If the roots (a, i3, 7, 8) of the equation 

lire so related that a — 8, i3- 5, 7-8 are in harmonic progression ; prove the relation 

among the coefficients 

a« + 26frf-arf*-*'* - f* = 0. 

Compare Ex. 18, Art. 27. 

• 22. Express 

(2i37- 70-0^8) (270-0^8 -37) (2oi3-i37-7o) 

as the sum of two cubes. 

Am, (i37 + «rya + «'»o3)' + (/87+t^7« + ««3)'. 
rompnrp Ex. 5, Art. 26. 
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^ 23. Form the equation whose roots are 

where »* = 1, and a, /9, 7 are the roots of the cubic 

ax> + 3*x» + 3 ra- + rf= 0. 

Ans, {ac - *») a:^ + («rf - Ar) 1: + {bd - r^) = 0. 
Compare Exs. 13 and 14, Art. 27. 

• 24. Clear of radicals the following equation, where «*= 1 : — 

j = \/«(l-«) + *(l-«") + -v/«(l -««) + *(!-«). 

^«». a:*-6(« + A)ar»-3(a-*)« = 0. 

• 25. Express 

in terms of z^ + y* + c* and af//s, where €** = 1. 

Ans. 3(a:»-»-y8 + «»)-f 18«yc. 
. 26. If 

(^ +ys+ 28_ 3j.y2) (^3 ^ y'3 ^ -'3_3x'y'z') s J:8+ T^ + -ZT^ - 3irZ, 

find X, 1', Z in terms of x^y^z; x\ y', z\ 
Apply Example 4, Art. 26. 

Afu. X = xx* \yy' -\-zz\ Y- xij ^yt' i^zjf, Z=^x:i \ yx* + zy\ 

• 27. Hesolve 

(0+ /5 t 7)» 0^87 - (i37 + 7a + ai8)»- ■ - - ^ ^ < -// '. ^ '•< ' 

into three Actors, each of the second degree in a, fi^ 7. 

Compare Ex. 18, Art. 24. 

28. Resolve 

/» f m' + fi* - 2mn- 2n/ - 2/m 
into four factors. 

Ana, (v^+v w+v «)(v'^7— v^— \/w)(— V^/4 V m— ^w)(— V /-v/m+v ft). 

29. Resolve 

(m-*i)« + («-/)'+(/-w)» 
into factors. 

Ans. 2 (/+•»» + «*«)(/+•»* JH + •«»). 
. 30. If 

a + ffi + nsO, 3+flfm + fl»-« = 0, tf+«*m+fl»» = 0, 

where «•* = 1, prove 

(* _ c)^ {e - of (« - ^)» = - 27 (m» - «3)«. 

• 31. Find the value of 

(a» + 2}(^« + 2)(7H2)(«« + 2), 

where a, /3> 7» ' are the roots of the equation 

r*-7a:''»i-8j;2 -0^+10 = 0. 



08 Roots and Coefficients of JS^uatians. 

Substitute in Bucceflsion for 2; the two roots of the eqiialioii i^ 4 2 = 0, and mul- 
tiply. (Compare Ex. 15.) 

Ant. 166. 
« 32. Besolve into simple facton each of the following expressions : — 

(1). 03-7)«(i8 + 7-2a) + (7-a)«(7 + a-2/5) + (a-/5)Ma+iB-27). 
(2). (i8-7)(i3+7-2a)»+(7-a)(74-a-2/5)« + (a-/5)(a + ^-27)». 

Ans. (1). (2a-/5-7)(2i3-7-«)(27-a-i3). 
(2). -908-7)(7-«)(a-i3). 

33. Find the condition that the cubic equation 

nhould have a pair of roots of the form a ± a\/ — 1 ; and show how to determine 
the roots in that case. 

If the real root is d, we easily find, by forming the sum of the squares of the 
roots, 1^ - 2^ = ^. The required condition is 

34. Solve the equation 

;r«-7a;2+20ar-24 = 

whose roots are of the form indicated in Ex. 33. 

Ant, Roots 3, and 2 + 2 \/^. 

35. Find the conditions that the biquadratic equation 

x^ - psc^ + qx* - rx -^ t = 

should have roots of the form a + a\/~ 1, b±b^-l. Here there must be two 

conditions among the coefficients, as there are only two independent quantities 

involved in the roots. 

Ant, p^-2q = 0; i^-2qt = 0, 

36. Solve the biquadratic 

a:* - 4a?' + 8*« - 120* + 900 = 
whose roots are of the form in Ex. 35. 

Ant. 3±3\/^ -6T5\/^. 

• 37. If a + iS y/- 1 be a root of the equation 

afi-\-qx-^r=0, 
prove that 2a will be a root of the equation 

a^ + qx — r = 0. 

38. Find the condition that the cubic equation 

x^ -\-px^ -^qx + r—0 

should have two roots a, connected by the relation o^ + 1 = 0. 

Ant. l + y+iw + r* = 0. 
^ 39. Find the condition that the biquadratic 

a^ -\-pi^ + qx^ -\-rx + 8 — 

should have two roots connected by the relation o^ + 1 = 0. 
The condition arranged according to powers of « is 

l+^ + ;^/- + >-* + (i9-+l>r-2i?-l)»-|-(y-l)«2 + *3 = o. 
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• 40. Solve the equation 

«»-llj:* + 32«» + 8a^- 144*+ 144 = 0, 
three roots of which are in Harmonic Progression^ and two of the form + a. 

Ans. Roots ± 2, 2, 3, 6. 

s 41. Find the value of 2 (ai - asp asoi cu of the roots of the equation 

«»+/?ia;*-*+/>2ic"-»+ .... +jp» = 0. 

This is readily reducible to Ex. 13. 

Ant, (-!)"{ p\Pn-\ - n^Pn ) . 

• 42. If the roots of the equation 

, n(n-\) 

be in Arithmetical Progression, show that they can be obtained from the expression 



a\ r / 3 (ai* — a 



-flo^a) 



by giving to r all the values 1, 3, 6, m ~ 1 , when n is even ; and all the values 

0, 2, 4, 6 ....« — 1, when n is odd. 

43. Representing the differences of three quantities a, i3, 7 by ai, /9i, 71, as 

follows : — 

ai = /5-7, i3i = 7-a, 7i = o-i3; 
prove the relations 

ai» + i3i» + 7i» = 3oii3i7i, 

ai* + iS,* + 71* = J { «i' + i8i* + 71* } '» 

oi» + /3i* + 71* = * { «i' + iSi* + n* } «i i8i 7i. 

These can be derived by taking ai, iSi, 71 to be roots of the equation 

«* + j-a: - r = 

(where the second term is absent since the sum of the roots =0), and calculating the 
symmetric functions Sai', SaiS Saj^ in terms of q and r. The process can be ex- 
tended to form Sai^ Sai^, &c. They are all capable of being expressed in terms of 
the product ai /9i 71 and the sum of squares a^ + ^i' + 71^ ; the former being equal 
to r, and the latter to - 2 (/5i 71 +7101 + ai/5i), or - 2q, 

. 44. If a, ^, 7 be the roots of the cubic 

«oa:' + 3 ai «» + 3 «i« + «8 = 0, 

find the value oi'Xifi- yY in terms of the coefficients. This is easily obtained by 
means of the second relation in Ex. 43. 

Ana. ffo* J (3 - 7)* = 162 («o«a - «i^)^. 



CHAPTER IV. 

TRANSFORMATION OF EQUATIONS. 

29. TransformaUon of Eqaatlons. — ^We oan, without 
knowing the roots of an equation, transform it into another 
whose roots shall have certain assigned relations to those of 
the proposed. The utility of this process consists in the fact 
that the discussion of the transformed equation will often be 
more* simple than that of the original. We proceed to explain 
the most important transformations of equations. 

30. Roots with St^iis chansed. — To transform an equa- 
tion into another whose roots are those of .the given equation 
with contrary signs, let oi, a?, as, ... a^ be the roots of 

then 

change x into - y ; we have, then, whether n be even or odd. 

The polynomial in y equated to zero is an equation whose 
roots are -ai, - 02, . . . - a« ; and to effect the required trans- 
formation we have only to change the sigm of every alternate term 
of the given equation beginning with the second. 

Examples. 

1. Find the equation whose roots are those of 

with their signs changed. Ant. ar* - 7^:* + Tjc* + Sa;' + « - 1 « 0. 

2. Change the signs of the roots of the equation 

x' + 3j;* + «» -a:* + 7a; + 2 = 0. 

[8upply the missing terms ^i-ith zero coefficients.] 

Ahh. j' -i 3a»+j^» -!-«-+ 71- -2 = 0. 
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31. WLaaim H«ltlplled by a CflTen anantlty. — To trans- 
form an equation whose roots are ai, 02, . . . an into another whose 

roots are mai, ma29 • • • ^^ny we change x into ^ in the identity 

of the preceding article. We have then, after multiplication 
by mTy 

y" + mpiy"^^ + m^p2t/^~* + . . . + m"-*j»«.iy + ;w*/>„ 

B(y-fwai) {y-ma^) .... {y-mun). 

Hence, to multiply the roots of an equation by a given quan- 
tity m, ice have only to multiply the successive coeffidentSy beginning 
with the second^ by m, m*, m', . . . m". 

The present transformation is useful for getting rid of the 
coefficient of the first term of an equation when it is not unity ; 
and generally for removing fractional coefficients from an equa- 
tion. If there is a coefficient Oo of the first term, we form the 
equation whose roots are Ooai, at^aiy . . . OoOn; the transformed 
equation will be divisible by Oo, and after such division the coeffi- 
cient of ic" will be unity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m, which is the least 
common multiple of all the denominators of the fractions. In 
many cases, multiplication by a quantity less than the least 
conmion multiple will be sufficient for this purpose, as will 
appear in the following examples : — 

EXAKPLBS. 

1. Cliazige the equation 

3«*-4ir»+4iP«-2ar+l«0 

into another the coefficient of whose highest term will be unity. We multiply the 

roots by 3. 

Ant, «*-4j?»+12*«-18j: + 27 = 0. 

2. BemoYe the fractional coefficients from the equation 

2 3 
Multiply the roots by 6. 

Ans. «»-3j:» + 24a: -216 = 0. 

3. Bemove the fractional coefficients from the equation 

'6 7 1 

2 18 108 
By noting the factors which occur in the denominators of these fFftcdons, we 
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easily obsenre that a number much imaUer than tlie kait commoii nuMple will 
suffice to remove the fractioiiB. If the required multiplier is m, we write the 
transformed equation thus: — 

5 . , 7 «»' .V 

it is evident that the value 6 for m will make each coefficient integral ; heaoe we 
have only to multiply the roots by 6. 

4. Remove the fractional coefficients from the equation 

^ 3 . . 13 77 ^ 

10 26 1000 

The student must be careful in examples of this kind to mq^y the nuanng 
terms with zero coefficients. The required multiplier is 10. 

Ant. x^ + 304P» + 620* + 770 = 0. 
6. Bemove the fractional coefficients fmni the equation 

6 12 900 

Am. ji«-26«'+876j;^-11700«0. 

32. Reelprocal Roots. — ^To transform an equation into 
one whose roots are the reciprocals of the roots of the proposed 

equation, we change x into - in the identity of Art. 30. This 

gives, after certain easy reductions, 

1 Pi P2 /?n-i Pnf IV 1\ f l^ 

or 

Pn Pn Ph Pn \ aiA Oa/ \ «»/ 

hence, if in the given equation we replace x by -, and multiply by 
y", the reeultiiig polynomial in y equated to zero will have for 
roots — , — , . . . — . 

Example. 
Find the equation whose roots are the reciprocals of those of 

aj*-3«»+7aJ2 + 62;-2 = 0. 

Am. 2/-6y»-7y2 + 3y-l = 0. 
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33. Meelpr^eal Kq«»tloBs. — There is a certain dass of 

equations whioh remain unaltered when x is changed into -. 

These are called reciprocal equations. The conditions which must 
obtain among the coefficients of an equation in order that it 
should be one of this dass are, from the preceding Artide, 
plainly the following: — 

— - =/?!, — - = Piy &C. . . -- =p^i, — = Pn. 
Pn Pn Pn Pn 

The last of these conditions gives p^^ly orp« = ±l. Be- 
dprooal equations are divided into two classes, according as p^ 
is equal to + 1, or to - 1. 

(1). In the first case 

Pn^l =Pi9 Pr^t =i>J> - ' 'Pi =Pr^\ '9 

and we have the first class of reciprocal equations^ in which the 
coefficients of the corresponding terms taken from the beginning and 
end are equal in magnitude and have the same signs. 
(2). In the second case, when j^^ = - I9 

and we have the second class of reeiprocal equations^ in which cor- 
responding terms counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n « 2m y one of 
the conditions becomes pm » -Pm9 orpm =» ; so that in redprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 

for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

redprocal equation occur in pairs, a, -; i3, ^; &c. When 

the degree is odd there must be a root which is its own 
reciprocal ; and it is in fact obvious from the form of the equa- 
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tion that - 1, or + 1 is then a root, aooording as the equation ib 
of the first or second of the above classes. In either ease we 
can divide ofiE by the known factor (or + 1 or ;r - 1), and we are 
left a reciprocal equation of even degree and of the first class. 
In equations of the second class of even degree ^r* - 1 is a factor, 
since the equation maj be written in the form 

ic» - 1 +/?i;r (a?« - 1) + . . . = 0. 

Bj dividing by 2^ - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of the first class whose degree is 
even, and this consequently may be regarded as the standard form 
of reciprocal equations. 

Example. 
Reduce to a reciprocal equation of even degree and of first cUun 

- 6 ^ 22^ 22 , 6 , ^ 

Am. a;* + -«»-— -jF* + -jf+l = 0. 
6 3 6 

34. To Increase or Diminish the WLmoim by a CMTen 
t^nantlty. — We change the variable in the polynomial /(a?) by 
the substitution a; = y + A ; the resulting equation in y will have 
roots each less or greater by h than the given equation in Xy 
according as A is positive or negative. The resulting equation 
is (see Art. 6) 

There is a mode of formation of this equation which for 
practical purposes is much more convenient than the direct 
calculation of the derived functions, and the substitution in them 
of the given quantity h. This we proceed to explain. Let the 
proposed equation be 
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and suppose the transformed polynomial in ^ to be 

^„y" + ^ly*-* + -4,^"-* + ...»- An-iV + An : 
since y^x-hj this is equivalent to 

A»(x-hY-\-Ax{x-hY~^-\-, . . -^ An-x{z-h)+Any 

which must be identical with the given polynomial : we conclude 
that if the given polynomial be divided hy x - h^ the remainder 
is Any and the quotient 

Ao{x-hY'^ +Ai{x- A)"-' + . . . + An.2{x - h) + An-i : 

if this again be divided hy x - h^ the remainder is ^^-19 and the 

quotient 

Ao{x - A)"-^ + Ai{x' A)*^* + . . . + A„^2. 

Proceeding in this way, we are able by a repetition of arith- 
metical processes, of the kind explained in Art. 8, to calculate in 
succession the several coefficients A^ ^n-19 &o., of the trans- 
formed equation ; the last, Ao, being equal to Ou. 



Examples. 

1. Find the equation whoso roots are those of 

ar^ -6x8+ 7«»-17x+ 11 = 0, 
each diminished by 4. 

The operation is best exhibited as follows : — 
1 
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-17 


11 


4 


-4 


12 


-20 


- 1 


3 


- 5 


- 9 


4 


12 


60 




3 


15 


55 




4 


28 






7 


48 




4 








~11 









Here the first division of the given pol3momial by a; - 4 gives the reniaiudcr 
9 (= Ai)f and the quotient sfi -x^-^Sx- b (cf. Art. 8). Dividing this again by 

F 
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x-if we get the remainder 56 (» ^3), and the quotient d;> + Sj; + 15. Diyiding this 
again, we get the remainder 43 (= At)f and quotient x-\-7 ; and dividing this we get 
^1 = 11, and ^0 = 1; hence the required transformed equation ia 

y« + lly3 + 43y» + 65y-9 = 0. 

2. Find the equation whose roots are those of 

x* + 4ir»-j^ + ll =0, 
each diminished bv 3. 



1 
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- 1 





11 
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39 


114 


342 
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13 


38 


114 


868 


3 


18 


93 


393 




6 


31 


131 


607 




3 


27 


174 






9 


58 


806 






3 


36 


1 






12 


94 






3 











16 



The transformed equation is, therefore, 

y*-f 15y* + 94y»+ 306 y«+507y + 363 = 0. 

The student is recommended to attend carefully to these examples ; as he will 
find, when we come to a discussion of the general solution of numerical equations, 
that the most convenient method of effecting such solution is only a repetition of the 
process here described. 

3. Find the equation whose roots are those of 

4ir*-2x^+7;r-3«=0, 
each increased by 2. 

[The multiplier in this operation is, of course, — 2.] 

Ant, 4y*-40y* + 158yS-308y*+303y- 129 = 0. 

4. Increase by 7 the roots of the equation 

3a:* + 7x»-15«^ + a;-2 = 0. 

Am. 3y*-77.v3 + 720y«-2876y + 4068 = 0. 

5. Diminish by 23 the roots of the equation 

5a:3- 13a;2- 12*4-7 = 0. 

The operation may be conveniently performed by first diminishing the roots by 
20, and then diminishing the roots of the transformed equation again by 3. The 
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procaes may be ezliibited in two stages, as follows, the broken lines marking the 
concUuriofi of each stage: — 



7 
34560 

84667 

19122 



- 13 


- 12 


100 


1740 


87 


1728 


100 


3740 


187 


6468 


100 


906 


887 


6374 


15 


951 


302 


7886 


15 




317 




15 





888 



Am, 6y»+ 832y« + 7826y + 58689 = 0. 



35. Removal of Terms. — One of the ohief uses of the 
transformation of the preceding Article is to remove a certain 
specified term from an equation. Such a step often facilitates 
its solution. Writing the transformed equation in descending 
powers of y, we have 

floy*+(ikioA+ai)y*-'+ T 12 <^ft)A'H-(n- l)aiA + a,| 5^"'+. . = 0. 

If A be such as to satisfy the equation naoh + ^1 = 0, the trans- 
formed equation will want the second term. If h be either of 
the values which satisfy the equation 



1.2 



Ooh'^ + (n - 1) fli A + flf, = 0, 



the transformed equation will want the third term ; the removal 
of the fourth term will require the solution of a cubic for A ; and 
so on. To remove the last term we must solve the equation 
/(A) s Oy which is the original equation itself. 



v2 
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Examples. 

1. Tnuisfomi the equation 

ir» - 6a;' + 4jr - 7 = 

into one which shall want the second tenn. 

nooA + ai B gives A = 2. 
Diminish the roots by 2. Ant. y* - 8y - 16 = 0. 

2. Transform the equation 

a:* + 84:' + a:--6 = 

into one which shall want the second term. 

Increase the roots by 2. Ant. y* - 24y* + 65y - 66 = 0. 

3. Transform the equation 

-c4_4jS_i8apt_3j: + 2 = 

into one which shall want the third term. 
The quadratic for h is 

6A«-12A-18 = 0, givingA = 3, A = -l. 

Thus tliere are two ways of effecting the transformation. 
Diminishing the roots by 3, we obtain 

(1) y* + 8y»- Illy- 196 = 0. 
Increasing the roots by I, we obtain 

(2) y*-8y3- 17y- 8 = 0. 

36. Binomial Coeffictents. — In many algebraical pro- 
cesses it is found convenient to write the polynomial /(a?) in the 
following form : — 

flfoir" + n«ia^"* + -tj — ^ a^oif*-^ + . . . + \ n »n-«ar + na^xZ + a,, 

in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coeflBcient of the corresponding term 
in the expansion of {x -\-lY hy the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 
We adopt the following notation : — 



Un = ao«" + naiof^'^ + ; ^ ^ flfa^^'*"' + . . . + 



2 2 ^*"' nan^ix + cr^, 

thus using U with the suffix n to represent the polynomial of 
the w'* degree written with binomial coefficients. 



Binomial Coefficients. 69 

We have, changing n into n- 1, &c., 

Un-\ ^a^x^^ + (n - IjaiO^"- + . . . + (w - Vjdf^x + ^^i, 



One advantage of the binomial form is, that the derived 
functions can be immediately written down. The first derived 
function of Tin is, plainly, 

n jfloiT^* + 0* - 1) fli^^* + - — Y^ (h3^^ + . . . + (i,^,,| ; 

or n Un-i ; so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of U the rule given in Art. 6, with respect to the exponent of the 
variable. Thus, for example, the first derived of Ui, is formed 
by midtiplying the fimction by 4, and diminishing the suffix by 
unity ; it is, then, ^Uz^ as the student can easily verify. 

We proceed now to prove that the substitution of y + A for 
X transforms the polynomial U^y or 

into 

Ay" + nAii/^' + -j—2~ ^^y""* + . . . + w^«-iy + ^n, 
where 

are the functions which result by substituting h for x in 

^o> T/iy 6/2, . . . (In-\i ^ n \ 

i.e. Ag^a^j ^i = aoA + «i, Ai^a^fr + 2aih-\-at^ &o. . . . 

Bepresenting the derived functions of /(A) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, ue.f(y+h)j in the following form: — 

f{h) is the result of substituting A for a; in ZT",, ; it is, therefore, 
An : its first derived /i (A) is, by the above rule, nA^-i ; the first 
derived of this again is n (n - 1) ^1^3 ; and so on. Making these 
substitutions, we have the resiilt above stated, whioh enables us 
to write down without any calculation the transformed equation. 



Examples. 

1. Find the result of substituting y + A for x in the polynomial 

oo:^ + Saiafl ■\' ZoiX + as. 

Am, aoy'+3(aoA + 0i)y'+3(aoA' + 2aiA + as)y+aoA*+3aiA> + 3iisA+tfs- 

The student will find it a useful exercise to veiify this result by the process of 
operation explained in Art. 34, which may often be employed with advantage in tlie 
case of algebraical as well as numerical examples. 

2. Remove the second term from the equation 

ooar* + 3fli Jf' + 3a2iP + «3 = 0. 
We must diminish the roots by a quantity h obtained from the equation 

aoA-{-<ii = 0, i.e. h— — . 

«o 

Substituting this value of A in A2, and Aif the resulting equation in y is 

, 3 (ffo fi2 - «i') . 0(t^ Oi - Zaoai a2 + 2ai* ^ 

y3 ^ y _,. = 0. 

3. Find the condition that the second and third terms of the equation Un=0 
should be capable of being removed by the same substitution. 

Hero Ai and A2 must vanish for the same value of h ; and eliminating h be- 
tween them we find the required condition. 

Ans, aotht - fli' = 

4. Solve the equation 

by removing its second term. 

The third term is i-emoved by the same substitution, which gives 

//^ - 27 = 0. 
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The required roots are obtained by subtracting 2 from each root of the latter 
equation. 

5. Find the condition that the second and fourth terms of the equation (7n = 
should be capable of being removed by the same transformation. Here the coef- 
ficients A\ and A^ must vanish for the same value of h : eliminating h betweei\ 
the equations 

aoA + ai = 0, aoA^+ 3<iiA' + 3<f2A + <r3 = 0, 

we obtain the required condition 

«o'«s - 3flo«i «» + 2fli' = 0. 

Note. — ^When this condition holds among the coefficients of a biquadratic equa- 
tion its solution is reducible to that of a quadratic ; for when the second term is 
removed the resulting equation is a quadratic for y^ ; and from the values of y those 
of X can be obtained. 

6. Solve the equation 

^ + 16jJ + 72j« + 64* - 129 = 

by removing its second term. 
The equation in y is 

y* - 24y' -1=0. 

7. Solve in the same manner the equation 

X* + 20^ + 143a:2 + 43O2: + 462 = 0. 

Ans. The roots are - 7, - 3, - 5 + ^/z. 

8. Find the condition that the same transformation should remove the second 

and fifth terms of the equation 27n = 0. i '• 

Ah9. flu' fl* — 4^0* fli «3 + 6flo fli' «3 - 3fl|* = 0. ". r.*- 



37. The Coble. — On account of their peculiar interest, we 
shall consider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding Article. When y + A is sub- 
stituted for X in the equation 

(Toar* + 3«i;r* + Sa^x + ^3 = 0, (1) 

we obtain 

where A^ Aiy Az have the values of Art. 36. 

If the transformed equation wants the second term, 

Ai = 0, or /f = - - ; 



I 



p' 



I -Z 
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substihiting this value for h in A2 and Azy we find, as in Ex. 2, 
Art. 36, 

Jience the transformed cubic, wanting the second term, is 

3 1 

5^ + — (ffo^2 - flTi') 2/ + — 3 (^o*fl^3 - SflTofl^iflrti + 2ai') = 0. 

The functions of the coefficients here involyed are of such 
importance in the theory of algebraic equations, that it is cus- 
tomary to represent them by single letters. We accordingly 
adopt the notation 

a,M2 - (i\^ = if, (i^a^ - 3^/0^*102 + 2ai' = O ; 
and then write the transformed equation in the form 

y^ + — T y + —3 = 0. (2) 

We here observe that if the roots of this equation be multi- 
plied by ^0 it becomes 

2^ + 3^2 4- G^ = 0. (3) 

This is the form of the cubic we shall employ when we come 
to treat of its algebraical solution. The variable 

z = a^iy = a,,x + a^. 

The original cubic is in fact identical with 

after the factor n^ is removed from this, as the student can 
easily verify. 

If the roots of the original equation be a, /3, 7, those of the 
trauHformed equation (2) Avill be 

a + - , /3 + -, 7 -f - ; 

(lu On (to 

or, since 

they will be 

.(2„-/S->),- i(2/3-y-a), i(2-y-«-/3). 
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TVe can write down immediately the values of the sjrmmetric 
functions 

2(2a-/3-7)(2i3-7-a);(2a-i3-7)(2/3-7-a)(27-a-/3) 

• 

of the roots of the original cubic. The latter will be found to 
agree with the value already found in Ex. 16, Art. 27. 

Remark, — We now make with regard to the general equation 
an important observation : that any symmetric function of the 
differences of the roots a, /3, 7, 8, &c., can be expressed by the 
functions of the coeflBcients which occur in the transformed 
equation wanting the second term. This is obvious, since the 
difference of any two roots a\ )3' of the transformed equation is 
equal to the difference of the two corresponding roots a, /3 of 
the original equation ; and the symmetric function of the diffe- 
rences a - jH', &c., can be expressed in terms of the coeflScients 
of the transformed equation. For example, in the case of the 
cubic, all symmetric functions of the differences of the roots can 
be expressed as functions of eZu, Hy and G. Illustrations of this 
principle will be found among the examples of Art. 27. 

38. The Biquadratic. — The transformed equation, want- 
ing the second term, is 

where A^ and ^3 have the same values as in the preceding 
Article; and for A^ we have 

<h^Ai = flroV/4 - iaoUitti + 6aoai^a^i-3ai*. 

The transformed equation is then 

6 4 1 

//+ —J{y^ +—,&> + — ,(aoV/4-4ffo'</ic^3+6e/ofl^i'af2-3ffi^) = 0. 

We might represent the absolute term of this equation by a 
symbol like H and (?, and have thus three functions of the coef- 
ficients, in terms of which all symmetric functions of the diffe- 
rences of the roots of the biquadratic could be expressed. It is 
more convenient, however, to regard this absolute term as com- 



74 Transformation of Equations. 

posed of H and another f anotion of the ooeffidentB determined 
in the foUowing manner :— 

flo'fl^4 - 4ao'eiia3+6aofli^fl3 - 3fli* = Oo* (flo«4-4aias+3a,') - 3(ao02-ai7'. I 

This identity is obvious ; and enables us to introduce a 
function of the coefficients 

aofl4-4flfiflr3 + 3flfa% 

which is of great importance in the theory of the biquadratic. 
This function is represented by the letter ly and we have 

flo'«4 - 4flo'fli (Xz + 6flfofli'fl - 3^1* s Ool- 3Jff '. 
The transformed equation may now be written 

Wo can multiply the roots of this equation, as in the case of 
tlie cubic of Art. 37, by Oo ; and obtain 

2* + 6ffs» + 4(?s+ao'/-3JEP = 0. (2) 

This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
name as in the case of the cubic, i.e. «oiP+ ai. The original bi- 
quadratic is in fact identical with 

after the factor a^ is removed from this latter equation. 

Any symmetric function of the differences of the roots of 
the original biquadratic can therefore be expressed by ero, Hj G, 
and /. 

If the roots of the original equation be a, /3, 7, 8, those of 
the transformed (1) T^dll be, as is easily seen, 

i(3a-^-7-8), ^(3/3-7-8-«), |(3y-8-«-|3), ^-(3S-«-/3-7}. 

The sum of these = ; the sum of their products in pairs 
. ; the sum of their products in tlirees = r-; and for their 
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ooniinued product we have 

ao*(3a-/3-7-8)(3/3-7-8-a)(37~8-a-/3)(3S-a-/3-7) 

= 266(ao'/-3Jr'). 
There is another function of the coefficients to which we 
wish now to call attention, as it will be found to be of great 
importance in the subsequent discussion of the biquadratic. It 
is the function which presents itself in Ex. 18, Art. 27, u e. 

This is denoted by the letter J. The example in question 
shows that it is a function of the differences, of the roots. We 
ought, therefore, to be able to express it in terms of ^o, JST, Oj 
and /. We have, in fact, the identity 

which the student can easily verify. 

Or this relation can be derived as follows : — Whenever a 
function of the coefficients ^o, ai, ^a, &c. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion ; hence its value is unaltered when we change ai into zero, 
a^ into A29 (h into Az, &c. Thus 

a^chtti + 2rti flafla - flops' - «i*flf4 -a^^ a^AiAi - Oo-^a* - A^ ; 

substituting for A^y A^y At their values in terms of JJ, (?, /, we 
easily obtain the above identity, which will usually be written 
in the form 

39. Homographle Transfonnatloii. — The transforma- 
tion considered in Art. 34 is a particular case of the following, 
in which x is connected with the new variable y by the equation 

Xx & III 

A x+jui 
If X = l, fi^-hy X'=0, /i'= l,we have y^x-h^ as in Art. 34. 
Solving for x in terms of y, we have 



X - 



A'// - A- 
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This value can be substituted for x in the given equation, 
and the resulting equation of the n'* degree in y obtained. 

Let a, )3, 7, S, &c., be the roots of the original equation, 
and a', /3', 7', S', (Sec, the corresponding roots of the transformed 
equation. We easily obtain from the equations 



a = 



the relation 

' ft' = ( VzifAOCo-^) , 

with corresponding relations for the differences of any other 

pair of roots. If we take four roots, and the four corresponding 

roots, we get 

(a--g-)(y-y) («-/3)(y-8) 

{,a'-yW-^) (a-7)0-S)" 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin 
on the line, the roots of the transformed will represent the dis- 
tances of a corresponding system of points, so related to the former 
that the anharmonic ratio of any four of one system is the same 
as that of their four conjugates in the other system. It is in 
consequence of this property that the transformation is called 
homographic. 

It is important to observe that the transformation here con- 
sidered, in which the variables x and // are connected by a relation 
of the form 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

40. Traniiforiiiatlon In General. — In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation (j*, y) = with 
the roots of the proposed equation /{x) = 0. The transformed 
equation will then be obtained by substituting in the given 
equation the value of x in terms of y obtained from the given 
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relation (^^ y) =» ; or, in other words, by eliminating x be- 
tween the two equations /(a?) = 0, and (a?, y) = 0. For example, 
sappose it were required to form the equation whose roots are 
the sums of every two of the roots (a, /3, 7) of the cubic 

a^ -pa^ + ga? - r = ; 
here 

The equation ^ (j?, y) = is here t/ = p-x; for when x takes 
the value a, y takes one of the proposed values ; and when x takes 
the values /3 and 7, y takes the other proposed values. The 
transformed equation is then obtained by substituting p - y for 
it in the given equation. 

EXAMPLKS. 

1 . If Of iS, 7 be the roots of the cubic 

x^ — px^ •\- qx - r = 0, 
form the equation whose roots are 

1 1 1 

a fi y 

here 

1 0/37+1 I ] r 

a a a 

and the given relation is ^y = 1 + r ; the transformed equation is then obtained by 

1 +r 
substituting for x inf(x) = 0. 

An9, rif^ - j(l + r)y» +i?(l + r)2y- (1 + r)3 = 0. 

2. Form, for the same cubic, the equation whose roots are 

0/3 + 07, o3 + i87» i87 + 07. 



r 



Substitute for x. Afts, y* - 2yy* + (p»* i ^^) y + »*' - /'^r = 0. 

3. Form, for the same cubic, the equation whose roots are 

g fi 7 

i8 + 7-a* 7+o-i8' + ^8-7* 

Substitute - — =^ for x. 

1+ 2y \ 

Ant. (p»-4/>^ + 8r)yS + (//«-4/;g+12r)y«+ (6r-/>^)y4-r = 0. 

41. Equatloii of DlflTerenees of a Cubic. — We shall now " 
apply the transformation explained in the preceding Article t;^ 
an important problem, /. e. the formation of the equation whose 
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roots are the squares of the differences of those of a given cubic. 
We shall do this in the first instance for the cubic 

r^-\^qx + r ^Qy (1) 

in which the second term is absent, and to which the general 
equation is easily reducible. Let the roots be a, /3, y. We 
have to form the equation in y whose roots are 

(^-7)'.(r-«r,(«-^)'; 

a 

The equation ^ (jr, y) of Art. 40 takes here the form 

y = - 2g - a:* + — , 

X 

or 

subtracting from this the proposed equation, we get 

hence the transformed equation in y is 

y» + &qy^ + Qq^y + 4^ + 27;-» = 0. (2) 

If it be proposed to form the equation whose roots are the 
squares of the differences of those (a, /3, y) of the cubic 

aQix^ + Saior' + 3^2^? + flfa = 0, (3) 

we first remove the second term ; the resulting equation (see 
Art. 37) is 



^(, ^0 



and the required equation is the same as the equation of diffe- 
rences of this latter, since the difference of any two roots is 
unaltered by removing the second term. We can thus write 
down the required equation by putting 

3^ O 
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n the above. The resnlt is 



a^^^^a?^^l^^^^l^(^O^^4.n^)^0^ (4) 



V K <^' 



which has for roots 

O-yr, (7-«)', («-0)'. 

The equation (4) can be written in a form free from fractions 
by multiplying the roots by a^. It becomes then 

a:* + 18JBi» + 81Jff»ar+ 27 (G" + 4i5r') = 0, (5) 

whose roots are 

«.'(/3-y)' «.'(t-«)% «o'(«-/3)'. 

We can write down from this an important function of the 
roots of the cubic (3), %.e. the product of the squares of the diffe- 
rences, in terms of the coefficients : — 

< O - yY {y - aY (a - /3)'^ = - 27 (G' + 4H^), (6) 

It is evident from the identity of Art. 38 that G* + 4jH"* 
contains Oo^ as a factor. We have in fact the equation 

O^ + 4Jr' s flo* {oo^fls* - 6flo«iflf^flf3 + 4aofir2' + 4ai'a3 - Sai^o^*} . 

The expression in brackets is called the discriminant of the 
cabioy and is represented by A ; giving the identities 

EXA3(PL£S. 

1. Form the equation whose roots are the squares of the differences of those of 

«3 _ 7jr + 6 = 0. 

-4m». y' - 42y« + 441y - 400 = 0. 

2. Fonn the equation of differences of 

First remove the second term. 

Ant. i/ - 30y» + 225y - 68 = 0. 

3. Form the equation of differences of 

a:' + 6«»+9j: + 4 = 0. 

Au8. y»-18y2-f 81y = 0. 
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42. Criterion of the Matare of the Roots of a €«Me. 

— We can from the form of the equation of differences 
obtained in Art. 41 derive criteria in terms of the coeffi- 
cients of the nature of the roots of the algebraical cubic. For, 
if the equation (5) of Art. 41 has a negative root, the cubic ((3) 
Art. 41) must have a pair of imaginary roots, in order that the 
square of their difference should be negative ; and if (5) has no 
negative root, the cubic (3) has all its roots real, since a pair of 
imaginary roots of (3) would give rise to a negative root of (5). 

The following four cases exist : — 

(1). Wlien G* + 47/* is negative y the roots of the cubic are all 
real, — For, to make this negative if must be negative (and 4jff' 
> (r^) ; the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20), (5) has no negative root ; 
and consequently the given cubic has all its roots real. 

(2). When 6^ + 411^ is posit ire^ the cubic has two imagifiary 
roots, — For the equation (5) must then (Art. 13) have a negative 

root. 

(3). When G^ + 4H^ = 0, the cubic has two equal roots. — ^For 
the equation (5) has then one root equal to cipher. This is called 
the condition for equal roots. 

(4). When (? = 0, and H-Oy the cubic has its three roots equal. 
— For the roots of (5) are then all equal to cipher. These are 
tlie conditions that the cubic should be a perfect cube. They may 
also be expressed, as can be easily seen, in the form 

^0 ^ «i _ ^ 
a I an r/3* 

43. Transformatton of Equations by Symmetric 

Functions. — Suppose it is required to transform an equation 

into another whose roots shall be given rational functions of the 

roots of the proposed. Let the given fimction be (a, /3, 7 . . .), 

where ^ may involve all the roots, or any number of them. 

We form all possible combinations fp{a(iy)y 0(aj38), &o., of the 

roots of this type, and write down the transformed equation as 

follows : — 

(y -*(«/37 . . .)) \t/-(t>{a(iS. ..){... = 0. 
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When this is expanded, the suooesslve ooeffioients of y will be 
symmetrio fonotions of the roote a^ /3, 7, &o., of the given equa- 
tion ; and may therefore be expressed in terms of the ooeffioients 
of that equation. 

Examples. 

1. The roots of 

3^ + par* + ^x + r = 

are a, iB, 7 ; find the equation whoso roots are a', jS^, 7^. 
Suppose the traBsformed equation to be 

th«n 

-P=a» + i8« + 7^ Q = 2tt/S\ -/? = a«i8*7*; 

and we have to form the S3rmmetric functions 2a^, 2a^/3', a^/3^7^, of the given equa- 
tion. We easily obtain 

and the tnmsformed equation is 

2. Find for the tame cubic the equation whoso roots are a', j3^, y^. 

Ana. s^ + (i93-3/>y + 3r)y»+ (^-3p7r + 3r»)y + r» = 0. 

3. If Oy iS, 7, 8 be the roots of 

ar* + />a:' + yx* + r^ + » = ; 

find the equation whose roots are a^, jS', 7^, 9^. 
Let the transformed equation be 

y* + iy+Qr + -Ry + 5 = 0, 
then 

We have then the required equation (cf. Examples 8 and 17, Ait. 27). 

Am. y*-(p»-2^)y» + te*-2pr+2«)y2-(r«-^2g*)y + «» = 0. 

4. If a, iS, 7, 8 be the roots of 

a^x^ + iai A* + Gatjr* + Aa^x + a4 = ; 

find the equation whose roots are X, m» i' > viz., 

i87 + oS, 70 + 38, o^ + 75. 

See Ex. 17, Art 27. 

6«a 4 8 

An9. ^ ^ + — ;:(4«ia3-aoa4)y r(2aoa3'-3«oflatf4 + 2ai*a4) aO. 

ao «o ^^o 

5. Show that the transformed equation, when the roots of the resulting cubic of 
£x. 4 are multiplied by i ao, and the second term of the equation then removed, is 

s3 - /s + 2/ = 0. 
G 
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44. Formation of the EqvatloB whoso Moo ts ore may 
Powers of those of the Proposed. — The method of effect- 
ing this transformation by symmetrio functions, as explained in 
Art. 43, is often laborious. A much simpler prooess, involving 
only multiplication, can be employed. It depends on a know- 
ledge of the solution of the binomial equation 

a^ - 1 - 0. 

This will be given in the following Chapter. The general 
process will be sufficiently obvious to the student from the 
application to the 2nd and 3rd degrees which will be fomid 
among the following examples: — 

Examples. 

1 . To form the equation whose roots are the squares of the roots of 

To effect this transformation, wo have the identity 

change x into — Xj and obtain, as in Art. 30, 

multiplying these equations, we have 

it is e>'idont that the first member of this identity contains, when expanded, only 
even powers of x ; we may then replace x* by y ; and get 

y» + (2/)2 -/^i*) y""* + (P2' - 2/>,/^ + 2/)4) y*-' + . . . a (|f - «i«) (y - ai«) . . . (y - a,*). 

The first member pf this equated to zero is the required transformed equation. 

N.B. — This transformation will often enable us to determine a limit to the num- 
ber of real roots of the proposed equation. For, the square of a real root must be 
positiYC ; and therefore the original equation cannot have more real roots than the 
transformed has positive roots. 

2. Find the equation whose roots are the squares of those of 

a:* - a:* + 8x - 6 = 0. 

Am, y> + 16y« -I- 62y - 96 s 0. 

The latter equation, by Descartes' rule of signs, cannot have more than one 
positive root ; hence the former must have n pair of imaginary roots. 



Examples. 83 

3. Find the equation whose roots are the squares of the roots of the equation 

Ana, jf« + 2y* + 6/+3y»-2y-9 = 0. 

It follows from Descartes* rule of signs that the original equation must have 
four imaginary roots. 

4. Verify hy the method of Ex. I the Examples 1 and 3 of Art. 43. 

5. To form the equation whose roots are the cuhes of the roots of 

It will be oheerved that in Ex. 1 the process consists in multiplying together 
f{sf)f tiie given polynomial, and/(- x) ; the variables involved in these being those 
obtained by multiplying x by the two roots of the equation :r^ — 1 = 0. In the 
present case we must multiply together /(:r), f{o»x), /(«'ir) ; the variables involved 
being obtained by multiplying x by the roots of the equation j:^ - 1 = 0. The trans- 
formation may be conveniently represented as follows : — 

Write the polynomial f{x) in the form 

{pn-\-p»-9^* +...) + x{pn-i +/>»-4ar* + . . .) +X*{Ph.2 f Ph-SX^ + •••)» 
which we represent, for brevity, by 

F+xQ-^x^H, 

in which P, Q, and i2 are all functions of xs. 
We have then 

P+xQ + x'iJs (je-oi)(;r-a2) (a:-a«). (I) 

Changing, in this identity, x into »x and ttl^x successively, we obtain 

P+ wxQ + w^a^Ji = («4P - oi) («j: - 02) . . . {ntx - a«), (2) 

P+ •* xQ + wx^JR s {tt^x - 01) (»«J? - aj) . . . {w^x - a«) , (3) 

since P, Q, and JR, being functions of x^, are unaltered. 

Multiplying together the equations (1), (2), (3), and attending to the results of 
Art. 26, we obtain 

The first member of this identity contains x in powers which are multiples of 3 
only. We can, therefore, substitute y for x^ and obtain the required transformed 
equation. 

6. Find the equation whose roots are the cubes of the roots of 

X* - jr3 + 2x» + 3x + 1 = 0. 

Ans, s^ + 14y3 + 60y2 + 6y+l =0. 

7. Verify by the method of Ex. 5 the result of Ex. 2 of Art 43. 

8. Form the equation whose roots are the cubes of the roots of 

ax^ + 3bx^-¥Zex + d^0, 

Am. a«y» + 3(rt»rf+ 9*3-9a*<?)sr*+ 3(arf2 + Qc^ - 9bed)y + rf» = 0. 

g2 
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Miscellaneous Examples. 

• 1 . The roots of the equation 

*«-6j:*+11jp-6 = 
are a, 3, y ; form the equation whose roots are 

An». y> - 28y2 ♦ 246y - 660 = 0. 

2. The rootf« of the ciihic 

x3 + 2jr^ + 3* + 1 = 
aiv a, 3, 7 ; form the equation whose roots are 

An», y»+12y»-172y-2072 = 0. 

3. The ixwts of the cubic 

j:* 4- yr + r = 

are o, 3, 7 ; form the equation whose roots are 

3- + 37 + 7S 7* + 7a + «*» a» + o3 I 3*. 

4. The roots of the cubic 

being o, 3, 7 ; form the equation whose roots are 

3- + 7'-«'» 7- + a' -3*, a« + 3«-7*. 
Am. !^-(p^-2q)y^-(p*^4pig-^Spr)y-\'f^-ep^q-i-Sp^r 

6. If a, 3, 7 be the roots of the cubic 

«s _ 3 (1 + a + ««) a: + 1 + 3a + 3a' + 2«' = ; 
prove that (3 - 7) (7 - a) (a - 3) is a rational function of a. 

Atu. iStl+a + a*). 
. , • G. Find the relation between G and H of the cubic 

oqx^ + Saix"^ + 3fl2« -t- 03 s 

M'hen its roots are so related that (3 - 7)', (7 - a)«, (o - $)* toe in aiitliinetical 
progression. 

Ant, ^» + 2ir» = 0. 

7. If a, 3, 7, 8 be the roots of 

c^x* - 2<?2r» + 2jp - 1 = 0, 
find the value of 

(3^ - 7')' («* - «•)* + (7* - «')' (3« - «•)■ + (a« - 3')' (7» - »»)'. 

^m. 0. 
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' 8. Prove that, if 

9. Solve the equAtion 

*« - «* + 8x« - 9j? - 16 = 0, 

which has one lOot of the form 1 + a\/- 1. 

Diminish the roots by 1 ; substitute a\/- 1 for 4; ; we find that a must satisfy 
a« - a«' - 4 == 0, and a* - 6cr -)^ 8 = ; hence a » ^ 2^ Hence the factor x^-2x^6. 
The other factors are (' 4 1) and (x^ - 3), as is evident. 

10. The roots of the cubic 

oos^ 4 ^ix* -k- Za2X + as c 

are a, 3» 7 ; form the equation whose roots are 

3 + 7» r + «. a-f3. 
This question has been already solved in Art. 40. We give here another solu- 
tion which, although in this particular instance it is not the simplest, will be 
found convenient in many examples. Let the roots of the given equation be dimi- 
nished by A. The transformed equation is (Art. 36) 

aoy^ + SAip^ + SAty + -^j = 0, 

whose roots are a - A, 3 - A, 7 - A. We express the condition that this equation 

should have two roots equal with opposite signs. This condition is (see Ex. 17, 

Art. 24) 

9^1 ^3 - aoA2 = 0. 

This equation is a cubic in A whose roots are 

i(3 + 7). i(7 + a), i(«^ i3); 
for the above condition is 

(3 - A) + (7 - A) = 0, 
or 

2A = 3 + 7 i 

where 3> 7 represent indifferently any two of the roots. 

1 1 . The roots of the biquadratic 

<ioJf* + 4aix^ + 6a2Jc'^ + ia^x + ^4 = 
are a, 3, 7) 8 ; form the sextic whose roots are 

/3 + 7» y^<h + 3, a + 8, 3+8. 7 + 8. 

Employing the method of Ex. 10, the required equation can be obtained from 
the condition of Ex. 20, Art. 24. 
The condition is in this case 

6A1A2A3 — Ai'Ai — (toAi^ = 0. 

This is a sextic in A whose rtyota arc i (3 + 7), &c., and the required equation 
can be obtained by forming the equation whoso roots arc double the roots of thi.«» 
equation. 
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12. Fonn for the cubic of Ex. 10, the equAtum whoee roots are 

$ + y-2a 7 + o - 2j8' a + j8 - 27' 

Diminish the roots by A, and express the condition that the resulting cubic 
should have its roots in geometric progression (see Ex. 18, Art 24). The con- 
dition is 

Ai^Az - aoAt^ = 0. 

This will be found to reduce to a cubic in A ; whose roots aze the Talues above 
written, since 

(a - h)^ = {ft - h) {y - h), or h = ^^.^-^. 

13. Form for the same cubic the equation whose roots are 

2^7 - a3 - a7 2 ya-fiy-fia 2«3-7a-7i8 
3 + 7-2a ' ~7 + a-23 ' a + i8-27 

Diminish the roots by A, and express the condition that the tranafonned cubic 
should have its roots in harmonic progression (see Ex. 19, Art 24). We have 
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•'- » + y-2a • 
The equation in A is 

ooAi^ - 3A1A2A3 + 2A2^ = 0, 

M'hich will be found to reduce to a cubic. 
14. The roots of the biquadratic 

«oic* + iaii^ + 6«j j' + ia^x -f 04 = 

are a, jS, 7, 8 ; find the cubic whose roots are 

37-08 7a -38 03-78 



3 + 7-a-8* 7 + 0-3-8* + 3-7-8' 

Diminish the roots by A, and employ the condition of Ex. 22, Art. 24. The 

condition is in this case 

Ai'^Ai-aaAz^^O, 

which reduces to a cubic in A whose roots are the values above written. 
15. Find the equation whose roots are the ratios of the roots of the cubic 

a^ i- qx -^ r = 0, 

The general problem can be solved by elimination. Let f{x) a be the given 

equation, and p s — b the ratio of two roots ; then since /(/S) b 0, we have 

o 

f{pa) = 0, also/(a) = ; and the required equation in p is obtained by eliminating 
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a between these two latter equations. For the cubic in the present example the 

result is 

r»(p« + p+l)» + ^p«(p+ 1)» = 0. 

16. If a, ^, 7 be the roots of 

«* +jMf« + jx + r = 0, 
form the equation whose roots are 

^iM. x«-2{p«-2^)4:» + (p*-4i»2y-f 6^'-2i>r)a;-(pV -2i?=»r + 4/?^r- V-»'^)=0. 

17. Form for the same cubic the equation whose roots are 

7 iS' a 7* iS a 

18. If a, iS, 7 be the roots of the cubic 

«* + yj? + r = 0, 
form the equation whose roots are 

la + wi87, Ifi + my% ly + f«aj8. 

-4fM. ^'-m<?y»+ (/V+ 3/#iir)y 4 /V-/2,„^2_2/««^r-fn3r2 = 0. 

19. If a, iS, 7 be the roots of the cubic 

find the equation whose roots are 

(«-i8)(a-7), 03-7)(^-a), (7-«)(7-i8). 

. .^9ir 27 ((P -f 4.g») . 

20. Form, for the cubic of £z. 19, the equation whose roots are 

(i8-7)«(2a-^-7)*, (7-«)M2^-r-«)S (a-«»(27-«-3)«. 
The required equation can be obtained by forming the equation of the squares of 
the differences of the roots of the cubic (4) of Art. 41, since 

(7 - a)» - (a- ^)« = (iS - 7)(2a - ^-7). 

21. Form, for the cubic, Ex. 16, the equation whose roots are 

a()8-7)', i8(r-«)^ 7(«-i8)'. 
Let the transformed equation bo or* + P^ + Qx + i? » 0. 

Am. JP^pq- 9r, Q = q^~ 9pqr + 27r' + jpV, 
J? = - r{ig^ + 27r* + ip^r -p^q^ - IBpqr). 

22. Form, for the cubic, £x. 16, the equation whose roots are 

a« + 2i87, 3» + 27a, 7^ + 2aj8. 

Am. P=-p\ Q==q{2pi'-^)y 
-i2 = 4/rV - IBpqr + 2^^ + 27 r^. 



CHAPTER V. 

SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS. 

45. Reciprocal Equations. — It has been shown in Ait. 33 
that all reoiprocal equations can be reduced to a standard form, 
in which the degree is even, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard farm 
can ahcays be depressed to another of half the dimensions. 
Consider the equation 

Dividing by of*, and uniting terms equally distant from the 
extremes, we have 

"' (^■*';i^0^ ''{''""' ^^i^)^ . .. 4flr„-,(jr+ -j + a« = 0. 

Assume j: + - = s, and let ^ + -r be denoted for brevity by 
Vp. We have plainly the relation 

y p^\ ~ y p^ ~~ yp-\* 

Giving 7? in succession the values 1, 2, 3, &c., we have 

V - F-- V =---0 

F, = V,Z - Vy =z'- 3s, 

Vr, = ViZ - V, = z' - 5z' + 5c ; 

and so on. Substituting these values in the above equation, we 
get an equation of the m^^ degree in z ; and from the values of 
z those of X can be obtained. 
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EXAXPLES. 

1 . Find the roots of the equation 

rif«* + «' + j^ + «+l =0. 
Diriding hy j* + 1 (tee Art. 33), we have 

X* +«»+ 1 = 0. 
This equation may be depressed to the form 

i« - 1 = 0, giving s = ± 1 ; 
whence a?4-«l, « + - = -!, 

X X 

and the roots of these eqtiations are 

1 f y/ri ~i j-y/rs 

2 ' 2 • 

2. Find the roots of the equation 

apio. 3;j«4. 5-c«_ 5>p4 + 3^ ^ 1 = 0. 
Dividiiig by j:* - 1, which may be done briefly as follows (see Art. 8), 

1-3 6-6 3-1 

1-2 3-2 1 



-23-210 
we have the reciprocal equation 

«>-2je« + 3«*-2:c»-hl = 0, (1) 

(** + ;?) -2 (^«+i) +3 = 0. 

Substituting for F^, s* - 42* -i- 2 ; and for F3, s* - 2, we have the equation 

jB*-6;{«+§.0, or(2»-8)« = 0, 
whence •' = 3, and « = ± v^3, 

giving j; + - = 's/3, « + - = - >/§, 

X X 

and the roots of these equations are 

v/3 t y/IT - \/3 ± y/~ 
2 ' 2 • 

These roots are double roots of the equation (1). 

3. Solve the equation 

ir«-l =0. 
Dividing by « - 1 we have 

x* 4 jr' + x' + jj+l =0; 
from which we obtain 

2» 4 z - 1 =r 0. 
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Solving this equation, wo have the quodraticfl 

a:» + J(l->/6)*+ 1 -0, 
from which wo obtain 

x = {[-\^9s/b± (10 + 2a y/l)iy/Z\]^ 
where 6' = 1 . 

This expression gives the four values of x. 

4. Find the quadratic factors of 

iC* + 1 = 5. 

Transforming this, we have 

s* - 35 - 0, 

whence s o 0, and s = ± v/ 3. 

The quadratic factors of the given equation aie, therefore, 

jr«+l = 0, a^±-v/ar+l=0. 

5. Solve the equations 

(1). (1 + «)« = « (!+«»), (2). (l+a;)* = a(l+i?»). 

6. Reduce to an eqimtion of the fourth degree in z 

I+X* ^ 1-X* 

Am, (1 - a)s* + (7 + 3<i)£« - (4 4 «) = 0. 

46. Binomial Equations. C^eneral Properties.— 

In this and the following Articles will be proved the leading 
general properties of Binomial Equations. 

Prop. I. — If a he an iniagiiianj root o/ a:* - 1 = 0, then a* 
also icill be a root, m being any integer. 

Since a is a root, 

a** = 1, and therefore (a")~ = 1, or (a"*)"= 1 ; 

that is, a*" is a root of ic" - 1 = 0. 

The same is true of the equation ^r" + 1 » 0, except that in 
this case m must be an odd integer. 

47. Prop. II. — //' m and n be prime to each others the 
equations jr"* - 1 = 0, uf^ - 1 - have no common f*oot except 
anity. 
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To prove this we make use of the following property of 
numbers : — 

If m and n be integers prinie to each other, integers a and b 

tn 
can be found such that mb - «« = ± 1. For, in fact, when — is 

n 

turned into a continued fraction, r is the approximation pre- 
ceding the final restoration of ~. 

n 

Now, if possible, let a be any common root of the given 

equations; then 

a*" = 1, and a" = 1 ; 

also a*"* = 1, and a**^ = 1 ; 

whence a^'"*"***') =1, or a** = 1, or a= 1 ; 

that is, 1 is the only root common to the given equations. 

48. Prop. III. — Ifk be the greatest common measure of two 

integers m and w, the roots common to the equations af - 1 = 0, 

and ar* - 1 = 0, are roots of the equatiofi ir* - 1 = 0. 

To prove this, let 

m = km\ n = kn\ 

Now, since w' and n are prime to each other, integers b and 
a may be found such that m'b - na = ± 1 ; hence 

mb - na - ± k. 

If, therefore, a be a common root of rr^ - 1 = 0, and^r* - 1 = 0, 

^{mh-na) = J^ ^p a* = 1 ', 

which proves that a is a root of the equation if* - 1 = 0. 

49. Prop. IV. — When n is a prime number, and a antj 
imaginary root of a^ -1 = 0, all the roots are included in the series 

For, by Prop. (I.), these quantities are all roots of the equa- 
tion ; and they are all different ; for, if possible, let any two be 

equal: 

a^ = a^ whence a^^^^ = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to (7) - q), which is a number less than w. 
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50. Pmop. V. — Whcm m is a compoiiU number formed of the 
f'AKtori^ /?, f , r, ice. the root4 of the eqHotioM jf-l = 0, aj*-l = 0, 
X - I = 0, Ac., aU satisfy the equation j* - 1 = 0. 

For, consider a root m of the equation jf - 1 » ; then a^ = 1; 
from which we derive 

(o^r-. = i ; or .--l^O; 

which proves the proposition. 

51. Prop. VI. — Jf7ie» « is a composite number formed of the 
prime factors /), q, r, Sfc.j the roofs of the equation a^ - 1 = are 
the n terms of the product 

(1 ^ a - a» - . . . - o'-M(l + - . . . -/3*-»)(l + 7+ . . . +7''"0 . . ., 

ffAcTf* a is a root ofx' -1 = 0, /3 ofjt^ -1 = 0, jofaf-l^Oj&e. 
"We prove this for the case of three factors/), g^ r. A similar 
proof applies in general. Any term^ eg, a* /3* 7*, of the product 
is evidently a root of the equation j^ - 1 = 0, since a** = 1, /3** = 1, 
y^ = 1, and, therefore, (0*^*7*^)" = 1. And no two terms of the 
product can be equal ; for, if possible let a*/3*7* be equal to 
another term a!''fi^'y'' ; then a"'"'' = {i^-^y^. The first mem- 
ber of this equation is a root of j-'' - 1 = 0, and the second 
member is a root of -r*'' - 1 = 0. Now these two equations cannot 
have a common root since p and qr are prime to each other 
(Pn^p. II.) ; hence af'^^Y cannot be equal to a*'/3*'7^'. 

52. Prop. VII. — The roots of the equation 2* - 1 = 0, where 
n = p^'q^r^, andy), </, r are the prime factors of fiy are the n products 

, ()/' the form "/^y, frhere a is a root of x^*^ = 1, /3 of J:* =1, and 
y of r'^* = 1. This is an extension of Prop. VI. to the case where 
i\w prime factoids oc^cur more than once in w. The proof is 
oxaotly simihir. Any such product ajfiy must be a root, since 
„« = 1, /•{'• - 1, 7" = 1 ; a being a multiple of />", ^, r^ ; and a 
jiroof siinihir to that of Art. 51 showsthat no two such products 
Clin bo equal, since 7/', </, )* are prime to one another. We 
have, for oonvonionoe, stated this proposition for three factors 
c)nly of u. A similar proof can be applied to the general case. 
From this and the ]nccoding propositions we are now able 
to (lorivo the following: general conclusion : — 
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The dete^tnifiatiofi of the ?/'* rootn ofunity is reduced to the case 
u'here n is a pHme number ^ or a power of a prime number. 

53. The Special Roote of the Equation o^ - 1 = 0. — 

Every equation j^ - 1 = has certain roots which do not belong 
to any equation of similar form and lower degree. Such roots 
we gbUI special roots* of that equation, or special n^^ roots ofunity. 
If 1} be a prime number, all the imaginary roots are roots of this 
kind. If n « p^y where j» is a pnme number, any w'^ root^of a f ^ 
lower degree than « must belong to the equation af **^ - 1 = 0, | 
since every divisor of p* is a divisor of p*^'^ (except n itself) ; 

henoe there are p^il — ) roots which belong to no lower degree. 

If, again, n =p^ ^*, where j? and q are prime to each other, there 

are p^ ( 1 — J, and ^ ( 1 — j special roots of :rP% 1 = 0, and 

«• -1 = 0, respectively. Now, if a and /3 be any two special 
roots of these equations, a/3 is a special root of ;z:^ - 1 = ; for if 
not, suppose (o/3)*" » l, where m is less than n ; we have then 
a"» = ^-« ; but a"* is a root of ^* - 1 = 0, and /3""* is a root of 
sfi -1 = 0, and these equations cannot have a conmion root 
other than 1, as their degrees are prime to each other ; conse- 
quently m cannot be less than n, and a/3 is a special root of 
ar" - 1 = 0. Also as there are 

^(.-l).(:-l)„..(.-i)(.-l), 

such products, there are the same number of special n'* roots. 
This proof may be extended without difficulty to any form of n. 

All the roots of af* -1 = are given by the series 1, a, a% . . a**"* ; 
ichere a is any special n'* root. For it is plain that a, a', &c., are 
all roots ; and no two are equal ; for, if o*^ = a*, a^'^) = 1 ; and 
therefore a is not a special u^^ root, since p-q is less than n. 

When one special n*^ root a is given y toe may obtain all the other 
special n^ roots ofunity. 

* The term ** special root" is here used in preference to the usual term *'pri- 
mitiye root," since the latter has a different signification in the theory of numbers. 
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Since a is a special root, all the roots 1, a, o', ... a*"* are 
different n'* roots, as we have just proved ; and if we select a 
root €^ of this series, where p is prime to n, the roots 

are all different, since the exponents of a when divided by n give 
different remainders in every case ; that is, the series of numbers 
0, 1, 2, 3, ... n ~ 1 in some order ; whence this series of roots is 
the same as the former except that the terms occur in a different 
order. To each number je?, prime to n and less than it (1 in- 
cluded), corresponds a special «'* root of unity ; for a**' cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series oould not 
give all the roots in that case ; therefore a'' is not a root of any 
binomial equation of a degree inferior to n : that is, a'' is a special 
«'* root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, nil — Yl — ] 

when n = p^<fi which is also, as above proved, the number of 
special roots of a^ - 1 = 0. 

Examples. 

• 1. To detormine the special roots of or* - 1 = 0. 
Here, 6 = 2 x 3. Consequently the roots of the equations x* — 1 = 0, and 

r** - 1 = are roots of j^ - 1 = 0. Now, diTiding afi - 1 by a:' — 1 wo have j:* + 1 ; 

2:«-l 
and dividing a:^ + 1 by -, or a? + 1, we have ar* - ap + 1 = 0, which determines the 

«pccial roots of j:* - 1 = 0. 

Solving this quadratic, the roots are 

1 -y/~Z 
«.= -- ^^ J 

also since ooi = 1 = o^, 



oi = o*. 



which may be easily verified. 

The sjiecial roots arc, therefore, 

a, a* ; or oi*, ai ; or a, 



1 

a 
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• 2. On the special roots of a:" - 1 = 0. 

12 12 

Since 2 and 3 are the prime factors of 12, and -r- = 6, — - = 4, the roots of 

jr* — 1 = 0, and «* — 1 = 0, are roots of a?^* - 1 = ; now, dividing ar" - 1 by a:* - 1, 
and x* — 1, and equating the quotients to zero, wo have the two equations 
** -t^ «* + 1 = 0, and a;* + 1 = 0, both of which must be satisfied by the special roots 
of jp'* — 1 = ; therefore, taking the greatest common measure of a^ + a^ + 1, and 
s* -I- 1, and equating it to zero, the special roots are the roots of the equation 
a:*-;r«+l=0. 

The same result would plainly have been arrived at by dividing x^'^ - 1 by the 
least common multiple of a:* - 1 and a^ - 1. Now, solving the reciprocal equation 

X* - a:* + 1 = 0, we have a: 4 - = ± vS ; whence, if a and a\ be two special roots, 

X 

1\ y/^±y/~\ I 1\ -\/3±v^^ 



(. 1) . ■y.iiv^, (.„ i) . 



are the four special roots of a:^^ - 1 = 0. 

We proceed now to express the four special roots in terms of any one of them a. 

Since a + - + ai + — = 0, or (a + ai) ( 1 + — | ■» 0, 

a ai \ oai/ 

we take oai = — 1 (as consistent with the values we have assigned to a and ai) ; and 

since a and ai are roots of a:* + 1 = 0, o« = - 1, and o* = — = aj. The roots 

a 

a, ai, - , - may therefore be expressed by the series a, a^, a^, a", since a^^ = 1. 
01 a 

Further, replacing a by o*, o', a**, we have, including the series just determined, 
the four following series, by omitting multiples of 12 in the exponents of a: 



«. 


«», 


•', 


O": 


«». 


«. 


«". 


«'. 


«', 


«". 


«. 


«», 


«", 


«', 


«», 


a; 



where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots ; and it will be noticed, in accordance with what 
is above proved in general, that 1, 6, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of ari^ - 1 = by the powers of any 
one of the four special roots a, aS a}^ a", as follows : — 



«. 


«', 


-?, 


<• 


• 


a«, 


a', 


«". 


«», 


«'", 


« > 


1, 


«*. 


«'". 


«>, 


a», 


«», 


««, 


«", 


«*. 


«', 


a», 


a', 


1, 


a', 


«*, 


«', 


«♦, 


a", 


«•, 


a, 


«", 


«'. 


«'«, 


a', 


1, 


«", 


«'», 


a». 


««, 


a', 


a«, 




«s 


a', 


a», 


«. 


1. 
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3. Prove that the special roots of op^ ~ 1 = are roots of the equation 

4. Show that the eight roots of the equation in tiie preceding example maj be 
obtained by multiplying the two roots of 2* + «; + 1 ■» by the four roots of 

x« + a:' + «« + a: + l = 0. 

64. Solution of Binomial Eqnatlons by ClrcnlAr 
Functions. — We take the most general binomial equation 

ir" = a + 6 v^- 1, J* 

where a and h are constants. ^k 

Let fl = -Bcosa, 6 = £sina; 

then ixf = M (oosa + \/^ sin a) ; 

now, if r (cos + a/- 1 sin 0) 

be a root of this equation, we have, by De Moivre's Theorem, 

r"(oos nO + \/- 1 sin nO) = II (cos a + -v/- 1 sin a) ; 

and, therefore, 

r'*cos wd = £oosa, 

r^ sin nO = 22 sin a : 

squaring these two equalities, and adding, 

>•*»» = jB% giving r** = B; 

where we take It and r both positive, since in expressions of the 
kind here coDsidered the factor containiDg the angle may always 
be taken to involve the sign. 
Wo have then 

cos nO = cos a, sin fi0 = sin a ; 

and consequently 

fiO = a + 2i7r, . ^. 

A: being any integer ; whence the assumed n^ root '^. of the 
general type 

n/-7if a + 2A;7r /—r- . a+2A;ir\ 
V i2 cos + a/ - 1 sin . 

\ n n J 

Giving to A- in this expression any n consecutive values in the 
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fieries of numbers between - oo and + oo , we get all the n'* roots ; 
and no more than n, sinoe the n values reour in periods. 

We may write the expression for the «'* root under the 
form 

jv^fcos- + a/-! sin -j|f cos + V^ sin J; 

making iJ = 1, and a = 0, the equation a^ = a + 6 y^- 1 becomes 

«* = 1 + v^- 1 ; the general type, therefore, of an n** root of 

1 + V - 1, or 1, is 

2Air /-^ . 2Air 

cos + v^- 1 sm . 

n n 

If we give k any definite value, for instance zero. 



^/R f cos - + \/^ sin ) 
\ n n) 



is one n^* root of a + 6 ^/- !• 

The preceding formula shows, therefore, that all the n'* roots 
of any imagviary quantity may he obtained by multiplying any one 
of them by the n'* roots of unity. 

Taking in conjunction the binomial equations 

x^ = a -\^ b y/- 1, and af^ ^ a - b \/- 1, 
we see that the factors of the trinomial 

a^** - 2iJ cos a . a^ + iJ* 



are 



»/t5 I a + 2A:7r /— 7 . a + 2A-7rj 

/It \COs ± v^-1 sm \ 

{ n n ) 



where k has the values 0, 1, 2, 3 ... n - 1. 



H 



98 MuceUaneauM Examples, 



MiSCXLLAVBOUS ExAXFLBS. 

. I . Solve tlie €<niation /? - 1 = 0. 

Diriding bj x - 1. this is rednced to the itandaid focm of reciprocal equatioo. 

A^cuniiur x = x — , we obtain the cubic 

X 

from vhoae solotioii that of the required equation is obtuned. 

^ BcMlTe (x + 1)' - x' - 1 into factorB. 

Am, 7x(»+l)(«" + «+!)». 

. 3. Find the quintic on whose solution that of the binomial eqnatioQ x^^ — 1 = 

depends. 

^iM. «»+«»-4x»-3«*+3« + l=0. , 

4. When a binomial equation is reduced to the standard form of reciprocal 
equation (by division by x ~ 1, x + 1, or x* - 1), show that the leduoed equation 
has all its roots imaginary. (Cf. Examples 15, 16, p. 33.) 

h. When this reduced reciprocal equation is tranafdnned by the substitatian 

. - X + - ; show that the equation in s has all its roots reaL and situated between 

X 

- 2 and 2. 

For the roots of the equation in x are of the form cosa + \/- I sin a (see 

Art. 54) ; hence x + - is of the form 2 cos a, and the value of this is real and be- 

X 

twocn - 2 and 2. 

6. Show that the foUo^-ing equation is reciprocal, and solve it : — 

4(x2-x+l)5-27x»(x-l)»=0. 

An$. Roots : 2, 2, J, J, - 1, - 1. 

» 7. Exhibit aU the roots of the equation x* — 1 = 0. 

The solution of this is reduced to the solution of the three cubics 

whore », o)^ are the imaginary cube roots of unity. The nine roots may be repre- 
sented as follows : — 

1, «', «s, w, »*, «8j w , «3, «!. 

Excluding 1, w, ar^ ; the other six roots are special roots of the given equation ; 
and are the roots of the scxtic 

x« + x3+ 1 = 0. 
8. Reducing the equation of the 8** degree in Ex. 3, Art. 63, by the substitution 

1 = if + - we obtam 

X 

£* — r* - 42^ + 4s -i 1 = ; 
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prore that the roots of this equation are 

« 2ir ^ 4ir ^ 8ir ^ 14ir 
2 cos — , 2 cos 7^, 2 cos — , 2 cos—-, 
lo 10 15 15 

9. Reduce the equation 

4** - 86«» + 867«» - 340* + W = 
to a reciprocal equation, and soWe it. 

X 2 
Aanime « = . + -. Am, Roots : J, 1, 4, 16. 

2 X 

10. Solve the equation 

«* + mpsfi + m'y«* + m^pz + m* = 0. 

Diyiding the roots by m, this reduces to a reciprocal equation. 
* 11. If a be an imaginary root of the equation x^ -\ = 0^ where n is a prime 
number ; prove the relation 

(1 - a)(l - a«)(l -«»)... (1 - «<»-») = «. 

12. Show that a cubic equation can be reduced immediately to the reciprocal 
fonn when the relation of Ex. 18, Art. 24, exists amongst its coefficients. 

13. Show that a biquadratic can be reduced immediately to the reciprocal form 
when the relation of Ex. 22, Art. 24, exists amongst its coefficients. 

• 14. Form the cubic whose roots are 

a -f a«, a' + a*, a* + a*, 

where a is an imaginary root of ^c? - 1 = 0. 

Am. ar» + «»-2jr-l=0. 

15. Form the cubic whose roots are 

where a is an imaginary root of j;*' - 1 » 0. 

Am. x' + af»-4x+ 1=0. 

16. If oi, oi, cf. . . . oa bMie roots of the equation 

show how to form the equation whose roots are 

1 1 1 

ai H , a2^ , . . . On + — . 

ai 0.2 On 

We have here the identity 
and changing x into - (see Art. 32), 

X 

^•*"+i»».i*^' + .- •+ih*' + l»i«t 1 sp, Ix — j Ix )•••(' )• 

h2 



928515A 
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Multiplying together these identities, and dividing by j^, the factors on the 
right-hand aide take the form x + — ('''~~)> '^ awmming x + - = t, the left- 
hand side can be expressed as a polynomial of the n'* degree in s by means of the 
relations of Art. 45. 

17. Find the value of the symmetric function :iQ?0^{y - d)* of the roots of the 

equation 

floJT* + 4aijf* + 6atx* + ia^x + 04 = 0. 

This can be derived from the result of Ex. 19, p. 52, by changing the roots into 

their reciprocals, fomiiug 2 ( — - j of the transformed equation, and moltiplying 

04- 

uy a'/S'T^d', which lb equal to — ;. 

From the values of the symmetric functions given in Chapter III. fleyeralothart 
can be obtained by the process here indicated. 

18. Find the value of the symmetric function 2(ai - at)' as" 04* ... on* of the 
roots of the equation 

We easily obtain fio^ 2(ai - 02)* = «'(#•-!) (ai* -ao«2) ; and changing the rooto 
into their reciprocals we have 

ao'3;oi - 02)- 03- at' . . . cu* = t»-(w - 1) (a».i» - On-t a«). 

19. Show that the tivo roots of the equation 

J* + opx^ + bp^x -1-^ = 

are % 4 ^l B^^ + B'^K f^V'a + ef^Vb, 

a» y- + B y*. ^yi + ^y^ 

where 's/ab — —p, a + b = — q^ and (^ is an imaginary fifth root of unity. 

Xute. — A quiutic reducible to this form con consequently be immediately solved. 



CHAPTER VI. 

ALGEBRAIC SOLUTION OF THB CUBIC AND BIQUADRATIC. 

65. ^In the Algebraic Sotatlon of lUiQatloiis* — Before 
proceeding with the solution of cubio and biquadratio equations 
we make some introductory remarks, with a view of putting 
clearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we proceed how these methods may be 
extended to cubic and biquadratic equations, leaving to subse- 
quent Articles the complete development of the principles 
involved. 

(1). IHrst method of solution : by resolving into factors. Let 
it be required to resolve the quadratic a:* + Pa? + Q into its simple 
factors. For this purpose we put it under the form 

a^ + Px^Q + 9-dy 

and determine so that 

a:' + Pa; + Q + 61 

may be a perfect square, i,e. we make 

e + Q = -^, or e = —^- ; 

whence, putting for its value, we have 



a?' + Pa;+Q afa? + 7r- ) -[Qx + 



m 



yp'-iQ^ 



2 



Thus we have reduced the quadratic to the form m' - »' ; aud 
its simple factors are « + r, and w - t*. 
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feiliieqiieDtlT we fitjH xcdoee die cdfaie to tiie flom 

U-m '- rr-»'\ or •»-€*, 
umI ol^am its solixtioD irooi tlie «™tJ^ equatioBS 

It win be shown mlsothatthe biqaadndemftybe rednoedto 
either of the f onns 

fjT -JUT- q (X» ♦/> X -r j", 

by solTing a cobic equation ; and, conaeqiienttf » the aolniion d 
the biquadratic completed by solTingtwo qoadratMB^ via., in the 
first case, Zr* -f- mjT -^ a = ± (ri!' - mz -f a') ; and in the aeeond case, 
jr* +/» + ^r = 0, and j^ + P^^^ = 0. 

(2 j . Second method ofioMion : by asnmimg/ar a root a general 
form inrolring radicals. 

Afiwiining3r=/>-r y/^ to bearoot of the equation 3^+Pa?-fQ=0, 
and rationalizing the equation x = p -^ v^> ^"^ have 

a^ - 2px + y - y = 0. 
Now, if this equation be identical with s^ + Px+ Q= 0, we have 

2/> = -P, p'-q-Q, 



/- -P±yi»-4Q 

giving x=p-^yq^ , 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

V p 

is the proper form to represent a root ; this formida giving 
prooisoly three values for a*, in consequence of the manner in 
which the cube root enters into it. 

In the case of the biquadratic equation we shall find that 

v//> 4 v^y -f — -_ > vq Vt' + y/r ^/p + y/p \/q 

VP V^I 
arc forms which represent a root ; these formulas each giving 
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four, and only f our^ values of x when the square roots receive 
their double signs. 

(3). Third method of solution : by symmetric functions of the 
roots. 

Consider the quadratic equation x^-^- Px+ Q^O^ of which the 
roots are a, /3. 

Then « + /S - - P, 

a^= Q. 

If we attempt to determine a and /3 by these equations, we 
fall back on the original equation (see Art. 24) ; but if we 
oould obtain a second equation between the roots and coefficients, 
of the form la + m(i =f{Py Q), we could easily find a and (i by 
means of this equation and the equation a + (i = -P, 

Now in the case of the quadratic there is no difficulty in 
finding the required equation ; for, obviously, 



(a-/3)» = P»-4Q; and, therefore, a - i3 = v/i^ - 4 Q. 

In the case of the cubic equation x^ + Pa^ + Qa? + iJ = 0, we 
require two simple equations of the form 

/a + »i/3 + wy=/(P, Q, iZ), 

in addition to the equation a+/3 + 7 = -P, to determine the 
roots a, /3, 7. It will subsequently be proved that the functions 

(a + oi)3 + w*7)% (a + cii'/3 + (oyY 

may be expressed in terms of the coefficients by solving a quad- 
ratic equation ; and when their values are known the roots of 
the cubic may be easily foimd. 

In the case of the biquadratic equation 

a^ + Px'+Q^ + Iix-^S^O 

we require three simple equations of the form 

la + mji + ny + rg =/(P, Q, iZ, S), 

in addition to the equation 

o + j3 + 7 + S = -P, 
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to determine the roots a, /3, 7, S. It will be proved in Art. 66, 
that the three functions 

may be expressed in terms of the ooeffioients by solving a cubic 
equation ; and when their values are known the roots of the bi- 
quadratic equation may be immediately obtained. 

In appl}dng the principles here explained to the solution 
of the cubic and biquadratic the order of the present Artide is 
not followed. The student will have no difficulty in perceiving 
under which of the methods here described any such solution 
should be included. 

56. The Algebraic SolQiloii of the Coble Eqna* 
tlon. — Let the general cubic equation 

ou* + 3fta:* + 3ac+ rf = 
be put under the form 

where z^ax+b, H^.ac-b\ G^ = a'rf-3fl6c + 26' (see Art. 37). 
To solve this equation, assume* 

s = vp + v^ ; 
hence, cubing, 

therefore 

z^ - 3 Vp l/q.z - Cp + ^) = 0. 

Now, comparing coeflSoients, we have 

Vp,Vq = -H, p-^q=-6; 
from which equations we obtain 



p-^{-G + ^G'-^^I£% q-ii-G-yCP^^^); 



• This solution is usually called Cardan* 8 solution of the cubic. See Note A at 
the end of the volume. 
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and, sabstitutmg for y/q its value -^-r= , we have 

vp 

vp 
as the algebraio solution of the equation 

It should be noticed that if jt? be replaced by q this value of 
s is tinchangedy as the terms are then simply interchanged ; also, 
since l/p has the three values -J/p, w-J/p, «*\/p obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain three, and only three, values for 2, namely, 

vp vp vp 

the order of these values only changing according to the cube 
root of ^ selected. 

Now, if 2 be replaced by its value ax-¥ b we have, finally, 

ax + b=y/p -^ -^-T=L 

vp 

(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 

or* + 363?* + 3cir + c?=0, 

the square root and cube root involved being taken in their entire 
generality. 

57. AppUcation to Mnmerlcal Eqaations. — The solu- 
tion of the cubic which has been obtained, imlike the solution of 
the quadratic, is of little practical value when the coefficients of 
the equation are given numbers ; although as an algebraic solu- 
tion it is complete. 

For, when the roots of the cubic are all real, ff ' + 4j5'* = - JT*, 
an essentially negative number (see Art. 42) ; and, substituting 
for p and q their values 



1 06 Algebraic Solution of the Cubic and Biquadratic. 

in the f ormida ^/p + \^qy we have the following expression for 
a root of the cubic : — 

V 2 y A~~2 ;• 

Now there is no general arithmetical process for extracting 
the cube root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numerical value may be obtained from the formula 

\ 2 ; [ 2 J' 

since G* + iS^ is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical cubic, this 
process is of little value. 

In the first case ; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following manner : — 

Assimiing 2ii cos ^ => - (?, and 222 sin ^ = IT, 
we have p = Re*''~\ q =ite"*'''* ; 

also tan^ = - J, and iZ = i (G' + Jr)*= (-IQ*; 
and finally, since w = cos — ± v/- 1 sin -^ =« ^^'\ 
the three roots of the cubic equation 

become . . 

2--ifjJcos|, -2(-fl-)4co8^; 

from which formulas we obtain the numerical values of the roots 
f'i the cubic by aid of a table of sines and cosines. This process 
i^ not convenient in practice ; and in general, for purposes of 



Expression of the Cubic as the inference of two Cubes. 107 

aiithmetioal oaloolation of real roots, the methods of solution of 
nnmerioal equations to be hereafter explained (Chap. X.) should 
be employed. 

58. ExpreMion of the CqMc as the Biflnerenee of two 
CQbes. — ^Let the given oubio 

be pnt under the form 

where zmaa -k- b. 

Now assume • 

a» + 3jHa+G^«-i- {/u (« + v)*- v (« + fiV }, (1) 

where fi and v are quantities to be determined ; the second side 
of this identity beoomes, when reduoed. 

Comparing coefficients, 

fiv^-Hy fULv {fi + v) = - G; 
therefore 

where a^A * G* + iJST', as in Art. 41 ; 

also (s + /u) (» + v) =2'-f=:2- J. (2) 

XZ 

Whence, putting for z its value, ax-^ b^we have from (1) 



2^4 yV 2H \ 2^4 yv 2JT 



which is the required expression of i^{x) as the difference of two 
cubes. 

The function (2), when transformed and reduced, becomes 

H 

which contains the two factors 0^ + 6 + /!, aa;+6 + i/. 

The expression of the roots of this quadratic in terms of the 
roots of the given cubic may be seen on referring to Ex. 23, p. 67. 
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Thus the cubic may be reaolyed (as observed in Art. 5o; 
into three factors. We add as examples some other instances 
of resolution into factors. 



EXAMPJLBS. 

•■ I . Kfiflolve into simple factors the expression 

I>:t r=(/l-7;:>-«), r=(7-a)U-/3), IF=(a-^;(x-7). 

Ans. §((7-M.r+t»«iF)(ir+si^r+i.r). 

2. Prove that the sereral equatioDs of the syitem 

r/3 - Ji^ > - a)' = (7 - a)5 (* - ^}» = (a - /3)5(* - 7)' 

hare two factors common. 

Making use of the notation in the last Example, we have 

r»= F'= w^i 

whence 

since 

therefore 

(/3-7)«(x-«)» + (7-«)'(x-/3)H(a-/3)»(jr-7)* 
is the common quadratic factor required. 

3. Kesolve into simple factors the expression 

05-7)»(x-«)»+(7-«)»(jr-/8)» + («-^)»(jc-7)>. 

Ans. 3 05 - 7)(7 -a)(a- fi){x - a)(x - fi){s - 7). 

4. Resolve 

(j:-«)(x-/3)(jc-7) 

into the difference of two cubes. 

Assume 

(«-a)(x-/3)(x-7)= 6^'-r,'; 

Ti - r, = X(x-a), 

•* C/'i - « Ti = K (x — 7) : 
adding these we have 

\ T M + »' = 0, Xa + /ii/3 + ry = ; 
and, therefore, 

^ = p(3-7), M = P(7-a)i i' = p(a-/3); 
but A/ui' - 1 ; whom*' 

„-3-fi3-7)(7- a)(a- iS). 
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Substituting these values of X, /t, y ; and using the notation of £x. 1, 
whence 

-Sri = p{U^w V-¥«I^W); 
and Ui and Vi are oompletely determined. 

59. SolQtloii of the Cubic by Symmetric Functions 
•rthe Roots. — Since the three values of the expression 

■^ {a + /3 + 7 + 0(a+ ai/3 + w'y) + 6* (a + w*)3 + wy)}, 

where has the values 1^ Wy en', or 0* = 1, are a, /3, y ; it is 
plain that if the functions 

(a + cii/3 + oi'y), 0* (a + oj'jS + wy) 

were expressed in terms of the coefficients of the cubic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraic solution of the cubic equation. Now this cannot 
be done directly by solving a quadratic equation ; for, although 
the product of the two functions above written is a rational 
symmetric function of a, /3, 7, their sum is not so. It will be 
found, however, that the sum of the cubes of the two functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as we proceed to show. 
For convenience we adopt the notation 

X = o + cii/3 + w*7, JIf = a + ai*/3 + wy. 

We have then 

where 

^=a'+^» + 7»+6a/37, jB-3(a'/3 + /i'7 + 7H C' = 3(a/3'+0y + 7a*); 

from which we obtain 

Z»+JP=2Sa»-3Sa»0+12a^7 = -27^. 

(Cf. Ex. 5, p. 46 ; Ex. 15, p. 50.) 
Again, 

(0i)(0*i^) = iJf=a» + /3'+7»-j37-7a-a/3 = -9^; 
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whence (o+*>^ + «'7)*, (a + a»*/3+«7)* 

are the roots of the qiiadratic equation 



(T or 



Theee roots we denote by ti and U; their yalues are 



^(-G±v/^+4.ff'); 



and therefore the original formula expressed in tenns of the 
coefficients of the cubic gives for the tiiree roots the ezpressiims 



7=~ - + gfw'v^i+ w\/it\ 



These values of a, /3, y are the same as were obtained in 
Art. 56, by the former method of solution, if only 

3 y— 



o ^/ti be replaced by — . 
It is important to observe that the functions 

(a + ai)3 + oi' y) \ (a + ai'/3 + toyY 

are remarkable as being the simplest functions of three variables 
which have but two values when the variables are interchanged 
in every way. And it is owing to this property of these func- 
tions that the solution of a cubic equation can be reduced to that 
of a quadratic equation. 

In the following Examples will be found other properties 
and applications of the functions L and M. 
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Examples. 

1 . The functioiiB L and M are functiona of the differences of the roots. 
For, Z=a + «/3 + ««7=a-A + wOS-A) + «i*(7-A) 

for all yaloes of A, since 1 + » + «^ = ; and giving to A the values a, /3, 7, in suc- 
cession, we obtain three forms f or Z in terms of the differences /9-7, 7-a,a-/9. 
Similarly for Jf. 

2. To express the product of the squares of the differences of the roots in terms 
of the coefficients. 

We have 

X-f if«2a-/9-7, X + «^if«(2/3-7-a)w, X + «lf«(27-a-/3)w»; 
and. ^^g ftin , 
X-Jf=09-7)(«-«?^), «i^Z-«Jf=(7-a)(«-«»), •Z-«?^if=(a-/3)(*-«^); 

from which we obtain, as in Art. 26, 

Z» + iP = (2a-/3-7)(2/3-7-a)(27-a-/3), 

Z»-lP = -3yr3(/8-7)(7-.«)(«-/8); 
and since 

(Z»-if>)2 a (Z» + J/>)« - 4Z»if«, 

we have, substituting the previous results, 

«*0-7)'(7-«)M«-/8)*=-27(^ + 4J3). 
(See Art. 41.) 

• 3. Prove the following identities : — 

Z»+lP = }{(2a-/3-7)»-f(2/3-7-a)»+(27-a-/3)>}, 

Z»-if» = -v/:r3{09-7)>+(7-a)» + (a-/3)'). 

These are easily obtained by cubing and adding the values of 

L-\-M, &c. ; Z - Jf, &c. 

in the preceding ejuimple. 
• 4. There are six functions of the type of Z or if, viz., 

a + »/3 +«*7, «a + fl»'/3 + 7, «^a+ fi +«»7, 
a + «^/3-l-tt»7, «a+ /3 + •*7, «'a + »/3 + 7, 

to form the eqnatum whose roots are these six quantities. 
These functions may be expressed as follows : — 

Z, «Z, »*Z, 

if, »if , t^M ; 
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hence thej are the roots of the equation 

(^ - L) (^- «Z) (^-•'X) (<p-M){^ - mM) (^- w«Af) ■ 0, 
or ^«-(X» + JP)^ + X'lf» = 0. 

Substituting for X and M from the equations 

QJT ft 

LM^ — ^, X5 + 1P = ~27^. 

we have this equation expressed in terms of the coefficients as followB : — 

G Xf 

a* a* 

5. To obtain expressions for X', iP, &c., in tenns of a, /9, 7. 
The following forms for X* and JP are obtained by subtracting 

(o* + 3» + 7»)(l + « + «*)sO from (a + «/3 + •*7)», and (a + •»/3+<ry)«: 
-X» =(/3-7)» + ««(7-a)»+ •(a-/3)». 
-jn = (/3-7)»+« (7-a)* + »«(a-/3)«. 
In a similar manner, we find from these formulas 

-X* =(/3-7)»(2a-/3-7)» + «(7-a)*(2/8-7-«)' + «M«-«»(27-«-«*» 
-jr* = (i3-7)M2o-/3-7)« + *2(7-a)M2/3-7-a)»+i.(a-/3)«(27-a-^)'. 

Also, without difficulty, we have the following forms for X Jf, and X* Jf * : — 

2LM = (/3 - 7)2 + (7 - a)-+ (a - /3)», 

X2JP=(«-/3)Ma-7)n(/3-7)'(^-«)»t(7-«)M7-«». 

6. To form the equation of the squares of the differences of the roots of the 
general cubic equation in terms of X and M. 

Let 

hence, by former results, 

Rationalizing this, we obtain 

»(»-XJf)«.f '^'~^'^^' =0. 

which is the required equation. 

In a similar manner, by the aid of the results of Ex. 6, the equation ol the 

squares of the differences of the roots of this equation, or the equatioii whose roots 

are 

(/3-7)M2a-/3-7)^ (7 - a)« (2/3 - 7 - a)«, (a-/3)« (27 -a-/3)«, 

is obtained by substituting - X> and — Af * for M and X, respectiyely, in the last 
equation ; and this process may be repeated any number of times. Finally, all 
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these eqoatioos may be easily expressed in tenns of the coefficients of the cubic by 
means of the relations 

LM=9~, and Z» + IP = - 27 -^. 
For instance, the first equation is 

(Cf.Art. 41.) 

7. If a, 0y 7 and a , fi', y' be the roots of the cubic equations 

to fonn the equation which has for roots the six values of the function 

^ = ad'+/3iB' + 77'. 

The easiest mode of procedure is first to form the corresponding equation for the 

cubics 

s>+3irs+(? = 0, «>+ Sir's +(?' = 0, 

and thence deduce the equation in the general case ; for in this case the correspond- 
ing function 

^ a («a + b) {a'a' + y) + (a/3 + b)(affi' + ^^ + (07 + b)(a''/ + b') 

a fl«> - 3*y. 

Also, substitutiug for the roots of these latter their values expressed by radicals, 
we have 

which reduces to 

Cubing this, we find 

W - 27 ^p qpW ^ - 27 (p/ + p*q) = 0. 
Now, substituting for /? and q^ p' and /, their values given by the equations 

we have the six values of ^ given by the two cubic equations 

where 

a»A=^+4ir3, and a'2A' = ^'H 4^''. 

Finally, substituting for ^ its value oa'^ - 3^^', and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the cubics 
bea;* — IhO, ^va+w^-f 00^7, &c., which case has been already considered in 
£z. 4. Mr. M. Roberts, IMlin JSsam, Fapert, 1855. 

I 
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8. Fonn the eqtiatioii whose roots axe the aefWil taliMi ol p, when 

Since 

substituting for a, /S, 7, their yalues in tenns dtp, q\ and putting 

X = l-(l+p)(» + p«', /i=l-(l+p)«*'+P», 
we have 

Cubing, and substituting for p, q their Taluee, 

Squaring, 

««AXV«J5r»(A« + ;t»), 
and by previous results 

X/i=3(l + p + p»), x»+/i»=-27/>(l+p); 
substituting these values, we have the required equatioa 

«>A(1 +/>+p')' - 27J5P»(p + p*)!= 0. 

9. Find the relation between the coefficients of the cubics 

aafi + Zbsfl + 3«r + rf = 0, 
aV«+ 3y«^+ 3/jf'+ rf'= 0, 
when the roots are connected by the equation 

a(/S'-y) + /8(y-«') + 7(«'-/8') = 0. 
Multiplying by w — c»^, this equation becomes 

X Jz s It Ju. 
Cubing and introducing the coefficients, we find 

the required relation. 

10. Determine the condition in terms of the roots and ooeffideiitB that the 
cubics of Ex. 9 should become identical by the linear transformation 

x'=px-\-q. 
In this case 

o'=i>o+y, /3'=l?/S + y, 7'=1>7 + ^ 
Eliminating p and qy we have 

/Sy - i8'7 + 7a'- ya+ 0^8' - o/jS = 0, 

which is the function of the roots considered in the last example. This reilatioai 
moreover, is unchanged if for o, /S, 7 ; o', /3', y, we substitute , 

/V+w', r/S' + m', /y + m', 
whence we may consider the cubics in the last example under the simple foims 

obtained by the linear transformations z = ax-\-b, s' s afxf + b' ; for if tike oonditioii 
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holds lor the roota of the former equations, it must hold for the roots of the latter. 
Now patting t' s ib, these equations become identical if 

whence, eliminating k, 

• 

is the required condition, the same as that obtained in Ex. 9. It may be observed 
that the reducing quadratics of the cubics necessarily become identical by the same 
transformation, viz., 

60. Homograplile Relation between two Roots of a 
CnUc. — Before prooeeding to the dLscussion of the biquadratic 
we prove the following important proposition relative to the 
cubic : — 

The roots of the cubic are cotmecf^d in pairs by a homographic 
relation in terms of the coefficients. 

Beferring to Example 13, Art. 27, we have the relations 

^'o'l (/3-7r+ (7-a)H (a-/3)') = 18((l,»-floa,), 
^•(«0-7)' + /3(7-«)' + 7(«-/3)')= Qiaoa.-a.a,), 
«.'{a'0-7)' + m7-«)'+y'(«-/3)') = 18(a.'-ei,n,). 
We adopt the notation 

Now, multiplying the above equations by a/3, - (a + /3), 1, 
respectively, and adding, since 

a'-a(a + 0) + a/3«O, ^'-/3(a + /3) +a/3 ^0, 
we have 

ao'(i3-7)(7-a)(a-/3r = 18(Jra/3 + ir,(a + /3) + ir,); 
but 

«o*(/3 - jY (t - aY (a - /3)' = - 27 A - 108 {HH, -H,') 

(see Art. 41) ; whence 

±J^(^)=J?'"/3+^.(«+/3)+ir., 

and, therefore, 

which is the required homographic relation (see Art. 39). 

I 2 
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61. FInt 8«l«ti«B by mjUUcals •f tMe Kl«u«rmllr. 
E«lcr^ .%flMiiiipti«B : — ^Let the biquadratio equatloii 

be put under the form 

r* ^6JJz* + AGz + a'/- 3jff* = 0, 

where z s o-r -*- 6, 

H^ac-b\ I^ae-ibd^Sc", 0^a*d-3abc'^2b^. 

(See Art. 38.) 

To solve this equation (a biquadratic wanting fhe second 
term) Euler assumes as the general expression for a root 

Squaring, 

Squaring again, and reducing, we obtain the equation 

Comparing this equation with the former equation in z, we 
have 

^ + g + r = -3J?, ^r + r/?+pg = 3jEr*-— , ^/?. v^.\/r=-2' 
and consequently ^, ^, r are the roots of the equation 

^' + 3 JJf* + ^ 3 JT» - ?^ W ^ = ; 

or, since 

-(?^\m- a" HI + a V (see Art. 38), 

where 

J^-ace^- 2bcd - ad^ - eV - r*, 

we may write this equation under the form 

and finally, putting t + H^ a^O, we obtain the equation 

which we call the redudng cubic of the biquadratic equation. 
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AlsOy sinoe ^ ■ 6' - ac + a'fl ; if 6i, 6a, 65 be the roots of the 
reducing oubio, we have 

JO a 6« - Arc + a'6„ j' s 6' - a^j + a'flj, r a 6* - oc + a'63 ; 
and, therefore, 

The radicals in this formula have not complete generality ; 
for if they had, eight values of s in place of four would be given 
by the formula. This limitation is imposed by the relation 

\/p . v^ . y/r = - 2 , 

which (lost sight of in squaring to obtain the value of pqr) 
requires such signs to be attached to each of the quantities 
v/p, v^> \/^'> that their product may maintain the sign deter- 
mined by the above equation ; thus, 

are all the possible combinations of ^p, ^/q, v^ fulfilling 
this condition, provided -v//>, ^q^ *s/r retain the same signs 
throughout, whatever those signs may be. But we may avoid 
all ambiguity as regards sign, and express in a single algebraic 
formula the four values of 2, by eliminating one of the quantities 

\/?> V^> \/^ from the formula 



f 
<« 



by means of the relation given above, and leaving the other two 
quantities unrestricted in sign. We have then 

- g 

a formula free from all ambiguity, since it gives four, and only 
four, values of s when ^^/p and ^q receive their double signs : 
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the sign given to each of these in the first twoteimsdetennining 
that which must be attached to it in the denominator of the 
third term. And finally, restoring p^ q, and z their values 
given before, we have 

Q 

as the complete algebraic solution of the biquadratic equation; 
01 and 0s being roots of the equation 

To assist the student in justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
we remark, that since the second term of the equation in z 
is absent, the sum of the four roots is zero, or £i + £}+£>+ Si = 0; 
and consequently the functions (si + z^^j &c., of which there are 
in general six (the combinations of four quantities two and two), 
are in this case reduced to three only ; so that we may assume 

(22 + 23)' = (si + «*)' = 4p, 
(23 + z,y = (2, + 24)' = 4y, 
(2, + 22)' = (23 + 24)' = 4r ; 
from which we have 2i, 22, 23, 24, included in the formula 

^/p + \/q + y/r. 

EXAJCPLES. 

. 1 . Show that the two biquadratic equations 

Aox^ + 6^2«' ± ^Aix + -<<4 = 

have the same reducing cubic. 

, 2. Find the reducing cubic of the two biquadratic equations 

x^ - 6/j?» + 8 'v/(/3 + m3 + «3-.3/mfi) . « + 8 (Amn - 1^) « 0. 

An8, «»-3»i««-(«»+»«) = 0. 
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• 3. Pwre thai the eight rooU of the equfttion 

{«*-6&» + 3{4wi#i-/«)}««:64(/' + iii» + ii'-3/«i«)«* 
are giTen hy the f onnula 

(Compere Ex. 20, p. 34.) 

• 4. If the expression 

\//-f «! + #• + ^l + rnn + ui^n + v^/+ •*m + »if 

be a root of the eqoatioii 

«* + 6-Hj!» + 46fe + ^/- 3JEP = 0, 

detennine JET, /, / in terms of 2, et, f». 

• 5. Prove that / Yanishee for the biquadratio 

m(x — fi)* — h{x — m)*. 

6. Write down the formulas expressing the root of a biquadratic in the particular 
caaea when / « 0, and /= 0. 

?• What is the quantity under the JkuU square root in the formula expressing a 

XOOtP 

Atu. 27/«-i». 

8. Fkore that the coefficients of the equation of the squares of the differences of 
the roots of the biquadratio equation 

a©** + 4ai j:* + Qotx* + Aa^x + 04 = 

may be expressed in terms ao» Sy It and J. 

Bemoving the second term from the equation, we obtam 

and changing the signs of the roots, we have 

^ 6H ^ AG oo^I-ZH^ ^ 

y4 + _-y»___y+ =0. 

a©' flo' ^ 

These transformations leaye the functions (a — /S)^ &c., unaltered ; but G 
becomes - (r, the other coefficients of the latter equation remaining unchanged ; 
therefore G can enter the coefficients of the equation of the squares of the difbrenoes 
in eren powers only. And since 

G* may be eliminated, introducing oo, JT, /, /. In a similar manner we may 
prore that eyery eren function of the differences of the roots a, /S, 7, 8 may be ex - 
pressed in terms oi oo, S, I, /, the function G of odd degree not entering. 
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62. itecond SolutloB by Radieals •f the llt%u- 
dratle. — ^Let the biquadratic equation 

flfa:* + 4&i^ + 6r»* + ^dx + « = 

be put, as bef ore, under the form 

2* + 6JJa' + 4G2 + «»/- 3jff' = 0, 
where z^ax^-b. 

We now assume as the general expression for a root of this 
equation 

a formula involving three radicals. 

Squaring twice, and reducing, we have 

(s* -qr-rp -pqY = 4pgr (22 +/? + j' + r), 
or 

z^ -2 [qr-^-rp +pq) z^ -Spqrz-¥ {qr + rp +pqy -4 {p + q -\-r)pqr= 0. 

Comparing this equation with the former equation in 2, we 
easily find 

qr + rp-^pq^-SHy pqr^—^y p + q-^r^ — ; 

whence p, q^ r are the roots of the equation 

Now, making the substitution 



t 



iff 



H-a'd' 



and putting for G^ its value in terms of sET, /, and e/, we may 
reduce this equation to the standard form of the reducing 
cubic, viz., 

It is important that the student should clearly understand 
that the expression 
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has only four values due to the double signs of v^> a/^> V^> 
whilst ^/p^ ^yq-^^^yr has eight values. This will appear 
from the following identical equation, viz., 

( v/p + v^ + v^r = i> + g + >• + 2 ( v^ y r + v^ v^ + V^ V^) , 

which shows that ^^ ^/r + ^r ^p + ^p ^/q has just as many 

distinct values as (\/p + ^/q + v/r)*> namely four. 

We now proceed to express pyq^rm terms of the roots 
09 09 7> S o^ ^^ biquadratic. Since 

we have, giviQg to x the four values a, /3, 7, S, 

Si a fla + 6 = ^q y/r - v^ \//? - ^/p a/^j 
«2 ■ flP/3 + 6 = - -v/^ \/r + -^/r yj9 - ^p y/qy 
z^^ay + b^- /^ \/r - \/r v^jt? + v/p \/$', 

»4 = flfS + 6 = ^/q Vr + v^ v^ '^'s/pV^ ; 
whence, from the values of 2a + S3 - Zi - S4, and SjSs - 2iSi, we obtain 

from these and similar equations we have, employing the rela- 
tion G^ = - ipqvy the following modes of expressiog p, g, r in 
terms of the roots a, /3, 7, 8 : — 

-iP = «7J^^^^ :>+*= ,-, 



/3 + 7-a-8 a»(/3+Y-a-S)'' 



7 + a-/3-8 a»(7+a-/3-aj'' 



a/3-78 . 8Gf 

r = a — ~ — ^ — =: + 6 = 



ii + i3-7-8 fl'(a+/3-.7-8)'* 
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We have also fiom the above ezprefisioiiB for z^ Sa, Sst <«» 

a(/3-7)--2v<p(A/^-A/r), fl(a-8) = -2v^(v/7+\/r); 
wjieiice 

where P^qr^ Q^rpy R^pq- 



1 . Prove that 



EXAJCPLSS. 

by means of the equations 

P+Q+U=-3J5r, 2pqr=-G, Q5 + AP+PQ= 8J5P- —, 

and (?> + 4in««*(JW-<i/). 

2. Express the values in Ex. 1 of 

^' "^^ ^' 

in terms of 

(3-7)(a-«), (7-a)(3-«), (a-/S){7-«); 
and prove 

«« (3 - 7)* (7 - a)« (a - 3)' (a - «)» {/S - «)« (7 - «)« = 266 (i» - 27J»). 

> 3. Prove that pyq,r are in harmonic progression when a, /S, 7, B are in harmonic 
progression, and conversely. 

63. The Resolution of the iiaartle Into its Qua- 
dratic Factors. — Let the given quartic be* 

ax^ + 4&ar* + 6ca^ + 4dx + e. 
Multiplying this by a, and comparing it then with 

{ax" + 2bx + c + 2aey - (2 Jtfi + iV')*, 
we have 

jr = i'-rtc+a^e, MN=bC'-ad^2ahey N^^{c-^2aey -ae. 



* Ferrari was the first to solve the biquadratic, by expressing it as the difference 
of two squares. Some writers call this Simpson* i Solution. The method of Art. 64 
is due to Descartes, See note A. 
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EUminating M and N from these equationsy we find 
4a»e' - (ae- 4W+ 3<j»)fld + flkJe + 2b€d • ad^-eb*- c^ = 0, 

whioh is the reducing cubic before obtained. 

From this equation we have three values of (0i, 03, 03), 
with three corresponding values of jSP, MNy N^ ; and thus all 
the coefficients of the assumed form for the quartic are deter- 
mined in three distinct ways ; moreover, it should be noticed 
that to each value of M corresponds a single value of N^ since 

MN = be - ad -^ 2abe. 
The quartic 

{ax'-¥2bx + e + 2a0)' - {2Mx + JSTY 
may plainly be resolved into the two quadratic factors 

aa:* + 2(6-Jf)a? + c+2a0-iV, 
aaj» + 2(6+Jf)a? + c + 2a0 + j!V'; 

when receives the three values 0i, 03, 03, we have the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. If now, corresponding to these pairs of 
factors in order ^ the roots of the quartic be taken as 

j3, 7 and a, S; 7, a and /3, S; a, /3 and 7, S; (1) 
we have 

+ ^ = _?(i_Jf.), ^ + «--?(6-J!f,), a + = -^(6-if,), 
(k d a 

a + g=-?(j + j|f,), /3 + 5 = -?(6 + Jf3), 7+8 = --(6 + Jf3), 
a^ ' ^ a ' a^ 

where 



Jf, a /6*-ac + a'0i, Jlf3«\/6'-a(j + a'02, M^i^^/b^-ac-^a^O^' 
Subtracting the last equations in pairs, we have 

and since . 

a+fl + 7 + 8 = -4-, 

a 
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we find also aa + b = - Jfi + JIfa + Jfj, 

(2) 

rtS + 6 = - Jfi - Jf, - if,. 

The signs of the radicals involved in Miy Miy M^ were tacitly 
restricted when we arranged the order (1) of the pairs of qua- 
dratic factors. The restriction imposed in this way is expressed 
by the equation 

or MiM^Mz = -^ 

(see Ex. 22, Art. 27). 

Moreover, eUminating M^ from equations (2), we find all the 
roots of the biquadratic given by the Bingle formula 

ax ■¥ b = Ml + Jtfa - 



2M,M^ 



when Mi = v/6* - ac + a^Oi, and M^ = y/b^ -ac + a^dt take their 
double signs, thus bringing this solution into harmony with 
the solution of the biquadratic before given. 

Examples. 

1. Form the equation whose roots arc X, /i, v, or 

fiy + o8, ya + /S8, a^ + 78. 
Adding the last coefficients of the quadratic factors of the quartic, we have 



/S-y + o« = 


: 4e, + 2-, 



7a + j38 = 


= 4^2+2-, 


0/3 + 78 = 


= 4^3+2-, 
a 



where 9i, Oa, 03 are the roots of the reducing cuhic ; therefore the required equation 

is 

Ant, (<M:-2c)3-4/(<fx-2f)+16/=0. 
(rompare Examples 4, 5, Art. 43.) 
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2. Express the roots of the reducing cubic in terms of the roots of the biqua- 
dratic. 

Substituting for — its value in terms of a, /S, 7, 8, in the equations of the last 

Example, we find 

12^1 = (7 - «) (/S - «) - (a - 3) (7 - «) s2X - /i - v, 

12tf, = (a -/S)(7-«)-0_7)(«-«)=2/t-ir-X, 

12«j = ~ 7) (a - «) - (7 - a) 08 - «) a 2r - A. - /t. 

3. If two roots of the reducing cubic are imaginary, two roots of the biquadratic 
are real and two imaginary. 

Let ^1, 9% haye the imaginary yalues p±q \/— 1 ; substituting these yalues in 
the formulas 



we find 



jr,=^/p+Qy^-l, Jf,=\/p-Qv^~l. 



p 

Now, let - : dotan 2^ = -, 



and we haye 
whence 



JTi + Jfa = 2 yP» + Q»cos^, 

Jfi - Jfa = 2i;^P»+a*8in^, where »2 = - 1 ; 

also, since the general solution of the biqiiadratic is 

O 



2Jifi Juji 

where Jfi, Jfa have double signs, it is plain that the two roots of the biquadratic 
inyolring M\ + M% are real, and the two roots involving Mi — M2 are imaginary. 

4. If the roots of the biquadratic are all real or all imaginary, the roots of the 

reducing cubic are all real. 

It is easily proved that 

iB7 + o8, 7a + /38, 0/8 + 75 

are real, and consequently 9i, $2, O3. 

5. Prove similarly that when two roots of the biquadratic are real and two ima- 
ginary, the reducing cubic has imaginary roots. 

6. Fonn the equation whose roots are the functions 

J07-aa)(/8 + 7-«~«). J (-ya - /88)(7+ a -/8- 8), J (a/8-78)(o + /8-7-«). 
From the quadratic factors of the quartic we find 

= /8 + 7-«-^ = /87-«5; 

also 

Jfi -Yi = ^ - «rf + 2a4di = - a» ^1, 

the roots of the required cubic being represented by ^1, ^, ^s. 
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We obtain, therefore, the required equation by a linear transformation of the 
reducing cubic. 

Ant. (a«^ + *c-arf)»-6>/(aV + ^-flrf)-26>/=0. 

7. Form the equation whose roots are 

fiy-ai 70 - /S8 tifi-y9 



/S + 7-a-«' 7+a-/3-«' a + /3~7-«' 
If ^ denote one of these functions generally, we have, employing former results, 

My be-ad'\-2abe 



~-2<p = 



M^ b^-ac-^aH ' 



and thus we obUun the required equation by a homographic transformation of the 
reducing cubic. This formula may be put under the more conyenxent form 

by means of which we obtain the required cubic in the following form : — 

2(? (a^ + *)» + (a'/- 12J5P ) (4i4» + *)' - 6ir^ (4i4» + i) - G9 = 0, 

which, expanded and divided by a*, becomes 

2G^ + {a^e + 6*«<? - 9a«* + 2abd) ^' + 2 (a** + 2^«rf- Sacd) ^ + A*^ - orf* = 0. 
(Compare Ex. 14, p. 86.) 

64. The Resolutloii of the iluartlc Into i|aa4ratlc 
Factors, itecond Method. — If the quartic 

or* + 4bii!^ + Gcjj* + 4dx + e 

be resolved into the quadratic factors 

a (^ + 2pz + ^)(;r' + 2p'x + q'), 

we have, by oompanng these two forms, the equations 

If now we had any fifth equation of the form 

F{py q, /, q') = 0, 

we could eliminate py p\ g, q' ; and thus find an equation giving 
the several values of 0. 
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ThuBy if (for reasons to be explained presently) we assume 
the fifth equation 



->'-K'^^-t). 



these two functions of p^ p\ q^ ^, being equal bj the second of 
equations (1), we easily find from the same equations 



M 



+i>V = 7i — +-7^; 



a 
and eliminating py p\ q, q\ by means of the identical relation 

there results the equation 

4a»0' - /a0 + e/^O, 

which is the reducing cubic obtained by the previous methods 
of solution. 

HaviQg thus toxniipp% or g + q% we complete the resolution 
of the quartic by means of the equations (1). We now explain 
why it might have been seen d priori that the form above assumed 
for ^ would lead to a convenient equation. If be expressed 
in terms of A, /u, v (see Ex. 1, Art. 63), we find 



c , If , 2c' 



2X-M- 



/u-v 



12 



a function of the difierences of Xj fiy v; and eveiy such function 
is an even function of the differences of a, /3, y, S, in virtue 
of the equations 

-M+v=0-7)(a-8), -v + X.(7-a)(i3-S), 

-A + /u=(a-^)(7.8); 

hence the equation for ^ cannot involve any function of the 
ooeffidents except a, J7, /, and J; and in fact it is, as we have 
just proved, the reducing cubic involving only a, /, and J. 
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Examples. 

1. Resolye into quadratic factors 

Comparing this form with the product 

we find the following equation for j? : — 

4p«+12Ji>*+12 ^JEP-^;i>-G»-0; 

and putting 

a«^ =/?« + ITs i (^ + ^' - 25"), 

this equation, when divided by a', becomes 

2. If a quartic be resolved into the two quadratic factors 

prove that ^ is determined by a cubic equation when it has all the values oorre- 
vponding to ea(Sh of the following types: — 

q-q' pq' -p'q pq' ^p'q 

{P-P')\ (p-p'){q-ql, {q-q')\ (pq'-p'q)'; 

and by an equation of the sixth degree when it has all the values corresponding to 

Ptq*p-p\ Q-q\ pq'-p'qy or p^-^q. 

Express these functions in terms of the roots, and the number of values each func- 
tion has becomes apparent. 

65. Transformatloii of the Biquadratle Into tlie 
Reciprocal Form. — To effeot this transformation we make 
the linear substitution x - ky ■¥ p in the equation 

which then assumes the form 

where 
Ui^ap-¥by ZTi a ap' + 26f) + c, Ui^ap^ + Sbp^-i-Scp-^dy Ac. 

(Gf . Art. 36.) If this equation be reoiprocal, we have two equie^ 
tions to determine k and p, viz., 
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eUminating k^ we have the following equation to determine p : — 



and sinoe 






[7, ap + * ' 

there are two Yalues of ky equal with opposite signs, oorrespond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (see Arts. 37, 38) 

2Gm + (a'/- 12JT*) m - 6(?JBr[7, - G^' ^ 0, (1) 

whioh is a oubio equation determining Ui^ap-^ b; and if we put 

is determined by the standard reducing oubio 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) whioh 
here presents itself differs from that which results in the mode 
of solution of Art. 62 only in having roots with contrary signs. 

We proceed now to express k and p in terms of a, /3, y, S, the 
roots of the biquadratic equation. Sinoe the equation in y, 
obtained by putting a; « A:y + p, is reciprocal, its roots are of the 

fonn yi, yi, — -, — ; hence we may write 

a'^ktfi+pf /3 = *yi + p, S^k-'^py y = k- + p; 



if method of aolnng the hiquadiatio hy transf oiming it to the reciprocal fonn 
gnren Ivy Mr. B. S. Greatheed in the Cami. Math, Journal^ toI. i. 

K 
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and, therefore^ 

(«-p)(S-p)=(^-p)(y-/») = *', 

from whioh we find 

''-fi + y-a-S' 

and .,. Jy-a)g-a)(a-P)(7-8) . 

An important geometrioal interpretation may be given to 
the quantities k and p which enter into this transformation. 
Let the distances 0-4, OBy 00, ODy of four points A^ By C, 2), 
on a right line from a fixed origin on the line be determined 
by the roots a, fi„ 7, S, of the equation 

also let Oi, O2, Os be the centres ; and i?\, F/ ; J?V, JPt'; 1^3, Fi 
the foci of the three systems of involution determined by the 
sets of quadratics arranged horizontally in pairs 

(a;-/3)(a;-y)=0, (a: - «)(^- 8) = 0, 

(a: - a)(2: - /3) = 0, {x - y)(ir - S) = 0. 
We have then the equations 

OiB. OiC « OiA . OiD = OiFi\ Ac. 
which, transformed and compared with the equations 

prove that the three values of p are OOi, OO29 00s, the distances 
of the three centres of involution from the fixed origin 0. Also 
since Oi JPi' = A', A; has six values represented geometrically by 
the distances 

O^F^y 0,F,'; 0,F,y O2F,'; OaJi, 0,F/, 

where Oi J\ + OiFi = 0, &c., as the distances are measured in 
opposite directions. 
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We can from geometrioal oonsiderationB alone find the posi- 
tionB of the oentres and fooi of inyolution in terms of a, /3, 7, S, 
and thus oonfirm the results just established, as follows : — 

Sinoe the systems [FiBFiC] and [FiAFiD] are harmonic, 

2 1111 



FiFi FxB F,C FU F,D' 

and if x represent the distance of J^i or Fi from the fixed origin 
O, we have 

J_^J: 1 ^ 1 

a?-/3 x-y X- a x-S' 
Solving this equation we find 



/37-ag ■ /-(■y-a)(/j-8)(a-^)(y-8) 

/3 + y-a-8- /3 + 7-a-8 ' 



or X = p ± k, 
whence /» = ^ , 



k.._9^.^-±0.K 



Example. 

Transf orm the cubic 

ax* + 3te* + 3<» + rf 
to the redpiocal form. 

The aastunption x^ kp^ p leads here to the equation 

-OlTi^-^ ZH^Ui^ + jEr» = 0, where 171 = ap + A. 
The values of p are easily seen to be 

/gy-g' 7«-3* ai3-7^ 

3 + 7-2tt' 7 + a-2i3' a + i3-27* 

The geometrical interpretation in this case is, that if three points A\ Sf^ C bo 
taken on the axis such that A' is the harmonic conjugate of A with respect to 
B and C^ B' iA B with respect to C and A, and 0' of C with respect to A and ^ ; 
then we have the lidlowing values of p and ^ : — 

OA + 0^' ^ OA- OA' 

P-—Y—' *= 2— 

For the values of 0A\ OB', OC* in terms of a, iS, 7, see Ex. 13, p. 86. 

k2 



132 Algebraic Solution of the Cubic and Biguadraiie. 

66. Selntloii of the BlqnadrAtte by Synmieirlc Fvbc- 
tlons of the Roots. — The possibility of reducing the solution 
of the biquadratic to that of a cubic bj the present method de- 
pends on the possibility of forming functions of the four roots 
CI) /3, 7, S, which admit of only three values when these roots are 
ixiterchanged in every way. That there are several functions of 
this kind will be teen on referring to Ex. 2, Art. 64. We em- 
ploy in the present Article the functions already referred to in 
Art. 55, since they lead in the most direct manner to the expres- 
sions for the roots of the biquadratic in terms of the coefficients. 

We form the equation whose roots are the three values of 
the function 



/ g + e/3 -f ^7 + yg y 



,, . i'eii^«)', *..(n:;^8)*. ^.(•-ttrJ^', 



when the roots are interchanged in every way, and » - 1. 
These values are 

and einoe 

03 + <y-a-8)'e Sa'+2X-2M-2v, 

S(a-^)» = 3Sa'-2X-2^-2i»=-48:^, 

we find the following values of t^, t,, U : — 

2X-M-V H 2ju-»-A H 2v-\-fi H 
12 a" 12 o" 12 ~ a» ' 

whence ^i + fe + ^s = - 3-;. 

Again, since 

and 2(m-v)' = 244, 

Or 

we have 

We have also t,t,h=[^)j = — . 
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Henoe the equation whose roots are tiy ^, ^ becomes 

or, substituting for G^ its value from Art. 38, 

4 (a'^ + J5r)> - a'/ (a*^ + JET) + o^e/^ = 0, 

which is transformed into the standard reducing cubic by the 
substitution aH + H^^a^d. 

To determine o, /3, jy S we have the following equations : — 

-a + 3 + 7-S = 4v/^;, a-/3 + 7-S = 4>/^, a + /3-7-8 = 4y^, 

along with a + /3 + 7+8 = -4-; 

from which we find 

a 
7 = — + V ^i + V ^ - V ^» 

We have also from the above values of \/^, \/^ v^^ the 
equation 

bj means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

The cubic of Ex. 4, Art. 43, whose roots are X, /u, v, might 
have been employed in a similar manner to obtc^n the values of 
o» /3» 7» S ; l>^t it does not lead so directly to these values as the 
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equation above given. We wish here to oall attention to two 
functions of X, /ti, v, which possess properties analogous to those 
established in Art. 59 for corresponding functions of the roots 
of a cubic. We use a notation similar to that of the Article 
referred to, and write 

M^ (fiy + aS) + ai» (ya + /38) + w (a0 + yS). 

The following relations between A, /ti, v and the roots of the 

reducing cubic 

4a»e«-/ae + c7=0 

are easily established (see Ex. 1, Art. 63) : — 

A = 4ei + 2-, M = 4e,H2-, .; = 4ft + 2-; 
a a a 

hence the values of L and M may be written as follows : — 

1 1 

4 4 

These functions are just as important in the theory of the bi- 
quadratic as the functions of Art. 59 in the theory of the cubic ; 
for they are the simplest functions of four variables which have 
but two values when the variables are interchanged in every way. 
They are the roots of the reducing quadratic of the reduomg 
cubic above written; and underlie every solution of the bi- 
quadratic which has been given. 

We add some applications of these fiinctions. 

Examples. 

1 . Show that L and M are functions of the differences of a, fi^ 7, 9. Increasing 
a, $t 7, 8 by A, these functions remain unaltered, since 1 + « + «^ = 0. 

2. To find in terms of the coefficients the product of the squares of the diffe- 
rences of the roots a, 0j 7, 8. 

From the vahies of L and M in terms of tf 1, $2, ^3, we find easily 

12^1= Z + Jf, Z- M =(i3-7)(a-8)(ei»*-o»), 

12^2 = «^X + wM, «2X - wJf = (7 - a){fi - 8)(«2 - «), 
12^3= «Z + w^if, «Z - «-Jf = (o ~ 0){y- 8)(»« - »). 



Eqtuiiion of Squares of Differences. 135 

Again, from these equatiooB, multiplying the terms on both sides together, and 
remembering that Biy 9%^ B^oxe the roots of 

we find 

Or 

X»-JP = 3v/r3(i3-7)(7-«)(«-i3)(a-a)(i3-a)(7-«); 
also, adding the squares of the same terms, we have 

2Xlf = 24 :^= 08-7)>(a-a)«+ (7- a)«(i3- »)» + (a-i3)«(7 - 8)' ; 
a* 

and, since 

substituting for these quantities their values derived from former equations, we have 

finally 

«*W-7)*(7-«)'(«-/8)*(a-8)>(i3- «)'(7-»)' = 266(/5-27/'). 

3. Show by a comparison of the equations of the present Article and Art. 69 that 
the results of the previous Article may be extended to the biquadratic by changing 

/8-7, 7-«, a-i3 into -0B-7)(a-8), -(7-a)0B-8), -(«-i3)(7-8), 

4 
respectively ; and, consequently, H into - r /, and G into 16/. 



67. Equatloii of the Squares of the Diirerenees of the 
\tm of a Biqnadratle. — The general problem of the for- 
mation of the equation whose roots are the squares of the 
differences of the roots of a given equation may be treated as 
follows : — Let the proposed equation be 

Substituting x-^-or for x^ and giving r the values 1, 2, 3, . . . n^ 
we have 

y(iP + ai) =a? (ar + ai-aa)(iC + ai-as) .... (iP + ai-a,»), ^ 

,/'(iP + a») « a? (iU + aa - tti) (a? + 02 — Oj) .... (a^ + aj — a^), 



(1) 



/(a; + o,)»ar(a! + o,-ai)(a; + «,-a,) .... (aj + a.-a,.,) ; 
also, sinoe 

/(o, + x) =/{ar) + xf{ar) + j-2f"i''') + •• + «", 
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and /{of) = 0, we have 

-f{x + ar) ^f{ar) + fTg/'W + . . . + a^\ 

Denoting the seoond side of this equation by ^ [Xj ar)^ and mul- 
tiplying both sides of equations (1), we find 

♦ (jT, ai) ^ (2?, oa) . . . . ^ [Xy an) = {iT* - (oi - aa)*) {«• - (ai - Oj)*) 

Thus to form the equation of the squares of the differenoes, 
we can multiply together the n factors ^(ar^ai), ^(^, oa), &c., 
and substitute for the symmetric functions of the roots which 
occur in the product their values in terms of the coefficients. 
The resulting equation will be of the n[n'' 1)^ degree in x ; but 
as it will contain only even powers of x it must be reduced to the 
■J-n (w - 1)'* degree by the substitution of x iot a?*. Or we may 
form directly the product of the •J^n(n-l) factors on the right- 
hand side of the above equation ; and express the symmetric 
functions involved in terms of the coefficients. We adopt the 
latter of these methods in the following application to the 
biquadratic : — 

The problem is equivalent to expressing the following product in tonni of the 
coefficients of the biquadratic 

{^-(i3-7)»}{^-(7-«)n{^-(«-«»}{^-(«->n{^-(/8-W{^-(7-V}. 
The most convenient mode of procedure is to group these six factors in pairs in- 
volving all the roots, and to express the three products, which we denote by Hi, IIi» 
lis, separately in terms of the roots of the reducing cubic, and finally to express the 
product niXlills in tenns of a, JT, /, /. 

and, by previous results, we have the following expressions for (/8 — 7)*, (« — S)*:— 



oltaA T 



whence 



ni = ^»+^8«i+16~\ ^ + 4-^-48ea«i. 



For convenience in the calculation we now put 

leJIsa*^, 4/=a2Q, 16/s«»y^, 
and <^* + P^ + Qsi|r; 
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whence IIiIIsIIs, diTided by 8*, becomes 

Reducing this product by the result of Example 18, page 87» we obtain 
T» + 8QT» - (40^ + 18J2^) ▼ - (SB^ + 12(?^» + 360^^ + 27i?») = 0. 

Finally, restoring the value of T, we have the equation of the squares of the diffe- 
rences expressed in tenns of P, Q, B, as follows : — 

f» + 8Pf» + {3P» + 2(2) ^« + (P« + 8PQ - 26J?) ^« 

+ (6P»Q ^ TO* - ISPiO ^» + 9(2 (PQ - 622) ^ + 4a» - 27iP = 0. 
We give for convenience of reference the result also in tenns of a, S, J, /*: — 
4i»f* + 48a«jr^ + 8a« (96Jr« + aU) ^* + 32 (128J5r» + 16a«irj- IZtfiJ) ^ 

+ 16 (384J5nJ- 7a«/« - 288aJ5r/) ^+ 1 162 (2J5r/- 3tf/) J^ + 266 (/« - 27/») =0. 

68. CrlierioB of ilie Mature of ilie Roots of Uie Bl- 
^■adhratlc. — The quantity /' - 27 J^ is the discrtminant of the 
biqnadratioy and is denoted by A. The sign of A does not 
enable us to detennine oompletely, as in the ease of the oubio 
(see Art. 42), the oharaoter of the roots ; but certain oondusions 
can be drawn from it, as we prooeed to show. 

(1). When A is negattpe^ the biquadratic has ttco real and two 
imaginary roots. For, forming the produot of the squares 
Q3 - y)\ {y - a)\ &0., it readily appears that this produot is 
positive if the roots be either all real or all imaginary. 

(2). JFhen A is positive^ the biquadratic has its roots either all 
realj or all imaginary. For, forming the produot as before, it 
appears that this produot is negative when two of the roots are 
real and two imaginary. 

(3). When A » 0, the biquadratic has two roots equal. 

(4). When /= 0, and J- 0, the biquadratic has three roots 
equal. This is easily inferred from the expressions of the roots 
in terms of the roots of the reducing cubic. 

The complete discrimination of the roots in the case where A 
id positive requires the consideration of the function H as well 
as / and «/*, and will be most conveniently discussed after the 
proof of Sturm's theorem in Chap. IX. 

* The equation of the squares of the differences was first given in this form by 
Mr. M. Roberts in the Nouvelki Annales de Mathimatiquety vol. xvi. 
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MnCKLLAlTBOVS EXAXFLKB. 

1. Bhow that if J? be positiTe, or if ifsO (and O not bO), the cubic will hare 
a |Mur of imaginary roots. 

2. Khow that if JT be negative, the cubic wiU have its roots (1) all real and 
iifUht\\UL\, (2) two equal, or (3) two imaginarj, according as C is (1) less than, 
('I) fx|iial to, or (3) greater than - 42r*. 

3. If the cubic equation 

ood^ + 3«i d;* + 3ffs jT + <ii - 

have two roots equal to a ; prove 

Ht Hi 

where aQOt — ai^^If, aoa9^itiaf2Hi, aios— Oa'^-Ba* 

4. If «i«»+3W + 3«P + rf+*(jf-r)* 
Im a perfect cube, prove 

6. Find the condition that the cubic 

ajfl + 3bg^ + 3ar + cf 
may be written under the form 

/ (a? - oi)» + m (JT - 3i)« + #1 (jc - 7i)», 

whore ai, iSi^ 71 are the roots of the cubic 

ai a;* + 3*1 «* + 3<?i a? + rfi = 0. 
Comparing the forms, we have 

fl = / + m -I- fi, 

- * = /ai + mfii + iryi, 

e = /oi* + mfii* + nyi\ 

- rf = All' + mfii^ + nyiK 

Also ai ai' + 3*i 01' + 3<i ai + <?i = 0, &c. 

Whence, multiplying these equations by d\, 3^1, Zbu 'i, respectively, and adding, 
wc find 

(adi -fli<?) -3 (*<?i -*i<?) =0. 

G. If a, 3) 7 be the roots of the cubic equation 

ao^ + daio?' -I- 3asa; + as = ; 
form the equation 

\/x - a + V* - i3 + V-* - 7 = 

in terms of the coefficients. 

An». 125Cr|i + 360irtri8+ 128G^l7'i-48fi^ =0. 
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7. Shoir that if J? be podtiTe, the biquadratic must hare imaginary roots. 

8. Show that if / be negative, the biquadratic must have two real and two 
imaginary roots. 

9. Show that when the biquadratic has a pair of equal roots, the reducing cubic 
also has a pair of equal roots, and convenely. 

10. Show that when the biquadratic has a double root, the cubic whose roots 
are the values of p (Art. 66), has the iam$ double root 

11. If JTand / are both positive, all the roots of the biquadratic are imaginary. 
Since H is positive, there must be at least one pair of imaginary roots, 

a ± 3 V " 1- ^ow diminishing all the roots by a, and dividing them by 3 (which 
transformations will not alter the character of the other pair of roots 7, 8, nor 
the signs of H and /), the biquadratic may be put under the form 

(j^a-f 4;w-f^)(a;» + l), 

or a:* + ^pa^ + 6«r' + 4p« + Qy where 6« = y + 1 ; 

whence H^e-g^, / = ^ - 4p» + 3<ja, 

/ = ^tf + 2p2tf -/)» (? + 1) - «* = c{9 - 4;?> - c2), 
and, therefore, 



or 



proving that 7 and 8 are imaginary if H and / are both positive. 

12. If the biquadratic has two distinct pairs of equal roots, prove the relations 

flo*/=12ir«, ao^J=SH\ 
In this case the biquadratic divided by oq assumes the form 

"-'■'-«-l(-H-")-('-^')T-('-^)' 

where « = ooa? + ai, and - «= — -— ; 

whence, comparing the forms 

z« - 2ife3»2 + k^ 
and s* + 6J5rr» + iGz + oo*/ - 3Jtf «, 

we find 3J5r = - A?», ^ - 0, oo'/- 3ir» = **,, 

from which the above relations immediately follow. Also it should be noticed that in 
thi« case only one square root is involved in the solution of the biquadratic (coming 
from the solution of the quadratic {x - a){x ^ $)). Two roots of the equation in t 
(Art. 61) are zero. 
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1 3. Find the c<mdition that the biquadratic may be put under the fotm 

l(a^ + 2|Mf + ^)« + m(«» + 2px + ^) + «. 

In thiB case the second and fourth coefficients are removed by the same tnms- 
formation, and the general solution involves only two square roots. 

14. Form the equation whose roots are the six anhsnnonio functions of four 
points in a right line detennined by the equation 

a^ + 4ai«* + 6as« + 4atc + «« « 0. 

The six anharmonic ratios are 



where 



1 1 1 

fU ~"> f^t T~i ^> T~> 
f\ f2 ^ 

_ (a~i8)(7->) ^ \-M ^ ^1-^2 
'^^ (7-a)(/8-a)"\- r 0i - Bz' 

_ (7-a)(3->) y-A. ^ 99- 9i . 
^" (/8-7)(a-a)^r-M ^b-^j' 

also the equation whose roots are 

(i3-7)(«-»)» (7-«)(3-«), (a-«(7-a) 

is one of the cubics 

ao*<» - 12ao J<» ± 16 a//» - 27/» - 0. 

The equation whose roots are the ratios, with sign changed, of the roots of either 

of these cubics is 

4A(^' - ^ + 1)» - 27 P ^« (^ - 1)« = (see Ex. 16, p. 86), 

where A » /* - 27J^. 

The roots of the equation in ^ are the six anharmonic ratios. This equation can 
be written in a more expressive form, as will appear from the following propo- 
sitions : — 

(a). The six anharmonic ratios may be expressed in terms of any one of them, 
as follows : — 

A * 1 A ^ ^"^ ^ 



if,' ' ^» 1 - ^' ^ ' ^ - 1* 

from the identical equation 

(i3-7)(«-») + (7-a)(i3-8) + (a-i3)(7-»)s0 
wc have the relations 

^3 ^1 ^ 

which determine all the anharmonic ratios in terms of any one of them. 
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{k). If two of the anharmonic ratios become equal, the six values of ^ are 
- m and — t^ thr§e times repeated ; and in this case J= 0. 

For suppose ^i s ^ ; we have then from the second of the ftbove relations 

^i" - ^ + 1 = 0, 

i^enoe ^i = - m, or — «' ; 

and substituting either of these yalues for ^ in (a), we find all the anharmonic ratios. 
Also, since 

we have 

I B ooOi " 4aia8 + 3as^ = 0. 

(«). If one of the ratios is harmonic, the six values of ^ are -1,2,-, twice 
repeated ; and in this case 7=0; for if 

^ = -1, -lis-l, or 2\-/i-p = 0, 

one of the factors of / (see Ex. 18, p. 51). 

(d). These results, as well as the converse propositions, may be proved by 
writing the sextic in ^ under the following form: — 

^{(^ + l)(^-2)(^-J)}' = 27/«{(^ + «)(^ + «^)}». 
16. Solve the equation 

'«»+14« + l\* x{x-l)* 



V + IV + W f>»(p*- 1)*' 

Ant. p*, 3, I ^^ ] , where 6* = 1 . 



9Vp) 



16. Express 2 (a -3)^ (7— S)' as a rational function of 9i, 0s, 9z ; and ultimately 
in terms of the coefficients of the quartic. 

An9. -128 a(«a-tf4)» Ui + ^\ = -^ (4J5r/+ ZaJ), 

17* Express 

(^ - -y«)i (««-. ai)i + (t* -««)« (/9« -««)» + (a" - i8»)« {7* - «»)' 

as a rational function of 9i, 6s) ^s* 

This symmetric function is equivalent to 

18. Fonn the equation whose roots are the several products in pairs of the roots 
of a biquadratic. 

The required equation is the product of three fiictors of the type 

Am, (a^«- 2<?^ +«)' - 4/^ (o^* -2c^ + e) + 16/(^» = 0. 
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19. Fonn the equation whose roots are the sereral Talues of — - — , where 
>) i3, 7, S are the roots of a hiquadratic. 

The required equation is the product of three Actors of the type 

20. If au /3i, and oa, /3a he the roots of the quadratic equations 

ai«» + 2Aia:+^ = 0, asd;>+ 2^d; + <^ = ; 
find the equation whose roots are the four values of ai as. 
Let Hi^aici-hi^f J5r3=«2^-V» 

Am. (aia4^«-26i*2^ + <?i<J»)'-4iriJ5ra^'=0. 

N. B. — This and the two following Examples may he solved hy expressing ^ in 
terms of radicals involving the coefficients. 

21. Employing the notation of Ex. 20, form the equation whose roots are the 

Al "4* 02 

four values of — - — . 

Let 2^12 = «i^ + ««<^i + 2^1^- 

Am. {2aia»^+2(ai6,+«i3i)^ + jriiJ«-2ri2ri = 0. 
In this F^^T^** the resulting hiquadratic is such that (?= 0. 

22. In the same case, if ^ = }(ai-a8)», form the equation whose roots are the 
several values of ^. 

Let ir=ai3a-«2*if 2ifi8 = ai^+fla*i -2*i^. 

Am. {(«i«2^ + iria)«-2Jn^+J5riir2}« = 4iriirt(aifla^ + jff„)». 

23. Prove 

_J_ _ ^ 9// 3g/~2ir/ \ 

(a-«» 2 \ r-27J*)' 
From the expressions for a, iS, 7, 8 in terms of $4, Oj, e^ we have 

(a-/8)2 2a2 ( (da-^,)' "^ («3 - «i)» "^ («i - «,)« j ' 
which may he expressed in terms of a, JT, /, / as above. 

24. Prove ^ ^^"* _ n 
if 7=0, and m of the form Sp or Zp + 1. 
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25. Prove that 

can be reecdTed into the sum or difference of two squares if 

Here a ITa («r + 4y +«)* + (««- i") y* + 2 (arf-*c)y« + («^ -«*)«*, 

and (a*-i^y*+2(arf-4tf)y2+(<w-c»)«» 

is a perfect square if 

or J»0. 

26. If «, 3, 7, S be the roots of the equation 

oo^ + 4ai j:* + 6as^ + 4asd; + ^4 = 0, 
solve, in tenns of the ooefflcients oq, ai, &c., the equation 

When \/ a ■\- y/$ -^ \/y + ^/J = 

is rationalized, and the coefficients substituted for a, /3, 7, 9, we have 

(3ao<>3 — 2«i*)* = 4ao'ai. 
Now, substituting Uo, Ui, U2, Uz, Ua for oo, ai, 02, as, 04, and reducing, we find 

27. To express the solution of the biquadratic in terms of a single root of the . 
reducing cubic. 

Substituting jf* 4- p for 4; in the equation 

ajE* + 4ftjr* + 6«rs + 4<<sr + # = 0, 
we have 

ar'* + 4Criaj'« + 6rr2x'» + 4ir3aj'+ [74=0. 

Now let this equation separate into the two equations 

«*'* + 6Crt»'*+C^4 = 0, I7i«^+Crj = 0. (1) 

piitwiTiM^ting x'*f and reducing as in Art. 66, we have 

whence ir% » a$, where 9 is a root of the reducing cubic, and therefore 
Again, from (1) 
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whence, finally, once irs= «' + /», or ax-\-h^ V\-\- tuf^ we haye 



«MP + ^ = 



an expression which has only four yalues. 

This expression might of oouzse be obtained from the resulting formula of Ait. 61, 
or Art 63. The method of aiiiving at it in the present Example is a distinct method 
of solving the biquadratic. 

28. Prove in general that the solution of the biquadratic does not inyolve the 
extraction of a cube root when any relation among the roots a, /3, 7, 8 exists which 
can be expressed rationally in terms of a root 9 of the reducing cubic. 

Any rational function of 9 can always be depressed to the second degree by the 
aid of the reducing cubic, which expresses ^ in terms of 9. Hence the detenmna- 
tion of % will not involve the extraction of a cube root ; and the formula of the 
preceding Example shows that the expression for the root of the biquadratic will 
not then involve any cube root. 

29. Find the relation which connects the roots of the biquadiatio when the 
equation 

is satisfied by each of the following values of p : — 



(8) 



(l)f, (2), (3,0, W^^ (5);/:^^, (6) JI, (7) Jg .., ^^ 

Am. (1) /3 + 7-a-8s0. 

(2) (4) and (8) jSy-oS-O. 

(8) (7-a)08-a)-(«-/9)(7-a)-O. 
(6) (7-a)(i8-a)-(.(a^/9)(7-»)=0. 
(6) and (7) fi-y^O. 

30. Prove the following identity ; and by means of it verify the result of Ex. 1 1, 
p. 139 :— 

ao« (P - 27/») s (oo*/- ZS^) (ao»/- 12S^)^ + 27(7« ((?» + 2flo»/). 

This may be proved by putting ai « 0, as = At^ &c., in the expanded value of 
A, and then substituting for At, A^, Ai i^hd values of Art. 38.— Mr. M. Boberts. 
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PROPERTIES OF THE DERIVED FUNCTIONS. 



>. Cfrai^liic Rei^reBentetlon of the Derived Fane- 

— Let APB he the 

representing the po- 
lial /(it), and P the 

on it corresponding 
y value of the varia- 
= OM. We proceed to 
nine the mode of re- 
iting the value of /'(a?) 
I point P. Take a se- 
point Q on the curve, 
ponding to a value of 




Fig. 6. 



3h exceeds OM by a small quantity A. Thus 

PM^/ix), QN = f{x + h). 
le expansion of Art. 6 gives 

/{x + h) ^f{x) ^f{x) h /-^- A' + . . . . , 



f.^^iRzm =/(.) ,m h . 



1.2 



(1) 



•^i^l^^ = ^ = II - tan OPS - tan PiZJ^. 



when h is indefinitely diminished^ the point Q approaches, 
iltimately coincides with, P ; the chord PQ becomes the 



L 



146 Properties of the Derived Functions. 

tangent PT to the curve at P ; the angle PRN becomes PTM. 
Also all terms of the right-hand member of equation (1) except 
the first diminish indefinitely, and ultimately vanish when A = 0. 
The equation (1) becomes 

tanPrJf«/(^); 

from which we conclude that the value assumed by the dented 

function f{x) on the substitution of ant/ value ofx is represented by 

the tangent of the angle made with the axis OX by the tangetU at 

the corresponding point to the curve representing the function f{x). 

70. Maxliiia and Mliiima Talnes of a Polynomial. 
Theorem*. — Any value of x which renders f{x) a maximum or 
minimum is a root of the derived equation f{x) = 0. 

Let a be a value of x which renders /(:r) a minimum. We 
proceed to prove that./^(a?) = 0. Let h represent a small incre- 
ment or decrement of x. Then 

/(a)</(a + A), also/(a)</(a-A); 

hence/(a + A) -/(a), and /(a - A) -/(a) are both positive, i.e. 
the following two expressions are positive : — 

/(a) h +-^^ A' + , 

Now, when h is very small, we know (see Art. 5) that the signs 
of these expressions are the same as the signs of their first terms ; 
hence, in order that both should be positive, /'(a) must vanish; 
and, moreover, /"(a) must be positive. An exactly similar proof 
shows that when /(a) is a ??iaximumf{a) = 0, and f'{a) is nega^ 
tive. Thus, in order to find the maximum and min iTm^irri values 
of a polynomial/(a;), we must solve the equation /'(a?) = 0, and sub- 
stitute the roots in /(a?). Each root will furnish a maximum or 
minimum value, the criterion to decide between these being the 
sign oif'{x) when the root is substituted in it — whenf\x) is 
negative, the value is a maximum ; and whenf\x) is positive, the 
value is a minimum. 
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The theorem of this Ar- 
ticle follows at onoe from 
the constmotion of Art. 69 ; 
for it is plain that when the 
value oif{x) is a maximnm, 
as at P,P' (Pig. 6), or a mi- 
nimum, as at Pj p\ the tan- 
gent to the curve will be 
parallel to the axis OX, 
and, consequently. 




Fig. 6. 



tanPrjf=/(ar) =0. 

Fig. 6 represents a polynomial of the 6th degree. Correspond- 
ing to the four roots oi/(x) = (supposed all real in this case), 
i. e. OMy Onij OM'^ Om\ there are two maxima values ifP, 
M^Fy and two minima values m/?, m'p\ of the function. 

Examples. 

1 . Find the max. or min. value of 

/(*) s 2x2 + a; _ 6. 

1 — 49 . . 

X ss makes f*{x) = — — , a minimum. 

(See fig. 2, p. 15.) 

2. Find the max. and min. values of 

/(«) ■ 2s« - 3jr» - 36ir + 14. 
f\x) = 6{r» - « - 6), /"W = 6 (2af - 1). 

X = - 2 makes f{x) = 68, a maximum. 

X m 3 makes f{x) = - 67, a minimum. 

3. Find the max. and min. values of 

/{x) SB 3z* - 16x» + 6x« - 4Sx + 7. 

Here fix) has only one real root ar = 4 ; and it gives a minimimi value 
/{z) = - 346. 

4. Find the max. and min. values of 

/{x) H 10a:« - llx* + X + 6. 

The roots of /'(a?) are, approximately, -0302, 11031. The former gives a 
mffc-gimiitn value, the latter a minimum. (See fig. 3, p. 17.) 

1,2 
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71. Rolle'ii Theorem. — Between two consecutive real roots 
rt and h of the equation f{x) = there lies at least one real root of 
the equation f{x) = 0. For as x increases from a to 6, f{x) , vary- 
ing continuously from f{a) to /(6), must begin by increasing 
and then diminish, or must begin by diminishing and then 
increase. It must, therefore, pass through at least one maximum 
or minimnni value during the passage from /(a) to/(6). This 
value (/(a), suppose) corresponds to some value a of ^ between 
a and by which by the Theorem of Art. 70 is a root of the equa- 
tion /(a?) = 0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximum or Tnininrnni values, and between the 
two points B and C there is one such value. The figure makes 
it plain also that the nimiber of such values between two con- 
secutive points of section of the axis is always odd. 

Corollary. — Ttvo consecutive roots of the derived equation nmi/ 
not comprise between them any root of the original equation^ and 
never can comprise more than one. The first part of this proposi- 
tion is merely a statement of the fact that between two adjacent 
zero values of a polynomial there may be several maxima and 
minima values ; and the second part follows at once from the 
above theorem ; for if two consecutive roots of /'(a?) = comprised 
between them more than one root of f{x) = 0, we should then 
have two consecutive roots of this latter equation comprising 
between them no root oif{x) = 0, which is contradictory to the 
theorem. 

72. Constltatloii of the Berlved Fniictloiis. — ^Let the 
roots of the equation /(a?) = be oi, 03, 03, . . . a«. 

f{x) a (a? - ai) (a? - a,) (a? - a,) . . . {x-an). 
In this identical equation substitute y -^ x ior x; 
f{f/ + x) = (y + ir-a,)(y + a?-aa) . . . (^ + ii:-a„) 

= y" + qiy""-' + ^a^"'' + . . . + qf^iy-^qny 
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where 

</i = -r — oi + jr - ga + a; — 03 + . . . + a* — a,,, 



qn-\^ (iT - a j) (ii? - as) ... (ir-an) + (j?-a,)(^-a3) . . . (.r-a,) + . . 

+ {x-a,){x-a^) .. . (dr-a„.,j, 

qn - (a? - ai) (ar - a,) (a? - 03) ... (^r - a„). 

We have, again, 

/(y + ar) =/(^) +/(a:) y + -^ y' + . . . + y«. 

^Equating the two expressions for/(y + a?j, we obtain 
f{x) = (a? - ai) (ar - a.,) . . . (ar - a„), 
^/^(a?) = (a: - aj) (a? - as) ... (a? - an) + ...., as above written, 

Y^ = ^^^ similar value of qn.2 in terms of x and the roots, 



The value of /'(ar) may be conveniently written as follows: — 



ar - ai ar - ca ^ — On 

73. Maltli^le Roots. Theorem. — A multiple root of the 
order m of the equation f{£] ==0 in a multiple root of the order m - 1 
ofthefird delved equation f\x) = 0. 

This follows immediately from the expression given for /'(a*) 
in the preceding Article ; for if the factor (ar- a,)"* occurs in /(a?), 
/. e, if Gi = os ==••• = Qm ; we have 

Each term in this will still have {x - oi)''* as a factor, except 
the first, which will have [x - gi)*""* as a factor; hence [x- oi)'""^ 
is a factor in/'(ar). 
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Cor. 1. — &\iLQ&f\x) ifi derived from /'(a:) in the same manner 
as /'(a?) is from /(a?), it is evident that f\x) will have {x - ai)*"' 
for a factor. Similarly f'''{x) will have {x - ai)"*"* for a factor; 
and so on. Thus a root occurring m times in the equation /{x) = 
occurs in degrees of multiplicity diminishing by unity in the fini 
m " 1 derived equations. 

Cor. 2. — The converse of the preceding corollary — viz. : If 

f(x) and its first m - 1 derived functions fi{x)yf%{x)y . . .fm~\{x)jaU 

vanish for a value aofxy then {x-a)^ is a factor inf{x) — is most 

easily established as follows. For x substitute a -^ x - a. We 

have then 

/(*) -/(«) +/.(«)(^ - «) +-^ (x - a)» + . . . + f^t^i(^-«r 



1.2 .. .m 1 . 2 . . . n 

« 

from which the proposition in question is manifest. 

74. Betermlnatloii of Mnltiple Roots. — ^It is easily 
inferred from the preceding Article that if f{x) and /'(a*) have 
a common factor [x - a)*""*, {x - a)"* will be a factor in f(x) ; for, 
by Cor. 1, the m -2 next succeeding derived functions vanish 
as well as f{x) and f{x) when x ^ a\ hence, by Cor 2, a is a 
root of /(a?) of multiplicity m. In the same way we see that if 
/(x) and/'(a?) have other common factors 

(;r - /3)^S {x - yY-\ &c., 

the equation /(a:) = will have p roots equal to /3, j' roots equal 
to -y, &c. 

In order, then, to find whether any proposed equation has 
equal roots, and to determine those roots if it has, we must find 
the greatest common measure oif{x) and^/^(a?). Let this be <^[x). 
The determination of the equal roots will depend on the solution 
of the equation ^(x) = 0. 
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Examples. 

1 . Find the multiple roots of the equation 

«» + a?* - 16j? + 20 = 0. 

The 6. C. M. oif{x) and/'(x) is easily found to be ^ - 2 ; hence {x - 2)' is a 
&ctor in/(x}. The other factor is x + 5. 

Whenever, after determining the multiple factors oif(x)^ we wish to obtain the 
remaining factors, it will be found conyenient to apply by repeated operations the 
method of division of Art. 8. Here, for example, we divide twice by j; — 2, the 
operation being represented as follows: — 

1 1-16 20 

2 6-20 



3-10 

2 10 



1 5 

Thus 1 and 6 being the two coefficients left, the third factor is j; + 5. This 
operation verifies the previous result, the remainders after each division vanishing 
!is they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

^ - 10*a -I- 16* - 6 = 0. 

The G. C. M. of /(x) and/'(j:) is found to bo «« - 2« + 1. Hence (« - 1)» is a 
factor mf{x). Dividing three times in succession by j; - 1, we obtain 

/(*) = (x-l)»(r« + 3a; + 6). 

3. Find the multiple roots of the equation 

JT* - 2ir» - \U' + Vlx + 36 = 0. 

The G. C. M. oif(x) and/'(x) is jp* - x - 6. The factors of this are j; + 2 and 
r — 3. Hence 

/(a;) ^ (X + 2)M« - 3)». 

4. Find all the factors of the polynomial 

f{x) = a!« - 5j?* -I- ox* + 9j!» - 14«« - 4x + 8. 

Ans. f(x) = (x - 1) (jr + 1)2 (x - 2)\ 

Remark. — The process of finding the greatest common mea- 
;ure of two polynomials becomes laborious as the degree of the 
unction increases. It is wrong, therefore, to speak, as writers 
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on the Theory of Equations often do, of the determination in tins 
way of the multiple roots of numerical equations as a simple pro- 
cess, and one preliminary to further investigations relative to 
the roots. It is chiefly in connexion with Sturm's theorem that 
the operation is of any practical value. Thd further conside- 
ration of multiple roots is deferred to Chap. IX., where the 
theorem in question is discussed. It will he shown also in 
Chap. X., that when any particxdar equation has equal roots, 
they can, in those cases which are of most usual occurrence, be 
determined from simple considerations not involving the prooesB 
of finding the greatest common measure. 

75. This and the succeeding Article will be occupied with 
theorems which will be found of considerahle importance when 
we come to the discussion of the methods of separating the 
roots of equations. 

Theorem. — In passing continwmsly from a value a-hofx 
a little less than a real root a of the equation f{x) = to a value 
a -^ h a little greater, the polynomials f{x) and f{x) have unlike 
signs immediately before the passage through the root, and like signs 
immediately after. 

We have 

/ (« - A) =/(a) -f{a)h +-C^^ A' - .... , 

/(a-A)= /(«) - /'(a) A +....; 

since /(a) = 0, the signs of these expressions, depending on those 
of their first terms, are unlike. When the sign of A is changed, 
the signs of the expressions become the same. The theorem is 
thus proved. 

Corollary. — This theorem is true no matter how many times 
the root a is repeated inf[x) - 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish : — 

f(p)y f\{a)y fi[a\ . . . ./r-i(a). 
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In the series ioT/{a - h) and /'(a - h) the first terms which 
do not vanish are, respectively, 

1.2... r^ ^^' 1.2. ..r-r ^^ * 

These have plainly unlike signs ; but after the sign of A is 
changed they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to every 
consecutive pair of the series 

/{^)y /i{^)f /iW> • • •/r-i(^), 

we may state the proposition generally as follows : — 

Theorem. — When any equation f{x) = has an r-multiple 
root a, a value a little inferior to a gives to this series of r functions 
signs alternately positive and negative^ or negative and positive ; 
and a value a little superior to it gives to all these functions the same 
sign; and this sign is, moreover, the same sign as the sign offr{a)y 
the first derived function which does not vanish when a is substituted 
for X. 

In order to give a precise idea of the use of this theorem, 
let us suppose that /5(a) is the first function which does not 
vanish when a is substituted, and let its sign be negative ; 
what we are able to conclude is, that for a value a - h oi x the 
signs of the series of functions/,/), /a, /s,/4,/5, are 

+ - 4 - + - ; • 
and for a value a + h oi x they are 



for before the passage through the root the sign of /« must be 
different from that of/ ; the sign of/ must be different from 
that of/, and so on ; and after the passage the signs must be all 
the same. We of course assimie that A is so small that no 
root of /^(ir) = is included within the interval through which 
X travels. 
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Examples. 

fi(x) = 4j53 - 21r» + 30* - 13, 

/3(«) = 2(6«»-21jr+16), 

/,(x) = 2(12;c-21), 

/iW=24; 

Here/s (x) is the first fanctioii which does not yanish when x^\\ aiid/s(l) is 

negative. What we can conclude from the theorem is, that for a Tslne a little \m 

than 1 the signs of /, /i, /z, /s are + - + - i and for a ralue a little greater thaa 

1 they are all negative. We are ahle from this series of signs to txace the fmidians 

fifu &c., in the neighhourhood of the point x ^1. Thus the curve representiDg 

f{x) is ahove the axis hefore reaching the multiple point « = 1» and is bdow the 

axis immediately after reaching that point, and the axis must he regarded as cottiiig 

the curve in three coincident points, since (x - 1)' is a factor in f(x). Again, the 

curve corresponding to /i (x) is below the axis both before and after the passage 

through the point x=^\. It touches the axis at that point. The curve representiDg 

/t {x) is above the axis before and below the axis after the passage, and cuts the 

axis at the point. 

2. f(x) ^afi - 10ar» + 36ar* - %0x^ + bbx^ - 26jc + 6. 

fi{x) is the first function which does not vanish for j; = 1, aad/6(l) is negative. 

Miscellaneous Examples. 

1. FiikL^the multiple roots of the equation 

/ (a;) = x< -f rijrS + 32jc» - 24j: + 4 = 0. 

» 

Ana. /(jr)E(x» + 6x-2)«. 

2. Show that the binomial equation 

JP* - «!• = 

cannot have equal roots. 

3. Show that the equation 

X** — ngx + (» — 1) r = 

will have a pair of equal roots if ^" = r*"*. 

4. Prove thut the equation 

u-^ -f opj^ + oy.r + y = 

will have a pair of equal roots when <y* + 4^* = ; and that if it have one pair of 
equal roots it must have a second j)air. 
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5. Apply the method of Art. 74, to detennine the condition that the cubic 

:? + ZHz + {? = 
should have a pair of equal roots. 

The last remainder in the process of finding the greatest common measure must 

^^»'»^- Ans, 6?» + 4JJ» = 0. 

6. Apply the same method to show that both O and H vanish when the cubic 
has its three roots equal. 

7. If a, /3, 7, 8 be the roots of the biquadratic /(j;) = 0, prove that 

/(a) +/'03) +/'(7) +/'(«) 

can be expressed as a product of three factors. 

Am. (o + i8-7-8)(o + 7-i8-8)(o + 8-i8-7). 

8. If a, /9, 7, a, &c. be the roots of /(a?) = 0, and o', ff, y\ «', &c. oif{x) = ; 

piOT« 

f'Mfmfiy) .... =nnf{a')f(ff)f{y') , 

and that each is equal to the absolute term in the equation of the squares of the 
dilfeieiioes. 

9. If the equation 

have a double root a ; prove that a is a root of the equation 

10. Show that the max. and min. values of the cubic 

aa^ + Zbx^ ^-Zex-k-d 
are the roots of the equation 

▼here A is the discriminant. 

If the curve representing the polynomial /(x) be moved parallel to the axis of y 
(see Art. 10), through a distance equal to a max. or min. value p, the axis of x will 
become a tangent to it, i.#. the equation /(x) - p = will have equal roots. Hence 
the max. and min. values are obtained by forming the discriminant oif(x) - p, or 
by putting d-piarpm {?» + iE^ = . 

11. Prove similarly that the max. and min. values of 

ax^ + 4*2^ + 6ftr» + idx + e 

are the roots of the^equation 

aV - 3(a2/ - 9M^)p^ + ^{al'' - lSHJ)p - A = 0, 

where A is the discriminant of the quartic. 



CHAPTER VIII. 

LIMITS OF THE ROOTS OF EQUATIONS. 

77. Beflnltloii of Umlts. — In attempting to discover the 
real roots of numerical equations, it is in the first place advan- 
tageous to narrow the region within which they must be sought. 
We here take up the inquiry referred to in the remark at i;he 
end of Art. 4, and proceed to prove certain propositions relative 
to the limits of the real roots of equations* 

A superior limit of the positive roots is any greater positive 
number than the greatest of them ; an inferior limit of the poei- 
live roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them ; an inferior limit of 
the negative roots is any smaller negative number than the 
smallest of them ; the greatest negative number meaning that 
nearest to - oo . 

When we have found limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The methods which have been advanced for this 
latter purpose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits of ^ 
the positive roots ; to which, as will be subsequently proved, the 
determination of inferior limits and limits of the negative roots 
can be immediately reduced. 

78. Proposltton I. — In any equation 
if the first negative term he-pr^~^, and if the greatest negative 



Propositions. 157 

coefficient be - /?*, then s/pu + 1 « « superior limit of the positive 
roots. 

Any value of x which makes 

of* >pk {nf^ + aj*^"* + . . . + a? + 1) >/?* :t— 

X — L 

will, d/ortioriy make /(a?) positive. 

Now, taking x greater than unity, this inequality is satisfied 
by the following : — 

X^>Pk T , 

x-1 

or af**^ - x^> Pk^^^\ 

or af- * (a? - 1) > puy 

which inequality again is satisfied by the following : — 

(ar-l)'-* (a?-l) = or > ;?*, 
since plainly aj^"* > (a? - 1)''-^ 

We have, then, finally 

or a? = or > 1 +\/j3*. 

79. Propoftitloii a. — If in any equation eaeh negative coeffi- 
cient be taken positively j and divided by the sum of all the positive 
coefficients which precede ity the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

ao«* + «iaJ^' + «ia^'-<5rja^ + -arUif^ + . . . . + flf„ = 0, 

in which, in order to fix our ideas, we regard the fourth coeffi- 
oient as negative, and we consider also a negative coefficient in 
general, i. e. ~ a^. 

Let each positive term in this equation be transformed by 
means of the formula 

a,„a?~ = a«(a?-l)(aj*^* + a?~'' + . . .+a? + l) +a, 



*mj 
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which is derived at onoe from 

ic*"- 1 

— = a^i + «!*-» + . . . + a? + 1 ; 

and let eaoh negative term remain as it is. 

The polynomial /(a?) beoomes then, eaoh horizontal line of the 
following oonresponding to each term oif{x) in suooefision — 

+ ai(a?-l)aJ^+ai(ar-l)aj^+... + ai(a?-l)a:*-^+... + a„ 



+ 

We now regard the vertical columns of this expression as 
successive terms in the polynomial ; the successive coefficients of 
a^\ a;"-*, &c., being 

flo(ir-l), K + ^OC-^-l), («o + «i + <^)(^-l)~«3> &c. 

Any value of x greater than imity is sufficient to make positive 
every term in which no negative coefficient (hy Ory &c. occurs. 
To make the latter terms positive, we must have 

(oo + fli + a,) (2? - 1) > flj, 

(Oo + «i + flf? + . . . •*- flr-i) {X-1)> Or, &C. 

Hence 

^^rTT-rr"*'^' — ^> + i> &c. 

And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in tin'a way. 
Such a value of ar, therefore, is a superior limit of the positive 
roots. 
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80. Practleal Applleatlons. — The propositions in the 
two preceding Articles furnish the most convenient general 
methods of finding in practice tolerably close limits of the 
roots. Sometimes one of the propositions will give the closer 
limit : sometimes the other. It is advantageous, therefore, to 
apply both methods, and take the smaller limit. Prop. I. will 
usually be found the more advantageous when the first negative 
coefficient is preceded by several positive coeflBcients, so that r is 
large ; and Prop. II. when large positive coeflBcients occur before 
the first large negative coeflBcient. In general, Prop. II. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 

Examples. 

1. Find a superior limit of the positive roots of the equation 

ic* - 5r» + 40a;« - 8* -f 23 = 0. 
Prop. I. gives 8 + 1, or 9, as limit. 

Prop. II. gives t + !» or 6. Hence 6 is a superior limit. 

2. Find a superior limit of the positive roots of the equation 

«» + 3«* + a:» - 8a?» - b\x +18 = 0. 

Prop. I. gives y^ 61 + 1 ; and 6 is, therefore, a limit . 

Prop. II. gives — - + 1, and 12 is a limit. 

^ ^ 1+3+1 

In this case Prop. I. gives the closer limit, i . e. 5. 

3. Find a superior limit of the positive roots of 

«' + 4x« - 3a:» + 6x* - 9ar» - lla;« + 6^- 8 = 0. 
Of the fractions 

3 9 11 8 

1 + 4' 1+4 + 6' 1+4 + 6' 1 + 4 + 6 + 6' 

the third is the greatest, and Prop. II. gives the limit 3. Prop. I. gives 6. 

4. Find a superior limit of the positive roots of 

«• + 20ar^ + 40^ - lla:» - 120a:* + 13iC - 25 = 0. 

Am, Both Propositions give the limit 6. 

5. Find a superior limit of the positive roots of 

4j» - 8«* + 220^3 + 98x» - 73ar + 6 = 0. 

Auk, Prop. I. gives 20. Prop. II. gives 3. 
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It is. usually possible to determine by inspection a limit 
closer than that given by either of the preceding propositioiis. 
The method consists in general in arranging the terms of an 
equation in groups having a positive term first, and then ob- 
serving what is the lowest integral value of x which will have 
the effect of rendering each group positive. The form of the 
equation will suggest the arrangement in any partioolar case. 

6. The equation of Ex. 2 can be arranged as follows : — 

a?«(af» - 8) + «(3«» - 61) + «> + 18 = 0. 

a; = 3, or any greater number, renders eacb group poative ; hence 3 is a superior 
limit. 

7. The equation of Ex. 4 may be arranged thus : 

a*(«» - 11) 4- 20j:*(aj» - 6) -f 4«« + 13x - 25 = 0. 

r = 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

^ _ 4a4 ^. 33jp3 _ 2x + 18= 0. 
This can be arranged in the form 

4J»(«« _ 4a: + 6) + 28«(« - t^j) + 18 = 0. 

Now the trinomial a:* - 4x + 5, having imaginary roots, is positive for all 
values of x (Art. 12). Hence i; = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be found useful. 

9. Find a superior limit of the roots of the equation 

6:r* - 7** - lOa^s - 2^x^ - 90a? - 317 = 0. 

In examples of thii kind it is convenient to distribute the highest power of x 
among the negative terms. Here the equation may be written 

ar*(«-7) +«»(«*- 10) +a;2(«»- 23) +a;(«* - 90) +a:« -317 = 0, 

80 that 7 is evidently a superior limit of the roots. In this case the general methods 
give a very high limit. 

10. Find a superior limit of the roots of the equation 

ir* - ic8 - 2«» - 4* - 24 = 0. 

When there are several negative terms, and the coefficient of the highest term 
unity, it is convenient to multiply the whole equation by such a number as will 
enable us to distribute the highest term among the negative terms. Here, multi- 
plying by 4, we can write the equation as follows : — 

««(ap-4) + a;'(ara-8) + «(i»-16) + «*-96 = 0, . 
and 4 is a superior limit. The general methods give 25. 
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81. Propoaltlon III. — Any number which renders positive 
the polynomial f{x) andallits derived functiomfi{x)yfi{x)^ . . ./«(«) 
it a superior limit of the positive roots of the equation f{x) = 0. 

This method of finding limits is due to Newton. It is much 
more lahorions in its application than either of the preceding 
methods ; but it has the advantage of giving always very close 
limits ; and in the case of an equation all whose roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
f{x) = be dimimshed by h ; then x - h = y^ and 

If now h be such as to make all the coefficients 

/(A), /.(*), /.(A), . . • /«(A) 

positive, the equation in y cannot have a positive root ; that is to 
say, the equation in x has no root greater than h ; hence A is a 
superior limit of the positive roots. 

Example. 
/(«) a jc* - 2a^ - 3«» - IS* - 3. 

In appljring Newton's method of finding limits to any example the general mode 
of procedure is as follows : — ^Take the smallest integral number which renders 
fn-i{^) positive ; and proceeding upwards in order to/i (s), try the effect of substi- 
tuting this number lor s in the other functions of the series. When any function 
is reached which becomes negative for the integer in question, increase the integer 
successively by units till it makes that function positive ; and then proceed with 
the new integer as before, increasing it again if another function in the series 
should become negative, and so on, till that integer is reached which renders all the 
functions in the series positive. In the present example the series of functions is 

/(«) = «« - 2ar» - 3«» - IS* - 3, 

fi{x) = ijp' - 6ict _ 6x - 16, 
t/2W=6*«-6aP-3, 
i/,(x)=4*-2, 

M 
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Here x = l inakee/s(«) poBitiye. We try then the effect of the subftitution x= 1 
m/2(«). It makes /a (dr) negative. Increase by 1 ; and « = 2 makes /a (op) poeitiTe. 
Try the effect of j? = 2 m/i(«); it gives a negative result. Increase by 1 ; and 
x=Z makes /i {x) positive, t^roceeduig upwards, the substitution x =^Z makes 
f{x) negative ; and increasing again by unity, we find that « = 4 makes f[x) positive. 
Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton's rule, that when any number 
makes all the derived functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of that 
higher number on the functions in the series below that one where our upward 
progress is arrested. This is evident from the equation 

4i(« + A) = <►(«) + 4>'(«)A + 4>"(a) — 2 + • • • 

(taking ^ {x) to represent any function in the series, and using the commcm notation 
for derived functions),, which shows that if ^ (a), ^*{a), ^"(a), ... are all positive, 
and h also positive, ^ (a + A) must be positive. 

It may be observed that one advantage of Newton* s method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
which the highest root lies. Thus in the present example, ancef{x) is negatiye for 
X = Z, and positiye for a; = 4, we know that the greatest root of the equation lies 
between 8 and 4. 

82. Inferior liimlto, and lilmlto of the MesatiTe 
liooto. — To find an inferior limit of the positive r6ot8, the 

equation must be first transformed by the substitution x ^ -, 

y 

Find then a superior limit h of the positive roots of the equation 

in y. The reciprocal of this, i.e. p will be the required inferior 
limit ; for sinpe 

I. 1 1 • 1 

y <hy - > T, I.e. X >Y. 

y h h 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution a? = - y. This changes 
the negative into positive roots. Let the superior and inferior 
limits of the positive roots of the equation in y be h and h\ Then 
- h and - h' are the limits of the negative roots of the proposed 
equation. 
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83. Umltliis EquaUans. — If all the real roots of the 
equation f\x) = could be foundy it would be possible to determine 
the number of real roots of the equation f{x) = 0. For, let the 
real roots of f\x) = be, in ascending order of magnitude, 
a', /3', 7^ . . . X' ; and let the following series of values be sub- 
stituted for X \rxf[x) : — 

- oo , a , )3 , 7', ... A', + 00 . 

When any successive two of these give results with dif- 
ferent signs there is a root of f{x) =0 between them ; and by 
the Cor., Art. 71, there is only one ; and when they give results 
with the same sign there is, by the same Cor., no root between 
them. Thus each change of sign in the results of the successive 
substitutions proves the existence of one real root of the pro- 
posed equation. 

If all the roots of/(a?)= are real, it is evident, by the theorem 
of Art. 71, that all the roots of /'(a;) = are also real, and that 
they lie one by one between each adjacent pair of the roots of 
f{x) = 0. In the same case, and by the same theorem, it follows 
that the roots of f'\x) = 0, and of all the successive derived 
functions, are real also; and the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are called 
limiting equations. 

It is evident that in the application of Newton's method 
of finding limits of the roots, when the roots of f{x) =0 are 
all real, in proceeding according to the method explained in 
Art. 81, the function /(a:) is itself the last which will be rendered 
positive, and therefore the superior limit arrived at is the integer 
next above the greatest root. 
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EtAMPLBS. 

1 . Prove that any derived equation /m (x) » cannot have more imaginary roots, 
but may have more real roots, than the equation /(«) = from which it is derived. 

From this it follows that if any of the derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the primi- 
tive equation. 

2. Apply the method of Art. 83, to determine the conditions that the equation 

«* - y« + r = 

should have all its roots reaL 

3. Determine by thersame method the nature of the roots of the equation 

^-nqx^-^n- l)r = 0. 

Am, When n is even, the equation has two real roots or none, according ss 
y» > or < f*-'. 

When n is odd, the equation has three real roots or (me, according as 
^ > or < r*-». 

4. The equation ae^{x — l)** = has aU its roots real ; hence show that the fol- 
lowing equation has all its roots real, and situated between and 1 : — 

x» - » — ar--i+ ^-— ^ _L i- j«-«- &c. = 0. 

2» 1.2 2n(2n-l) 

6. If any two of the quantities /, m, n in the follovring equation be put equal to 
zero, show that the qu^dratio to which the equation then reduces is a limiting equa- 
tion ; and hence prove that the roots of the proposed are all real : — 



CHAPTER IX. 

SEPARATION OF THE ROOTS OF EQUATIONS. 

84. Bt the methods of the preceding Chapter we are enabled to 
find limits between which all the real roots of any numerical 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
which it is situated from the intervals which contain the remain- . 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
v^thin which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement is the more con- 
venient, while with a view to practical application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious jin practice, has the advantage over the preceding 
that it is unfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Foorier and Badan. — Let two numbers 
a and S, of which a is the lesSy be substituted in the series formed by 
f{x) and its successive derived functions^ r/s., 

f{^)y /iW* .^W* • . • , fn{^) ; 
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t/te number of real roots which lie between a andb cannot be greater 
than the excess of the number of changes of sign in the series when 
a is substituted for ar, over the number of changes when b is sub- 
stituted for x ; and wheti the number of real roots in the interval 
falls short of that difference^ it tcill be by an even number. 

This 18 the form in which Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we 
speak of two numbers a and 6, of which a is the less, one or 
both of them may be negative, and all we mean is that a is 
nearer than i to - oo . 

The value of a; is supposed to increase continuously from 
a to i ; and we proceed to examine the changes which may oc- 
cur among the signs of the functions in the above series. The 
following different cases can arise : — 

(1). The value of x may pass through a single root of 
f{x) = 0. 

(2). It may pass through a root occurring r times in/(ar) = 0. 

(3). It may pass through a root of one of the auxiliary 
functions y«(ar) = 0, this root not occurring in either f^^x [x) = 
or/m+i(a?) = 0. 

(4) . It may pass through a root occurring r times in /«, {x) = 0, 
and not occurring mfn^x{x) = 0. 

In what follows the symbol x is omitted after / for con- 
venience. 

(1). In the first case it is evident, from Art. 75, that in passing 
through a root of the equation f{x) = one change of sign is 
lost ; for / and f have unlike signs immediately before the 
passage, and like signs immediately after the passage. 

(2). In the second case, in passing through an r-multiple 
root of /(a-) = 0, it is evident that r changes of sign are lost ; for, 
by Art. 76, immediately before the passage the series of func- 
tions 

.M .M> /«>••• fr-\y fr 

hav(^ signs alternately + and -, or - and +, and immediately 
aftor the passage have all the same sign as fr. 
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(3). In the third case, the root oifm{x\ = must give to/«^a 
and/flM^i either like signs or unlike signs. Suppose it to give like 
signs ; then in passing through the root two ohanged of sign are 
lost, for before the passage the sign of /m is differenl; from these 
like signs, and after the passage it is the same (Art. 76). . Sup- 
pose it to give u|dike signs ; then no change of sign is lost, for 
before the passage the signs of /^.i, /m, fn^i must be either 
-f + - , or - - + , and after the passage these become 
-f - - , and '- . + + . On the whole, therefore, we con- 
dude that no variation of sign can be gained, but two variations 
may be lost, on the passage through a root of /m(^) == 0. 

(4). In the fourth case x passes through a value (let us say a) 
which causes not only/^ but also/m«,/iii+a, . . . ,/m+r-i to vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number lost may be collected by considering the series of func- 
tions 

./m-l> J my Jm^Xy • • . • , Jm-ir-iy J% 
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We easily obtain the following results : — 

(«). When/„t_i(a) and/,„4r(a) have like signs. 

If r be even, r changes are lost. 
If r be odd, r + 1 changes are lost. 

(6). When/„^.i(a) and/m+r(a) have unlike signs. 

If r be even, r changes are lost. 
If r be odd, r - 1 changes are lost. 

We conclude, therefore, on the whole, that an even number of 
changes is lost during the passage through an r-multiple root 
of/«(a?). 

It will be observed that (1) is a particular case of (2), and 
(3) of (4), ue, when r = 1. Since, however, these ar^ the cases 
of ordinary occurrence, it is well to give them a separate classifi- 
cation. 

Beviewing the above proof, we conclude that as x increases 
from a to 6 no change of sign cati be gained ; that for each 
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passage through a root oif{x) = one change is lost ; and that 
nnder no droumstanoes except a passage through a root of f{x) = 
can an odd number of changes be lost. Hence the number of 
changes lost during the whole variation of x from a to 6 must be 
either equal to the number of real roots oif{x) « in the interval, 
or must exceed it by an even number. The theorem is thus 
proved. 

86. Applleatlon of the Theorem. — The form in which 
the theorem has been stated by Budan i&, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows : — Let the roots of an equation f{x) =0 
be diminished, first by a and then by b, where a and b are cmy ttco 
numbers of which a is the less ; then the number of real roots be- 
tween a and b cannot be greater tJuin the excess of the number of 
changes of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are (see Art. 34) 

/(«)+/.(«)y+f-^y' + ...+ j4^y-=o. 
/(*) +/.(6)y ^f^tr + . . . + i4^, y- = ; 

from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem is in this form convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Art. ^4. 

£XAHPL£S. 

1 . Fiud the flitimtiuns of the rootfi of the equation 

«»-3**-24«3 + 96z»-46«-101 =0. 
Wc shall examine this function for values of x between the intervals 

-10, -1, 0, 1, 10; 

these nunilKTs being assumed on account of the fa<'.ilitv of c^ilcuktion. Diminution 



Application of the Theorem. 169 

of the roots by 1 gives the following series of coefficients of the transfonned 

* equation: — 

1, 2, -26, 16, 66, -78. 

In diminishing the roots by 1 0, it is apparent at the very outset of the calculation 
that the signs of the coefficients of the transformed equation will be all positiye ; so 
that there is no occasion to complete the calculation in this case. 

In diminishing the roots by — 10 and — 1, it is convenient to change the alter- 
nate signs of the equation, and diminish the roots by + 10 and + 1 ; and then in the 
resoh change the alternate signs again. The coefficients of the transformed equa- 
tion when the roots are diminished by — 1 are 

1, -8, -2, 139, -291, 60. 

In diminishing by — 10 we observe in the course of the operation, as before, that 
the signs will be all positive in the result, i . e. when the alternate signs are changed, 
they will be alternately positive and negative. 

Hence we have the following scheme : — 

(-10) +_ + _ + _ 

(-1) +-- + - + 

(0) +- — + --, the equation itself. 

(1) + + - + + - 
(10) + -I- + + 4- -+. 

These signs are the signs taken by/(^) and the several derived functions /i, /a, 
fs, fi, fi on the substitution of the proposed numbers ; but it is to be observed that 
they are here written, not in the order of Art. 86, but in the reverse order, viz., 

From these we draw the following conclusions: — ^All the real roots must lie 
between — 10 and + 10 ; one real root lies between — 10 and — 1, since one change 
of sign is lost ; one real root lies between — 1 and 0, since one change of sign is Idst ; 
no real root lies between and 1 ; and between 1 and 10, since three changes of sign 
aze lost, there is at least one real root ; but we are left in doubt as to the nature of 
the other two roots : whether they are imaginary, or whether there are three real 
roots between 1 and 10. 

We might proceed to examine, by further transformationB, the interval between 
1 and 10 more closely, in order to determine the nature of the two doubtful roots ; but 
it is evident that the operations for this purpose might, if the roots were nearly equal, 
become very laborious. This is the weak side of the theorem of Fourier and Budan. 
Both writers have attemx>ted to supply this defect, and have given methods of deter- 
mining the nature of the roots in doubtful intervals; but as these methods are 
complicated, we do not stop to explain them ; the more especially as the theorem of 
Sturm effects fully the purposes for which the supplementary' methods of Fourier 
and Budan were invented. 
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2. Analyse the equation of Ex. 1, p. 98, tu., 

«> + a;« - 2* - 1 = 0. 

The root« of this are all real, and lie between - 2 and 2 (see Ex. 6, p. 98). When- 
over the roote of an equation are all real, the Bigns of Fourier*i functions detennine 
the exact number of real roots between any two proposed integers. We obtain the 
following results : — The roots lie* in the interrals 

(-2, -1); (-1, 0); (1,2). 

3. Analyse the equation of Ex. 3, p. 98, viz., 

«« + a:*-4j:»-3««+3d: + l«0. 

An». Two roots in the interval (-2,-1), and one root in eat^h 
of the intervals (- 1, 0) ; (0, 1) ; (1, 2). 

4. Analyse the equation 

3^ - 80*' + 1998** - 14937x + 6000 = 0. 

The equation can have no negative roots. Diminish the roots successively by 10 
till the signs of the coefficients become all positive. We obtain the following 
result : — 



(0) 


+ 


— 


+ 


— 


+ 


(10) 


+ 


— 


+ 


+ 


— 


(20) 


+ 





— 


+ 


+ 


(30) 


+ 


+ 


+ 


— 


+ 


(40) 


+ 


4- 


+ 


+ 


+ 



Thus, there is one root between and 10, and one between 10 and 20; no root 
l)ctween 20 and 30. Between 30 and 40 either there are t^-o real roots, or there is 
nn indication of a pair of imaginary roots. That the former is the case wiU appear 
by diminishing the roots of the third transformed equation by units. This process 
will separate the roots, which will be found to lie between (2, 3) and (4, 6) ; so that 
the proposed equation has a third real root in the interval (32, 33), and a fourth in the 
interval (34, 36). 

87. Application of tiie Theorem to tiie Beteetion of 
Imaginary Roots. — Since there exist only n changes of sign 
to be lost in the passage of x from - oo to + oc , if we have any 
reason for knowing that a pair of changes is lost during the 
passage of x through an interval which includes no real root of 
the equation, we may be assured of the existence of a pair of 
imaginary roots. Circumstances of this nature will arise in the 
application of Fourier's theorem when any of the transformed 
equations contain vanishing coeflBcients. For we can assign by 
the principle of Art. 76 the proper sign to this coefficient, corre- 
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sponding to values of x immediately before and immediately 
after that value which causes the coefficient to vanish; the 
whole interval being so small that it may be supposed not to 
include any root of the equation f(x) - 0. An example will 
make this pMn. 

Examples. 

1. AnalyBe the equation 

f{x) = «* - 4a:5 - 3a: + 23 = 0. 

We shall examine this function between the intervals 0, 1, 10. The transfonnod 
equations are 

A/* (0)«* + */s (0)^ + t/, (0)««+/i (Q)x^f (0)=0, 
/r/4 (l)^ + */j (l)^ + i/2 (l)*»+/i (l)ap+/ (1) = 0, 

/r /4 (10)^ + */s(io)«» + 1/2 (10) ^ +/i (io)« +/(io) = 0, 

the first of these being the proposed equation itself. 

Making the calculations by the method of the preceding Article, we find that the 
coefficient /s(l) = 0, and we get the following scheme : — 

(0) + - - + 

(1) + - - -f 
(10) + -}. + + + 

We may now replace each of the rows containing a zero coefficient by two, the 
first oorreeponding to a value a little less, and the second to a value a little greater, 
than that which gives the zero coefficients ; the signs being determined by the 
principle established in Art. 76. It must be remembered that in the above scheme 
the signs representing the derived functions are written in the reverse order to that 
of the Article referred to. The scheme will then stand as follows, using h to repre- 
sent a very small quantity : — 

-h + - + _ + 



(0) 



(1) 



+ A + - - - + 

1-A + - - - + 

1 +A + + - - + 



(10) + + + + -^ 

In this scheme the signs corresponding to — A and + h are determined by the 
condition that the sign of the coefficient which is zero when x = must, when 
;r = — A, be different from that next to it on the left-hand side ; and when x = -\- h 
it must be the same. Similarly the signs correspondingt^ /^ h and 1 + A are de- 
termined. 
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Now since a pair of changeB is lost in the interval (- h, + h), and since the 
equation has no real root between — h and + h, we have proved the existence of a 
pair of imaginary roots. Two changes of sign are lost between I + h and 10, «> 
that this interval either includes a pair of real roots, or presents an indication of a 
pair of imaginary roots. Which of these is the case remains still doubtful. 

2. If several coefficients vanish, we may be able to establish the existence of 
several pairs of imaginary roots. This will appear from the following example :— 

«• - 1 = 0. 
The signs corresponding to — h and + h, are, applying Art. 76, 

(-A) +- + - + -- 

(+A) + + + + + + - 

Hence, since no root exists between — h and + h, and since 4 changes of sign 
are lost in passing from a value very little less than to one very Httle greater, we 
are assured of the existence of two pairs of imaginary roots. The other two roots 
are in this case plainly real (see Art. 14). They are in fact 1 and — 1. 

The number of imaginary roots in any binomial equation can be deteimined in 
this way. 

3. Find the character of the roots of the equation 

x» + 10jp3 + a? - 4 = 0. 

In passing from a small negative to a small positive value ci x we obtain the 
following series of signs : — 

i-h) +- + - + + - + - 

(0) -1-0000+0 + - 

(+A) + + + -}- + + + + _ 

Siace six changes of sign are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real ; one positive, and the other negative. 
The negative root lies between — 2 and — 1, and the positive between and 1. 

4. Analyse completely the equation 

«« - 3a:» - J? + 1 = 0. 

There are two imaginary roots. Whenever, as in the present instance, the roots 
are comprised within small limits, it is convenient to diminish by successive miits. 
In this way we find here a root between and 1, and another between 1 and 2. 
Proceeding to negative roots, we find on diminishing by - 1 that — 1 is itself a root, 
and writing down the signs corresponding to a value a little greater than — 1, ire 
observe an indication of a second negative root between — 1 and 0. 

6. Analyse the equation 

X* + r* + j:* - 26x - 36 = 0. 

There arc two imaginary roots ; one real positive root between 2 and 3 ; and two 

nMil negative roots in the intervals (- 8, - 2), (- 2, — 1). 
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88. Corollaiies from the Ttaeorem of Fonrler and 

Umi« — ^The method of deteoting the existence of imaginary 
roots explained in the preceding Article is called The JRuk of 
the Double Sign. A similar rule, due to De Qua, was in 
uae before the diBoovery of Fourier's theorem. This rule and 
Descartes' Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 

Cor. 1. — De Oua^s Rule for finding Imaginary Roots. 

The rule may be stated generally as follows : — When 2m sue- 
eessive terms of an equation are absent y the equation has 2m imaginary 
roots ; and when 2m + 1 successive terms are absenty the equation 
has 2m + 2, or 2m imaginary rootSy according as the two terms be- 
tween which the deficiency occurs have like or unlike signs. This 
follows,' as in case (4), Art. 85, by examining the number of 
changes of sign lost during the passage of x from a small nega- 
tive value - A to a small positive value h. 

Cor. 2. — Descartes* Rule of Signs. 

When is substituted for x in the series of functions 
/,.(ar),/«_i(aj), . . . f2{x)yfi{x)yf{x)y the signs are the same as the 
signs of the coefficients Oo, a^y o^, . . . a^-iy any of the proposed 
equation ; and when + oo is substituted the signs are aU positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from to + oo , 
that is the number of changes of sign in the series Oo, ai, 02 . . . an> 
This is Descartes' rule for positive roots ; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into. positive roots. 

Cor. 3. — Newton* s Method of finding Limits. 

When a number h has been found which renders positive 
each of the functions /.(a?), /„_i (a;), . . . ft{x)y fi{x)yf{x) ; since 
+ 00 also renders each of them positive, it follows from Fourier's 
theorem that there can be no root between h and + 00 , i.e. h is 
a superior limit of the positiye roots; and this is Newton's 
proposition (see Art. 81). 
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89. Storm's Theorem. — We have already ahown (Ait. 74), 
that it is possible by performing the eommon algebndoal operaticm 
of finding the greatest oommon measure of a polynomial f(x) 
and its first derived polynomial to find the equal roots of the 
equation /(or) = 0. Sturm has employed the same operation for 
the formation of the auxiliary functions whioh enter into his 
method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
/{x) and its first derived be performed. The successive r^ 
mainders will go on diminishing in degree tiU we come finally 
either to one whioh divides that immediately preceding without 
remainder, or to a remainder whioh does not contain the variable 
at all, i.e. whioh is numerical. The former is, as we have 
already seen, the case of equal roots. The latter is the case 
where no equal roots exist. It is convenient to divide the dis- 
cussion of Sturm's theorem into these two cases. We shall in 
the present Article consider the case where no equal roots exist ; 
and proceed in the next Article to the case of equal roots. The 
performance of the operation itself will of course disclose the 
class to which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the operation, but the 
remainders with tlieir signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not. In the formation of 
Sturm's auxiliary functions it is essential that the sign of each 
remainder should be changed before it is made the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm's theorem may be stated as 
follows : — 

Theorem. — Let any two real quantities a and b be substituted 
for X in the series ofn-\- 1 functions 

f{^)y fi{^)y M^)y f[^\ - • • ,/n-i W, /n(^), 

consktitig of the given polynomial f {x)y its first derived fi{x)y and 



> (1) 
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the successive remainders (with their sigm changed) in the process 
of finding the greatest common measure of f{x) andf{x); then the 
difference between the number of changes of sign in the series when 
a is substituted for ar, and the number when b is substituted for jc 
expresses exactly the number of real roots of the equatiofi f{x) = 
between a and b. 

The mode of formation of Sturm's functions supplies the 
following series of equations, taking ^i, ^t, . . . q^-i to represent 
the successive quotients in the operation : — 

f,{x) = qtf2(ic) -fz{x)y 

fr-i{x) = qrfriiK^) -/r+i(i«?), 
fn-i[x)^qn-lfn-l{ir) - fn[x). 

These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that if /(a?) and/i(ir) have a common factor, this must be 
a factor in fi{x) ; and then from the second equation it follows, 
by the same reasoning, that it must be a factor in /3(^), and so on, 
till we come finally to the last remainder, which, when/(;r) and 
fi{x) have common factors, will be a polynomial consisting of 
these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder /„(;r) is numerical. It is essential for 
the proof of the theorem to observe also, that in this case no 
two consecutive fimctions in the series can have a common fac- 
tor ; for if they had we could, reasoning backwards, show from 
the equations that it must be a common factor inf{x) and/i(ir) ; 
and such, according to our hypothesis, is not here the case. In 
examining, then, what changes of sign can take place in the 
series during the passage of x from a to 6, we may exclude the 
case of two consecutive functions vanishing for the same value 
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of X ; and the different oases in whioh any change of sign oan 
take plaoe are the following : — 

(1). When X passes through a root of the proposed equation 
/(^)=0. 

(2). When x passes through a value which oauses one of the 
auxiliary functions /i,/„ . . ./«_i to vanish. 

(3). When x passes through a value which oauses two or 
more of the series /,/i, . . . /^.i to vanish together ; no two of 
the vanishing functions, however, being consecutive : 

(1). When X passes through a root olf{x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage /(or) and /i (or) have unlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose X to take a value a which satisfies the equation 
/r{x) = 0. From the equation 

we get /r-i(o) = -/r+i(a), 

which proves that this value of x gives tofr-i{x) and/r+i(ir) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppoee 
the interval so small that it contains no root oifr^i{x) or/r+i(j) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. The sign of /r(a;) changes ; but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /r-i(a?) and/r+i(^), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle f imction. If, for example, before the 
passage the signs were + — ; after the passage they are -)-+-, 
t. e. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 

(3). Since our arguments in the two preceding oases are 
foimded on the relation of the function to those adjaoent to it 



Ezampks. 177 

only ; and sinoe thoee relations remain unaltered in the present 
case, beoanse no two adjacent functions can vanish together ; we 
oondude that \if[x) is one of the vanishing functions, one change 
of sign is lost, and if /(^) is not one of them, no change is either 
lost or gained. 

We have proved, therefore, that when x passes through a 
root of f{x) = one change of sign is lost, and under no other 
dronmstances is a chcgige of sign either lost or gained. Hence 
the number of changes of sign lost during the variation of x 
from a to 6 is equal to the nimiber of roots of the equation 
between a and b.* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - oo , 0, 
+ 00 in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers - 1, - 2, - 3, &c., are to be substituted in succession 
till we reach the same series of signs as results from the substitu- 
tion of ~ 00 ; and to separate the positive roots we substitute 1, 
2, 3y &o., till the signs furnished by + oo are reached. 

EXAHFLBS. 

1. Find the number and situation of the real roots of the equation 

f(x) s«>-2«-6 = 0. 
We find /iW = 3r»-2, /aC*) » 4a? + 16, /s(j)=-643. 

Gaaeepooding to the values - oo , 0, + oo of a;, we have 

(-00) - + - -, 

(0) - - + -, 

(+00) + + + -. 

Hence there is only one real root, and it is positive. 



* The student often finds a difficulty in perceiving in what way a number of 
changes of sign can be lost in Sturm's series, since the only loss of sign takes place 
between the first two functions, f(x) and/i(2). To remove this difficulty we 
obeerve, that as x increases from one root a oif{x) = to a second b, although no 
alteration takes place in the number of changes of sign, the distribution of the signs 
among/i {x) and the following functions alters in such a way that the signs oif(x) 
and/i (x), which were the same immediately after the passage of x through a, bo- 
come again different immediately before the passage through b. 
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Again, corresponding to values 1, 2, 3 of or, we have 

(1) - + + -, 

(2) - + + -, 

(3) + + + -. 

The real root, therefore, lies between 2 and 3. 

2. Find the number and situation of the real roots of the equation 

j5»^-73; + 7 = 0. 



We easily find 



whence 



/a(«) = 2»-3, 

/»W = i; 



(-00) _ + - +, 

(0) + - - +, 

(+oo) + + + +. 

Hence all the roots are real : one negative, and two positive. 
We have, further, for the following values of 4; : — 



(-4) 


— 


+ - +, 


(-3) 


+ 


+ - +, 


(-2) 


+ 


+ - +, 


(-1) 


+ 


- - +, 


(1) 


-+• 


- - +, 


(2) 


4- 


+ 4- +. 



Here - 4 and + 2 give the same series of signs as - «> and 4- «> ; hence we stop at 
these. The negative root lies between -4 and - 3 ; and the two positive roocs 
between 1 and 2. 

This example illustrates the superiority of Sturm's method over that of Fomisr. 

The substitution of 1 and 2 in Fourier's functions gives, as can be immediately 
verified, the following series of signs : — 

(1) 4- - 4- 4-, 

(2) 4-4-4-4-. 

From Fourier's theorem we are authorised to conclude only that there cmiml he 
tnore than two roots between 1 and 2. From Stunn's we conclude that there snr 
two roots between 1 and 2. If we have occasion to separate these two roots, we 
must, of course, make further substitutions m/{x). 

3. Find the number and situation of the real roots of the equation 

j:* - 2jf3 - 3j;» 4- 10* - 4 B 0. 
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*We obtain, remoying the factor 2 from the derived, 

fi{z) = 2a;3 - 3iP» - 3a: + 5, 
/a(») = 9*2-27«+ll, 
Mx) = - 8a? - 3, 
Mx) = - 1433. 

[N. B. — In fonning Sturm's functions we may, as is evident from the equations 
(I), Art. 89, introduce or suppress numerical factors just as in the process of find- 
ing the o. c. M. ; taking care, however, that these 9xepo9%t%vey so that the signs of 
the remainders axe not thereby altered.] 

We obtain the following series of signs : — 

(.00) + - f + -, 

(0) - + 4- - -, 

(+00) + + +_-. 

Hence there are two real roots, one positive, and one negative ; and two imagi- 
nary roots. To find the position of the real roots, it is sufficient to substitute 
positive and negative integers successively in /(a;) alone, since there is only one 
positive, and one negative root; and we easily find that the negative root lies 
between - 2 and - 3, and the positive root between and 1. 

90. Stonn's Theorem. Equal Roots. — ^Let the opera- 
tion for finding the greatest common measure oi/{x) and/'(^) 
be performed, the signs of the suooessive remainders being 
changed as before. The last of Sturm's functions will not now 
be numerical, for since /(or) and/'(;r) are here supposed to con- 
tain a common measure involving x^ this will now be the last 
Amotion arrived at by the process. Let the series of functionB 
be: — 

During the passage of x through any value except a multiple root 
of /(or) » 0, the conclusions of the last Article are still true with 
xeepeot to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root oif{x) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between/ and /i ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 

of the series, i. e./i,/2, fr- Suppose there exists an m-mul- 

tiple root a oif{x) . It is evident from the equations (1) of Art. 89, 

n2 
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that {x- a)"^^ is a factor in each of the functions /i, /s, • . . ./f 
Let the remaining factors in these functions be, respectiyely, 
^if ijhj • • • • 0r. By dividing each of the equations (1) by 
{x - a)~"*, we get a series of equations which establish by the 
reasoning of the last Article that, owing to a passage through a, 
no change of signs is lost or gained in the series ^i, ^9 . • • . f r* 
Neither, therefore, is any change lost or gained in the series 
AfAf ' ' 'frl for the effect of the factor {x - a)**** in the passage 
of X from a value a - A to a value a + A is either to change the 
signs of all (when m - 1 is odd) or of none (when m - 1 is even) 
of the functions 0i, 03> • • • • ^r ; and changing the signs of all 
these functions cannot increase or diminiflh the number of 
variations. 

We have, therefore, proved that when x passes through a 
multiple root olf{x) = one change of sign is lost between /and 
/i, and none either lost or gained in any other part of the series. 
It remains true, of course, that when x passes through a single 
root of /(^) = a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference between the number of changes o/sign when a andh 
are substituted in the series 

A fa J 29 .... Jry 

the last of these being the greatest common measure of fandf^ tf 
equal to the number of real roots between a and i, each multipk 
root counting only once. 

Examples. 

1. Find the nature of the roots of the equation 

«* - 6a:5 + 9r» - 7j; + 2 = 0. 

We easily obtain 

fi{x) = 4a?3 - 16«a + IS* - 7, 

f2{x) divides /i(j;) without remainder ; hence in this case Sturm's series stops at 
/i(x), thus establishing the existence of equal roots. 
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To find the number of real roots of the equation, we substitiite - ao and 4- « 
for s in the aeries of functions /,/i, f%. The result is 

(-00) + - +, 

(+00) + + +. 

Hence the equation has only two real distinct roots ; but one of these is a triple root, 
at is evident from the form oif%{x), which is equal to (« - 1)'. 

2. Find the nature of the roots of the equation 

«* - 6«» + IS** - 12ar + 4 = 0, 

fi{x) = 4«» - 18*2 + 26* - 12, 

f%{x) = «« - 3a; + 2 ; 

/i(jr) is the last Stunnian function ; so the equation has equal roots. 

(-00) 4- - +, 
(+00) + + +. 

There are only two real distinct roots. In fact, since /a(^) 5 (« - 1) (a; - 2), each of 
the roots 1, 2 is a double root. 

8. Find the nature of the roots of the equation 

Here 

/, = 6«* + 8«» + 8j5» - 2ir - 2, 

/2 = 2a? + 7«» + 12a? + 7, 
/j = - «» - d« - 6, 
/4 = -«-l, 

Since /5= 0, or + 1 is a common measure of /and /i, and/(«) has a double root - 1 . 

We hare also 

(-«) - 4- - _ +, 

(+00) + + + _-. 

Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

«• - 7«« + 16«* - 40;c2 4. 48aj - 16 = 0. 

Here 

fi{x) = 6«« - 36«* + 60«» - 80* + 48, 

f2{x) = 13a?* - 84a;» + 192a!2 - 176a: + 48, 

fi(x) = a?« - 6a;» + 12ar - 8 = (ar - 2)\ 

Ant, There are three real distinct roots, one of them being qiiadniple. 
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91. AppUcatloii of Sturm's Theorem. — In the oase of 
equations of high degrees the caloulation of Stoim's auxiliaiy 
functions becomes often very laborious. It is important^ there> 
f ore, to pay attention to certain obserrations which tend aonw- 
what to diminish this labour. 

(1). In calculating the final remainder when it is numeriool, 
since its sign is all we are concerned with, the labour of the last 
operation of division can be evaded by the consideration diat 
the value of x which causes fn-i to vanish must give opposrto 
signs to /n-2 and /n. It is in general possible to tell without any 
calculation what would be the sign of the result if the root of 
/n-i(^) = were substituted in fn^ix). Thus in Ex. 3, Art. 89, if 

g 

the value - ^9 which is the root of fz{x) = 0, be substitated 

o 

for a; in 9a^ - 27x + 11, the result is evidently positive ; henoe 
the sign of fn{x) is -, and there is no occasion to calculate the 
value - 1433 given for/n(^) in the example in question. 

(2). When it is possible in any way to recognize that all the 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one; 
for since that function retcdns constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and b are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. 

With a view to the application of this observation it is al- 
ways well, when we arrive at the quadratic function {asf + to+ r, 
suppose), to examine, in case the term containing sf and the 
absolute term have the same sign (otherwise the roots could not 
be imaginary), whether the condition 4ac > b^ \b fulfilled ; if so, 
we know that the roots are imaginary, and the calculation need 
not proceed farther. 
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Examples. 

1. Analyse the equation 

ar* + 3«» + 7«» + 10* + 1 as 0. 
We find 

/2 (ar) = - 29a:» - 78* + 14, 

/3(j:) = - 1086^-481, 

Here we see immediately that the value of x given by the equation /s {x) » 0, 
iHdch differs little from ~ }, makes f% (x) positive ; hence /« (x) is negative. 
There are two real, and two imaginary roots. The real roots lie in the intervals 
{-2,-1}, {-1,0}. 

2. Analyse the equation 

a?« - 4«> - 3ar + 23 = 0. 
We find 

/2 {«) = 12«« + 9a? - 89, 

/a (a?) = - 491a? + 1371, 

TT ^ / X n . 1371 1371 o ^. & J 6 , 

Here Mx) = givee x = ^^ > y^^ > 2-74 > -, and a; = - makes 

ft [x) positive ; hence the root of /s (x) makes it positive also. 
There are two reel and two imaginary roots. 
The real roots lie in the intervals {2, 3}, {3, 4}. 

3. Analyse the equation 

2«« - 13d!« + 10a; - 19 = 0. 

Here /i (x) = 4«8 - 13a: + 6, 

/2 («) = 13«» - 16* + 38. 

Siiioe 4xl3)(38>16', the roots of/i(a?) are imaginary, and we proceed no 
uther with the calculation of Sturm*s remainders. 
Buhetituting - oo , 0, + oo , we obtain 

(-00) + _ +, 

(0) - + +, 

(+oo) + + +. 

There are two real roots, one positive, the other negative. 
4. Analyse the equation 

f(x) = a^ + 2jp* + af5 - 4a;* - 3a: - 6 = 0. 

Here Mx) = 6a;< + 8j3 + 3a:« - 8a: - 3, 

/2(«)= ^ + 66a:2 + 44a; + 119, 
/3(«) = -116ai»-57a:-223, 
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Since 4 x 116 x 223 > 67^, we may atop the calculation here. We find, on 

flubstitating - qo , 0, + oo , 

(-co) - + _ _, 

(0) - - + -, 

(+oo) + + + -. 

There are four imaginary roots, and one real podtiye root. 

5. Find the number and situation of the real roots of the equation 

a?* - 2«» - 7«» + 10a? + 10 - 0. 

Ans. The roots are aU real, and are situated in the intenrals 
{-3,-2}, {-1, 0}, and two between {2, 3}. 

6. Analyse the equation 

«» + 3af* + 2«» - 3*« - 2d? - 2 = 0. 

It will be found that the calculation may oease with the quadratic remainder. 

Ant. There is only one real root ; in the interval {1, 2}. 

7. Analyse the equation 

«3 + 11«» - 102* + 181 = 0. 

We find 

/2(«) = 864 a? -2761, 

/s(a?)=441. 

In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preceding 
fimction. We have here calculated /s {»), and it turns out to be « much smaller 
figure than might have been expected from the magnitude of the coefficients in/i (jr). 
In fact when the root of /s {») is substituted in/i {x) the positive part is nearly equal 
to the negative part. This is always an indication that two roots af the propoisi 
equation are nearly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the intervals, we find the two roots still to lie between 
3*2 and 3*3 ; so that they are very close together. We see here another illustra- 
tion of the continuity .which exists between real and imaginary roots. If f^{x) 
turned out to be zero, the roots would be actually equaL If it turned out to be ' 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

«» + a:* + a?3 - 2ar2 + 2« - 1 = 0. 

The quadratic function is found to have imaginary roots. 

Ane, One real root between {0, 1 } ; foiu* imaginary roots. 
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9. AnaljBe the equation 

«• - 6«« - 30aj» + 12« - 9 = 0. 
We find 

and as this has plainly all imaginary roots, the calculation may stop here. 

Ant, Two real roots ; in the intervals {-2, - 1}, {6, 7}. 

10. Analyse the equation 

2«« - 18a!« + 60«* - 120«3 - 30«* + 18;c - 6 = 0. 
We find 

/2(ir) = 6«* + 220«»+ 1; 

and the calculation may stop. 

Am, Two real roots ; in the intervals {-1, 0}, {6, 6}. 

11. Examine how the roots of the equation 

2a^ + 16a;» - 84* - 190 = 
are situated in the several intervals hetween the numbers - oo , > 7> 6, + oo . 
Here /i (a:) = «* + 6* - 14, 

/8(») = 27«+40, 

/8(«)= + . 
The substitution of the above quantities gives 



(-co) 


— 


+ 


- 


+, 


(-7) 


+ 





— 


+, 


(6) 


+ 


+ 


+ 


+, 


(+■») 


+ 


+ 


+ 


+ . 



Whenever, as in this example, any quantity makes one of the auxiliary functions 
vanish (here — 7 satisfies f\ (x) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the sig^ on each 
aide of it are different, no alteration in the niunber of changes of sign in the row 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between - oo and - 7 ; and two be- 
tween - 7 and 6. 

92. Condlttons for the Reality of the Roots of an 
Eqvatloii. — ^The number of Sturm's functions, including 
/(a?),/'(ir), and the m - 1 remainders, will in general be n + 1. 
In certain oases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots ; for 
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it is plain that, in order to ensure a loss of n ohanges of sign in 
the series of functions during the passage of x from - oo to + oo 
(namely, in order that the equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the same sign when a; » + oo ; and alternating 
signs when x-^co. Since the leading term of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of all the roots of any equation as follows : — In 
order that all the roots of an equation of the w'* degree should he 
real, the leading coefficients of all Stumi^s remainders^ in number 
w - 1, must be positive. 

Examples. 

1 . Find the condition that the roots of the equation 

should be real. 

Here /i (a?) = oar + i, 

/2 (*) = A* - ac. 

The condition is, therefore, b"^ — ae>0. 

2. Find the conditions that the roots of the cubic 

s3 + 3ffz + (? = 
should be all real. 

When this cubic has its roots all real, it is o>'ident that the general binomial 
cubic from which it is derived (Art. 37) has also its roots all real ; so that, in inyes- 
tigating the conditions for the reality of the roots of a cubic in general* it is suffi- 
cient to discuss the form here written. 

We and 

f2(z) = - 2Hz - O, 
/3(c) = -(G'« + 4iP). 

[In calculating these, before dividing /i (e) by/{(«) multiply the former by the 
positive factor 22f *.] 

Hence the two conditions are 

H negative, G^ + iE^ negative. 

These can be expressed as one condition, i.e. (?* + 4iP negative, since this 
implies the former (cf. Art. 42). 
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3. Calculate Stnnn'a remainden for tlie biquadratic 

x^ + eJW + AGz + a'/- 3JEP = 0. 
We find 

f%[z) = - ZH^ -ZQt-- {a^J- 3J5P), 

/s(t) = - {2m- ZaJ)z - 01, 
These are obtained without much difficulty by aid of the relation 

Before dividing /i by/a, multiply by the positive factor 3iP ; and when the re- 
mainder is found, remove the positive factor a>. Before dividing ft by /s, multiply 
by the poaitiTe factor (iHI" Zajy ; and when the remainder is found, remove the 
poeitiye factor a'JEP. 

93. Ciiieiion of the Itf atiure of the Roots of the Bl- 

4[iiadratlc. — ^We ore now in a position to resume the disoussion 

in Art. 68, and to give complete criteria of the nature of the 

roots of the general algebraic equation of the fourth degree. 

For this purpose it is sufficient to consider the biquadratic of 

Ex. 3 in the last Article. The leading coefficients of Sturm's 

remainders are 

-JT, -(257-3aJ), P-27J^ 

When the roots are all real we must have, in addition to the 
condition A positive, the functions H and 2HI - 3a J both 
negative. If either, or both, of these be positive when ^ is posi- 
tive, the roots will be all imaginaiy. The student will have no 
difficulty in verifying, by means of Sturm's remainders, the 
conclusions of cases (1), (3), and (4) of Art. 68. 

Examples. 

1. Prove that when the hiquadratic 

has a triple root, it consiflts of the factors 

{ax-{-b + y/^^y {<» + *- 3^-H], 

2. Prove that when A = 0, (? = 0, and 2ffl- 3aJ= 0, the hiquadratic has two 
distinct pairs of equal roots, and that it is then the square of the quadratic 

(ax + by-\-3ff; 

and yerify the conditions of Ex. 12, p. 139. 
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3. Show that the conditions that all the roots of a hiquadratic ahould he equal 
are H^ 0, /= 0, /= ; or, otherwise expressed, 

b e d e' 

Miscellaneous Examples. 

1 . Determine the numher and position of the real roots of the equation 

a:* - 12«» + IZx^ + 2ix - 30 = 0. 

2. Determine the number and signs of the real roots of the equation 

.ar< - 6j8 + 10«» - 6ar- 21 = 0. 

3. Apply Sturm's theorem to the analysis of the equation 

4. Find the numher and position of the real roots of 

sfi - 10** + 6« + 1 = 0. 

5. Prove that the roots of the equation 

«'- (a» + ^ + <j2) a? - 2abe = 
are all real, and solve it when two of the quantities 0, b, e become equal. 

6. If, in the following, the sequences of signs are those of the leading coef- 
ficients of Sturm's remainders for a biquadratic, prove 

+ + - 
-f- + + four real roots ; + - - J two real roots ; 

- + + 
-I- - + } no real root ; - + - cannot occur. 

- ~ + 

7. If the signs of the leading coefficients of the first two of Sturm's remainden 
for a quintio be — h , prove that the number of real roots is determined. 

Ans. One real root only. 

8. If ff and / are both positive, prove that all the roots of the binomial biqua- 
dratic are imaginary ; and that under the same conditions the binomial quintic has 
only one real root. Mr. M. Roberts, Dublin Exam, Fapen, 1862. 

Compare Ex. 11, p. 139. 

9. Prove that, if e has any value except unity, the equation 

c2ar*-2c2aj3 + 2:r- 1 =0 
has a pair of imaginary roots. 

10. Apply Sudan's method to separate the roots of the equation 

a^ - 16;c3 + 69a^2 - lOx - 42 = 0. 
Am. Roots in intervals [- 1, 0}, {2,3}, {4,5}, {9,10}. 



CHAPTER X. 

SOLUTION OF NUMERICAL EQUATIONS. 

94. Algebraical and Itf umeiical Kquatlons. — There is 
an essential distinction between the solutions of algebraical and 
numerical equations. In the former the result is a general for* 
mula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must be such that, when for the functions of the coefficients 
involved in it the corresponding sj'mmetric functions of the 
roots are substituted, the operations represented by the radical 
signs 'v/, 1/ become practicable; and when the square and 
cube roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
the different roots resulting from the different combinations 
± v^ of square roots, and l/^ oi-J/, cn'v^ of cube roots. 
For a simple illustration of this we refer to the case of the 
quadratic in Art. 55. In Articles 59 and 66 we have similar 
illustrations for the cubic and biquadratic. It is to be observed, 
also, that the formula which represents the root of an algebraic 
equation holds good even when the coefficients are imaginary 
quantities. 

In the case of numerical equations the roots are determined 
separately by the methods we are about to explain ; and before 
attempting the approximation to any individual root, it is in 
general essential to know that it is situated in an interval which 
contains no other real root. 

The real roots of numerical equations may be either com- 
mensurable or incommensurable ; the former class including 
integers, fractions, and terminating or repeating decimals which 
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are reducible to fractions ; the latter oonsistmg of intenninable 
decimals. The roots of the former clsfls can be found exaotlj ; 
and those of the latter approximated to with any d^iee of 
accuracy we choose, by the methods we are about to explain. 

We shall commence by establishing a theorem which enables 
us to reduce the determination of the former class of roots to 
that of integral roots alone. 

95. Theorem. — An equation in which the coefficient of the 
first term is unity y and the coefficients of the other terms whole 
numbers^ cannot have a commensurable root which is not a whole 
number. 

For, if possible, let t » & fraction in its lowest terms, be a 
root of the equation 

we have then 

©"'■^'©"••••■'^*-'©"'^""^' 

from which, multiplying by b^'^j we obtain 



a~ 



now (f' is not divisible by 6, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 

a 
Hence t cannot be a root of the equation. The real roots of 

the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is unity, and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 
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We proceed to explain Newton's process, called the Method 
of DivisoiB, of obtaining the integral roots of an equation whose 
coeffidiants are all integers. 

96. Mewton'ii Method of Dlvlsori. — Suppose A to be an 
integral root of the equation 

Let the quotient, when the polynomial is divided by i - A, be 

in which boy ii, &o., are plainly all integers. 

Proceeding as in Art. 8, we obtain the following equations : — 

<h = boy ai = bi- hboy (h-b-i- hb\y . . , , 

The last of these equations proves that On is divisible by //, 
the quotient being - b^i. The second last, which is the same as 

proves that the sum of the quotient thus obtained and the se- 
cond last coefficient is again divisible by hy the quotient being 
- bn-t ; and so on. 

Cfontinuing the process, the last quotient obtained in this 
way will be - 6o, which is equal to - Oo. 

If we perform the process here indicated with all the divi* 
sors of On which lie within the limits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to - Oo, are roots of the proposed 
equation. Those which at any stage of the process give a frac- 
tional quotient are to be rejected. 

When the coefficient do = 1, we know by the theorem of the 
last Article that the integral roots determined in this way are 
all the commensurable roots of the proposed equation. If Oq be 
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not = 1, the prooeflB will still give the int^nl roofe of theequi- 
tion 80 it standB ; bat to be sure of determining in this wrny all 
the commensurable roota, the equation mnat be fint tranafiwroed 
to one which shall haye the coefficient of the hi^iest tenn eqnal 
tomiiiy. 

97. Applleail«ii •f tke HeflMd •f MtIsots.— Widi a 
view to the most convenient mode of applying the Method of 
Diyisors, we write the series of operations as follows, in a manner 

analogous to Art. 8 : — 

On (^n-l (^m^ . . . . ffj ^1 ffo 



— hb^2 - hbn-t "hbi — Afto 



The first figure in the second line (-6».i] is obtained by 
dividing On by h. This is to be added to c^i to obtain the first 
figure in the third line (- A6«-,). This is to be divided by h to 
obtain the second figure in the second line (- b^ ; this to be 
added to a^^ ; and so on. K A be a root, the last figure in the 
second line thus obtained will be - a„. 

When we succeed in proving in this manner that any integer 
A is a root, our next operation with any divisor may be performed, 

not on the original coefficients a», a^-iy , but on thoee of the 

second line with their signs changed, for these are the coefficientB 
of the quotient when the original polynomial is divided hy x-k. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The numbers 1 and - 1, which are always of course int^;ral 
divisors of a„, need not be included in the number of trial divisors. 
It is more convenient to determine by direct substitution whether 
either of them is a root. 
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Examples. 

1 . Find the integral roots of the e(|iiation 

a^ - 2.t» - 13r» + 38j: - 24 = 0. 

By grouping the tenns (aee Art 79} we observe without difficulty that all the 
roots lie between — 5 and + 5. The following divisors are possible roots : — 

-4, -3. -2, 2, 3, 4. 

We commence with 4 : 

- 24 38 - 13 - 2 1 

- 6 S 



32 - 5 

The operation stops here, for since - 5 is not divisible by 4, 4 cannot be a root. 
We proceed then with the number 3. 

- 24 38 - 13 - 2 1 

- 8 10 - 1 - 1 



30 - 3 -3 0; 

hence 3 is a root ; and in proceeding with the next integer, 2, we make use, as 
above explained, of the coefficients of the second line with signs changed : 

8-10 1 1 

4 -3 - 1 



- 6 -2 0; 

hence 2 also is a root; and we proceed with - 2 ; 

-4 3 1 

2 

5; 

hence — 2 is not a root, for it does not divide 6. — 3 is plainly not a root, for it 
does not divide — 4. 

[We might at once have struck out - 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in Hiiwmi«>iiTig 
the number of divisors.] 

O 
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We proceed, then, with the last divisor, - 4. 

-4 8 1 

1 -1 



4 

Thus - 4 is a root. 

The equatKm has, therefore, the integral roots 3, 2, - 4 ; and the List stage of 

the operation shows that when the original polynomial is divided hy the hinomials 

« - 3, « ~ 2, « + i, the result iso; - 1 ; so that 1 is also a root. Hence the original 

polynomial is equivalent to 

(x-l)(«-2)(a;-3)(j; + 4). 

2. Find the integral roots of 

34f* - 23«» + 36jc2 + 3l4? - 30 = 0. 

The roots lie between - 2 and 8 ; hence we have only to test the divison 
2, 3, 6, 6. 

We find immediately that 6 is not a root. 
For 6 wo have 

-30 31 35 -23 3 

- 6 6 8-3 



26 40-16 ; 

hence 6 is a root. For 3 we have 

6-6-8 3 

2 -1 -3 

- 3 - 9 ; 

hence 3 is a root ; and we easily find that 2 is not a root 

The quotient, when the original polynomial is divided by (x - 5) (x - 3), is, from 
the last operation, 

32:' + a; - 2 : 

of this, 1 is not a root, and - 1 is a root. Hence all the integral roots of the pro- 
posed equation are - 1, 3, 6. 

2 
The other root of the equation is -. It is a commensurable root ; but, not being 

integral, is not given in the above operation. 
3. Find all the roots of the equation 

a^ + «> - 2*2 + 4j; - 24 = 0. 

Limits of the roots are - 4, 3. 

Am, Roots - 3, 2, ± 2v/IT. 
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4. Find all the roots of tlie equation 

«* - 2aj» - 194f« + 68a; - 60 = 0. 

The roots lie between - 6 and 6. 

We find that 2, 3, - 6 are roots, and that the factor left after the final division 
is J? - 2 ; hence 2 is a double root. The polynomial is therefore equivalent to 

(«~2)»(«-3)(« + 5). 

In Art. 99 the case of multiple roots will be further considered. 

98. Method mt Umlttng the Mvmber of Trial Divi- 
sors. — It is possible of course to detennine by direct substitution 
whether any of the divisors of On are roots of the proposed equa- 
tion ; but Newton's Method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of an within the limits 
of the roots is large, it is important to be able to <1inm'Tiiah the 
number of these divisors which need be tested. This can be done 
as follows : — 

If A is an integral root of f{x) = 0, then f{x) is divisible 
by ;r - A, and the coefficients of the quotient are integers, as 
was above explained. If then we assign to x any integral value, 
the quotient of the corresponding value oif(x) by the corespond- 
ing value oix-h must be an integer. We take, for convenience, 
the simplest integers 1 and - 1 ; and, before testing any divisor A, 
we subject it to the condition that /(I) must be divisible by 
1 - A (or, changing the sign, by A - 1) ; and that /(- 1) must 
be divisible by - 1 - A (or, changing the sign, by 1 + A). 

In applying this observation we first calculate /(I) and 
/(- 1) ; if either of these vanishes, the corresponding integer is 
a root, and we proceed with the operation on the reduced poly- 
nomial whose coefficients have been ascertained in the process of 
finding the result of substituting the integer in question. 



o2 
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EXAMPL£8. 

1. afi- 23x* + 160*' - 281jrS _ 257-c - 440 = 0. 

The roote lie between - I and 24. 
"Wo have the following divisors : — 

2, 4, 6, 8, 10, 11, 20, 22. 

We easily find 

/(I) = - 840, and /( - 1) = - 648. 

Wo, therefore, exclude all the above divisore which, when diminished by 1, do 
not divide 840 ; and which, when increased by 1, do not divide 648. The flret 
condition excludes 10 and 20, and the second 4 and 22. Trying the remaining 
integers 2, 6, 8, 11 by the method of la»t Article, we find that 5, 8, and 11 are 
roots, and that the resulting quotient is x' + a: + 1 . Hence the given polynomial is 

equi^'alent to 

(x-6)(«-8)(«-ll)(jc2 + «+l). 

2. 3fi - 29ir* - 31*3 + 3U' - 32j? + 60 = 0. 

The roots lie between - 3 and 32. 

Divisors: -2, 2, 3, 4, 6, 6, 10, 12, 16, 20, 30, 

/(I) = 0; so 1 is a root. 

/( - 1) = 124 ; and the above condition excludes all the divisors except - 2, 3, 30. 
We easily find that - 2 and 30 are roots, and that the final quotient is jr* + 1* 
• The given pol}'nomiAl is equivalent to (j- - 1) (x - 30) (j; + 2) (x* + 1). 

99. Determination of Multiple Roots. — The Method 
of Divisors determines multiple roots when they are oommeu- 
snrable. In applying the method, when any divisor of <i» which 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also ft 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
so on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can be found in this way; 
for the common measure of f{x) and /'(jr) will then be of the 
form {x - a)'*"\ and the coefficients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1). The Cubic. — In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinct roots being repeated. 

(2). The Biquadratic. — ^In this case, either the multiple roots 
are conunensurable or the function is a perfect square. For the 
only way in which two distinct roots can be repeated is when 
the biquadratic is of the form {x - a)' {x - /3)% i.e. the square of 
a quadratic. The roots of the quadratic may be incommensu- 
rable. If we find, therefore, that a biquadratic has no commen- 
surable roots, we must try whether it is a perfect square in order 
to determine further whether it has equal incommensurable 
roots. 

(3). The Quintic. — In this case, either the multiple roots are 
commensurable, or the f imction consists of a linear conunensurable 
factor multiplied by the square of a quadratic factor. For, the 
only way in which two distinct roots can be repeated is when 
the function is of either of the forms 

(.r-ar(^-/3)M^-7), {^'aYix-^dY: 

in the latter case the roots cannot be incommensurable ; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to have no commen- 
surable roots it can have no multiple roots. If it be found to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the commensurable roots. 



1 98 Solution of Numerical Equations. 



EXAHPLES. 

1. Find all the commensurable roots of 

2«» - 31«« + 112a; + 64 = 0. 
The roots lie between the limits - 1, 16. The diyisois ore 2, 4, 8. 
64 112 -31 2 

8 16 -2 

120 -16 0; 

8 is therefore a root. Proceed now with the reduced equation : 

-8 -16 2 

- 1 -2 

-16 0; 

8 is a root again, and the remaining factor is 3a; + 1. 

^fw./(a;)s(2jP+l)(jr-8)*. 

2. Find the commensurable and multiple roots of 

a;* - »3 - 30a;« - 76a; - 66 = 0. 

The roots lie between the limits - 6, 12. (Apply method of Ex. 10, Art. 80). 

ufiM./(*)iE(a; + 2)*(*-7). 

3. Find the commensurable and multiple roots of 

9a;* - 12a;3 - 71a;» - 40a? + 16 = 0. 

The roots lie between the limits - 2, 6. 

The equation as it stands is found to have no integral root ; but it may still hare 
a commensurable root. To test this wo multiply the roots by 3 in order to get rid 
of the coefficient of a;*. We find then 

a;* - 4a;» - 71a^» - 120a; + 144 = 0. 
Limits : - 6, 15. 

We find - 4 to be a double root of this, and the function to be equivalent to 
(r^ - 12a" + 9)(^ + 4)'. The orij^inal equation is therefore identical with the fol- 
lowing : — 

{.r2-4^-+ l)(3j--h 4)2=0. 

4 . Find the commensurable and multiple roots of 

^ + 12x3 + 32x2 - 24a: + 4 = 0. 
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The roots lie between - 12 and 1. The only diyisoi^ to be tested are, therefore, 
- 4, — 2, — 1. We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extiBoting the square root, or by applying Ex. 2, Art. 93. We find that it is the 
square of «* + 6^; - 2 (cf . Ex. 1, p. 154). Hence the given equation has two pairs 
of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

f{x) e aj6 - a:* - 12*3 + 8a:» + 28ar + 12 = 0. 

The limits of the roots are - 4, 4. 

We find that - 3 is a root, and that the reduced equation is 

a:*-4«' + 8« + 4 = 0, 

and that there is no other commensurable root. 

The only case of possible occurrence of multiple roots is, therefore, when this 
latter function is a perfect square. It is found to be a perfect square, and we have 

/(ar)s(j:2-.2a;-2)«(ar+3). 

6. Find the commensurable and multiple roots of 

f{x) = :r» - 8«* + 22:f» - 26a!« + 21a; -18 = 0. 

Am, f(x) 3 (a?« + 1) (a? - 2) (x - 3)«. 

7. The following equation has only two different roots, find them : — 

«« - 13«* + 67:r» - 1714^ + 216x - 108= 0. 

In general it is obvious that if an integral root h occurs twice, the last coefficient 
must contain A' as a factor, and the second last A ; if the root occurs three times, 
A' must be a fiictor of the last, h^ of the second last, and h of the third last coef- 
ficient. The last coefficient here = 2^ . 3'. Hence, if neither - 1 nor 1 is a root, 
the required roots must be 2 and 3. That these are the roots is easily verified. 

8. The equation 

800JC* - 102i» - « + 3 = 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 

applying the Method of Divisors. 

An$. fix) s (104P - 3)(5* - 1)(4« + 1)». 

100. lVewtoii'8 Mettaod of Approximation. — We proceed 
now to explain certain methods of approximation to the incom- 
mensurable roots of equations. The method of the present 
Article is commonly ascribed to Newton, although one very 
similar had been employed by Vieta.* The principle on which 
this method is founded is important in approximations gene- 

* See Note B at the end of the volume. 
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rally, and is not oonfined in its application to algebraical equa- 
tions. It wiU appear, also, that the most convenient practical 
method of approximating to the real roots of numerical equations 
(f . e. Homer's, Art. 101) is in some degree founded on Newton's 
principle. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between dose limits. 

Let/(ir) s be a given equation, and suppose a value a to 
be known, differing by a small quantity h from a root of the 
equation. We have, then, since a + A is a root of the equation, 
/(a + A) = 0; or 

Neglecting now, since h is small, all powers of h higher than the 

first, we have 

f{a) +f{a) A - 0, 

giving, as a first approximation to the root, the value 

Bepresenting this value by 6, and applying the same process a 
second time, we find as a closer approximation 

By repeating this process the approximation can be carried 
to any degree of accuracy required. 

EXAICPLE. 

Find an approximate value of the positive root of the equation 

a:» - 2ar - 6 = 0. 

The root lies hetween 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, the root is 

found to lie hetween 2 and 2'2. We take 2-1 as the quantity represented hy «. It 

cannot differ from the true value ai h oi the ixx)t by more than 0*1. We find 

easily 

f{a) /(2-1) -061 



f'{a) /(2-1) 11-23 



= 000543. 
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A first approsimation is, therefore, 

2-1 - 0-00643 = 2-0946. 

TldBg tbi. « ». «.d clculating the fraction M. .e obtain 

b - ^*'- = 2-09466148 
for a second approziination ; and so on. 

The approximation in Newton's method is^ in general, rapid. 
When, however, the root we are seeking is accompanied by an- 
other nearly equal to it, the fraction*^^, is not necessarily small, 

sinoe the value of either of the nearly equal roots reduces /"(^r) to 
a small quantity. A case of this kind requires special precau- 
tions. We do not enter into any further discussion of the 
method, since for practical purposes it may be regarded as 
entirely superseded by Homer's method, which will now be 
explained. 

101. Homer's Method of SolYing Numerical Equa- 
tloiis. — By this method both the commensurable and incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure : first the integral part (if any], and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be incommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which are, indeed, only particular cases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Homer's method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 34. The great ad- 
vantage of the method is, that the successive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process correct to any number of 
places of decimals required. 

This principle of the diminution of the roots will be illus- 
trated in the present Article by some simple examples. In the 
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following Articles we shall proceed to certain oondderationB 
which tend to facilitate the practical application of the method. 

Examples. 

1. Find the poeitive root of the equation 

2ic8 - 86r« - 86x - 87 = 0. 

The first step, when any numerical equation is proposed lor solution, is to find the 
flrttflgur$ of the root. This can usually he done hy a few trials ; although in cer- 
tain cases the methods of separation of the roots explained in Chap. DC. may haye 
to he employed. In the present example there can he only one positiTe root ; and 
it is foimd hy trial to lie between 40 and 50. Thus the first figure of the root is 4. 
We now diminish the roots by 40. This transformed equation will haye one root 
between and 10. It is found by trial to lie between 3 and 4. We now <^lTnlT^1R}l 
the roots of the transformed equation by 3 ; so that the roots of the proposed equa- 
tion will be diminished by 43. The second transformed equation will have one root 
between and 1. On diminishing the roots of this latter equation by -5, we find 
that its absolute term is reduced to zero, t. e, the diminution of the roots of the pro- 
posed equation by 43*5 reduces it$ absolute term to zero. We conclude that 48*5 is 
a root of the given equation. The series of arithmetical operations is represented as 
follows : — 

2 - 85 - 85 - 87 (43*5 

80 - 200 - 11400 



-6 


-285 




-11487 


80 


3000 




9594 


75 


8716 


-1898 


80 


483 
3198 


1893 


166 





6 


501 




161 


3699 


6 


1 87 


167 


' 3786 


6 
178 


1 


1 









174 



The broken lines mark the conclusion of each transformation, and the figures in 
(lark type nro the coeflacients of the successive transformed equations (see Art. 34). 

^ 2x3 + i55j:» + 27l6r - 11487 = 
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is the equation whoee roota are each less by 40 than the roots of the given equation, 
and whose positiye root is found to lie between 3 and 4. If the second transformed 
equation had not an exact root -5 ; but one, we shall suppose, between *6 and. *6, the 
fint three figures of the root of the proposed equation would be 43*5 ; and to find 
the next figure we should proceed to a further transformation, diminishing tbe roots 
by *5 ; and so on. 

2. Find the positive root of the equation 

4«» - 132^ - 31a? - 275 = 0. 

We first write down the arithmetical work, and proceed to make certain observations 
on it: — 



-13 
24 



-31 
66 



11 


24 


36 


24 


50 


•8 


69*8 


•8 


60-6 


•8 . 



36 




210 




845 




11-96 




256-96 


1212 


26906 


3-08 





-276 
210 

-65 



(6-25 



61-392 



-13-606 

13*608 



27216 



61-4 
•2 

61-6 

We find by trial that the proposed equation has its positive root between 6 and 7. 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equation 

*> + 69i;« + 246a; - 66 = 

has, then, a root between and 1. It is found by trial to lie between *2 and -3. 
The first two figures of the root of the proposed are therefore 6-2. Diminish the 
roots again by '2. The transformed equation is found to have the root -05. Hence 
6-25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
easily be efiSscted as follows : — ^When the decimal part of the root (suppose 'obe . . .) 
is about to appear, multiply the roots of the corresponding transformed equation by 
10, t. e, annex one zero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that in the third ; and so on, 
if there be more columns (as there will of course be in equations of a degree higher 
than the third). The root of the transformed equation is, then, not 'abe . . . , but 
a^be . . . Diminish the roots by a. The transformed has then the root *bc , . , 
Multiply the roots of this equation again by 10. The root becomes b-e , . . ^ and 
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the process is continued as before. To illustrate this, we repeat the abore opera- 
tion, omitting the decimal points. In all subsequent examples this simplificatioii 
will be adopted : — 

(6-25 



-13 


-31 


-275 


24 


66 


210 


11 


35 


-66000 


24 


210 
84600 


51392 


35 1 


-18606000 


24 , 


1196 


13608000 


690 


25696 


, 


8 


1212 


1 
1 


598 


2690800 




8 


! 30800 




606 


2721600 




8 






6140 






20 







6160 

3 Find the positive root of the equation 

20aj3 - 121a-« - 121jp - 141 = 0. 

The root is easily found to lie between 7 and 8. It is, therefore, of the fonn 
7.0^... After diminishing the roots by 7, and multiplying by 10, the resulting 

equation is 

20a^ + 2990x2 | 112500i- - 57000 = 0. 

The positive root of this is a . 6 ... ; and as the root plainly lies between and 1, 
wc have a = 0. We therefore place zero as the first figure in the decimal part of 
the root, and multiply the roots again by 10, before proceeding to the second tnns- 
fonnation. 5 is easily seen to be a root of the eqimtion thus transformed. 

AnM. 7.05. 

In the examples here considered the root terminates at an 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the next Article ; and one of 
the most valuable practical advantages of Horner's method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is found, the transformed equation itself suggenh 
hij mere insipection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of the Trial-dlrisor. — We have seen in 
&jrt. 100 that when an equation is transformed by the substitution 
Df a + A for Xy a being a number differing from the true root by 
a quantity h small in proportion to ay an approximate numeri- 
cal value of A is obtained by dividing /(a) by /'(a). Now the 
Bueoessive transformed equations in Homer's process are the 
results of transformations of this kind, the last coefficient being 
/'(a), and the second last /'(a) (see Art. 34). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to be furnished with two or three more figures of the 
root correctly by mere division of the last by the second last 
coefficient of the final transformed equation. We might thus, 
if we pleased, at any stage of Homer's operations, apply New- 
ton's method to get a further approximation to the root. In 
Horner's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed equation is called 
the trial-divisor. Thus, in the second example of the last Ar- 
ticle, the number 6 is correctly suggested by the trial-divisor 
2690800. In this example, indeed, the second figure of the 
root is correctly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, this is not the case. In 
practice the student will have to estimate the probable effect of 
the previous coefficients of the equation ; he will find, however, 
that the influence of these terms becomes less and less as the 
evolution of the root proceeds. 



Examples. 
1 . Find the poBitive root of tlie equation 

«3 f 2:2 ^ ^- - 100 = 

correct to four decimal places. 

We eaaily see that the root lies between 4 and 5. We write down the work, and 
proceed to make obeervations on it : — 
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1 

4 

5 
4 

9 

4 

180 
2 

132 
2 



134 
2 



1860 

6 

1366 
6 

1372 
6 

18780 
4 

13784 

4 

13788 

4 



1879S 



1 

20 



100 
84 



(4-2644 



21 

36 



-10000 

11928 



6700 

264 



6964 
268 



8196 



631396 
8232 



08002800 

65136 

64017936 
65152^ 

64078088 



4079000 

3788376 

-M80MOOO 

256071744 

-8766S866 



First «iiTnini«>i the roots by 4. As the decimfd part is now about to appear, at- 
tach ciphers to the coefficients of the transformed equation as explained in Ex. 2, 
Art. 101. Since the coefficient 130 is small in proportion to 5700, we may expect 
that the trial-diyisor will give a good indication of the next figure. The figure to 
be adopted in every case as part of the root is that highett number which in the pre 
eest of transformation will not change the eign of the abeolute term. Here 2 is the 
proper figure. In diminishing by 2 the roots of the transformed equation 

x^ + 130*2 + 67002? - 16000 = 0, 
the absolute term retains its sign (- 4072). If we had adopted the figure 3, the 
absolute term would have become positive, the change of sign showing that we bad 
gone beyond the root. We must take care that, after the first transfonnation (the 
reason of this restriction will appear in the next example), the abeolute term pre- 
serves its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolutloii, by 
the next suggested number being greater than 9. Such a mistake, howeiver, will 
rarely bo made. The error which is most common is to take the number too laive, 
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id this wiU show itself in the work by the change of sign in the absolute term. In 
le above work it is evident, without perfonning the fifth transformationy that the 
^responding figure of the root is 4, so that the coirect root to four decimal places 
I 4-2644. 

2. The equation ^ + 4^:3 - 4j;2 - lla? + 4 = 

M one root between 1 and 2 ; find its value correct to 4 decimal places. 



80 

6 



86 
6 



92 
6 



98 
6 



1040 

3 

1043 
3 

1046 
3 

1049 
3 



10520 

6 

10626 
6 

10632 
6 

T0638 
6^ 

105M 



4 


-4 


1 


6 


o 


1 


1 


6 


6 


7 


1 


7 


7 


1400 


1 


516 



1916 
552 



2468 
688 



306000 

3129 

308729 
3138 



311867 
3147 



81601400 

63166 

31664556 
63192 

31627748 
63228 

81»90976 



11 
1 



4 (1-6369 

10 



10 
7 

-8000 

11496 



8496 
14808 



28804000 

926187 

24230187 
936601 



26166788000 

189387336 

26366176336 
189766488 

26644041824 



60000 

60976 



90240000 

72690561 



176484890000 

152131062016 



-28868887964 
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We see without completing the fifth transformatioxi that 9 \b the next figure of 
the root. The root is, therefore, 1 '6369 correct to 4 decimal places. 

The trial-divisor becomes effective after the second tnmsfonnation, suggestnig 

correctly the number 3, and all subsequent numbers. The first transformed equaiian 

has its lost two terms negative. We may expect, therefore, that the infliMwy^A of 

the preceding coefficients is greater than that of the trial-divisor, as in £act is here 

the case. The number 6, the second figure of the root, must be found by adbstitu- 

tion. We have to determine what is the situation between and 10 of the root of 

the equation 

3^ + 80x3 ^ uaa^ - 3000jr - 60000 = 0. 

A few trials show that 6 gives a negative, and 7 a positive result. Hence the 
root lies between 6 and 7 ; and 6 is the number of which we are in seaxch. In the 
subsequent trials we take those greatest numbers 3, 6, 9, in succession, which allow 
the absolute term to retain its negative sign. In the first tzansfonnation, HiTnitiiAmg 
the roots by 1, there is a change of sign in the absolute term. The meaning of this 
is, that we have passed over a root lying between and 1, for gives a positive 
result, 4 ; and 1 gives a negative result, — 6. In all subsequent transfonnations, 
so long as we keep below the root, the sign of the absolute term must be the same 
as the sign resulting from the substitution of 1. This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the question. In fiict the proposed can have only 
two positive roots, and one is between and 1, and therefore only one betwesn 
1 and 2. 

When two roots exist between the limits employed in Homer's method, 
i.e. when the equation has a pair of roots nearly equal, certain precautiona must be 
obscn'cd which will form the subject of a subsequent Article. 

3. Find the root of the preceding equation between and 1 to 4 dednud places. 
Commence by multiplying by 10. The coefficients are then 

1, 40, -400, -11000, 40000; 

the trial-divisor becomes effective at once in consequence of the oompamtive msD- 
ness of the leading coefficients. The positive sign of the absolute tenn must be pre- 
served throughout. Atu, *S373. 

4. Find to three places of decimals the root situated between 9 and 10 of ths 
equation 

ar* - 3a? + 76* - 10000 = 0. 

Am9. 9*886. 

[Supply the zero coefficient of a^J] 

In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain i 
method by which, after 3 or 4 places of decimals have been 
evolved as above, several more may be correctly obtained with 
great facility by a contracted process. 
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103. Contraeted Method of applying Horner's Pro- 

\. — In the ordinary process of contracted Division, when the 
given figures are exhausted, in place of appending ciphers to 
the successive dividends, we cut off figures successively from the 
right of the divisor, so that the divisor itself becomes exhausted 
after a number of steps depending on the number of figures it 
contains. The resulting quotient will differ from the true 
quotient in the last figure only, or at most in the last two 
figures. In Homer's contracted method the principle is the 
same. We retain those figures only which are effective in con- 
tributing to the result to the degree of approximation desired. 
When the contracted process commences, in place of appending 
ciphers to' the successive coefficients of the transformed equation 
in the way before explained, we cut off one figure from the 
right of the last coefficient but one, two from the right of the 
last coefficient but two, three from the right of the last coef- 
ficient but three ; and so on. The effect of this is to retain in 
their proper plsuses the important figures in the work, and to 
banish altogether those which are of little importance. 

The student will do well to compare the first transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Article, where the transformation is exhibited in full. He will 
then observe how the leading figures (those which are most 
important in contributing to the result) coincide in both cases, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition to the contraction now explained other abbrevia- 
tions of Homer's process are sometimes recommended ; but as 
the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
give any account of them. The contraction here explained is 
so important that it must not be overlooked. 



210 Solution of Numerical Equations. 

EXIMFLES. 

1. Find the root betwoen 1 and 2 of the equation in £z. 2 of the hist Article 
correct to 8 or 9 decimal places. 

Assuming the residt of the Example in question, we shall commence the contracted 
process after the third transformation has been completed. The subsequent work 
stands as follows : — 

1Q5^ 3150\^ 2.516578a - 17549439 (l-636913o7*) 

18936 15213090 



3156 2535515 -2336349 

6 18972 2301597 



3162 255448^ -34752 

6 285 25601 



31H8 255733 _9i5i 

285 _ 7680 

)^X 2560ia - 1471 

1280 



-191 
179 



12 

Ilcre the effect of the first cutting off of figures, namely, 8 from the second last 
coefficient, 14 from the third last, and 052 from the fourth last, is to banish alto- 
gether the first coefficient of the biquadratic. AVe proceed to diminish the roots 
by 6 as if the coefficients 1, 3150, 2516578, - 17549439 which are left were 
those of a cubic equation. In multiplying by the corresponding figure of the root 
the figures cut off should be multiplied mentally, and account taken of the number 
to be carried, just as in contracted division. 

iVftcr the diminution by 6 has been completed, we cut off again in the transformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the first 
coefficient disappears altogether. The work then proceeds as if we were dealing 
M-ith the coefficients 31, 255448, - 2336349 of a quadratic. The effect of the next 
process of cutting off is to banish altogether the leading coefficient 31. The {sub- 
sequent work coincides with that of contracted di\'ision. "When the operation ter- 
minates, the mmiber of decimals in the quotient may be depended on up to the lift, 
or last couple of figures. The extent to which the evolution of the root must be 
carried before the contracted process is commenced depends on the number of decimal 
places required ; for after the contraction commences we shall be furnished, in addi- 
tion to the figures ah*eady evolved, with as many more as there are figures in the 
trial-divisor, less one. 

2. Find to 8 or 9 decimal places the root of the equation 

.1^-120;+ 7 = 
which lies between 2 and 3. 
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This equatioQ can have only two positive roots : one lies between and 1, and 
the other between 2 and 3. For the evolution of the latter we have the following : — 




2 

2 

4 

2^ 

6 
2 



800 
4 

804 

4 

808 

4 

812 

4 





4 

_8^ 

12 
12 



240000 
3216 

243216 
3232 

246448 
3248 



2496% 

2m 



-12 
8 



-4 
24 

20000000 
972864 

20972864 
985792 



2195865)Gi 
17478 



2213343 
17478 



223082X 
49 

223131 
49 



_l 



7 
-8 



(2-047276671 



- 100000000 
83891456 

- 16108544 
15493401 

-615143 
446262 



- 168881 
166226 

-12655 
11159 

-1496 
1338 

-158 
156 



5^ 



22318Qi 



On this we remark, that after diminishing the roots by 2, and multiplying the roots 
of the tnnsfonnod equation by 10, we find that the trial-divisor 20000 will not '' go 
into *' the absolute term 10000 ; we put, therefore, zero in the quotient, and mul- 
tiply again by 10, and then proceed as before. 

3. Find to 8 or 9 decimal places the root of the same equation between and 1. 

Am. -593685829. 

4. Find the positive root of the equation 

«» + 24-84a?» - 67-613a; - 3761-2758 = 0. 

[When the coefficients of the proposed equation contain decimal points, it will be 
found that they soon disappear in the work in consequence of the multiplications by 
10 after the decimal port of the root begins to appear.] 

Ans, 11- 1973222. 

5. Find the negative root of the equation 

«* - 12^2 + 12* - 3 = 

to 7 places of decimals. 

When a negative root has to be found, it is convenient to change the sign of x 
and find the ooKiesponding positive root of the transformed eqimtion. 



Am. - 3-9073785. 



p2 
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104. Appllcatioii of Horner's Method to Ca«eii where 
Roots are nearly Equal. — We have seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed equation has two roots nearly equal. Examples of this 
nature are those whioh present most diffioultieSy both in their 
analysis (see Ex. 7, Art. 91) and in their solution. Homer's 
method enables us, with very little more labour than is neces- 
sary in other cases, to effect the solution of such equations. So 
long as the leading figures of the two roots are the same, certain 
precautions must be observed, which will be illustrated by the 
following examples. After the two roots have been separated, 
the subsequent operations proceed for each root separately, just 
as in the examples of the previous Articles. It is evident, from 
the explanation of the trial-divisor given in Art. 102, that for the 
same reason as that which explains the failure of Newton's me- 
thod (see Art. 100), it will not become effective till the first or 
second stage after the roots have been separated. 

Examples. 

1 . Tho equation 

«3 - 7* + 7 = 

has two roots between 1 and 2 (see Ex. 2, Ai-t. 89) ; find each of them to 8 
decimal places. 

Diminishing the roots by 1, we find that the transformed equation (after its 
roots are multiplied by 10) t. e, 

x^ + 30«2 - 400i; + 1000 = 0, 

must have two roots between and 10. We find that these roots lie, one between 
3 and 4, and the other between 6 and 7. The roots are now separated, and we pro- 
ceed M-ith each separately in the manner already explained. If the roots were not 
separated at this stage, we should find the leading figure common to the two, and, 
having diminished the roots by it, find in what intervals the roots of the resulting 

equation were situated ; and so on. 

An8, 1-35689584, 1*69202147. 

2. Find tho two roots of ihQ equation 

af' - 49«2 + 658j; - 1379 = 

which lie between 20 and 30. 

We shall exhibit the complete work of approximation to the smaller of the two 
roots to 7 places ; and then make certain observations which will be a guide to the 
student in all coses of the kind. 
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-49 
20 




668 
-680 






-1379 
1660 


(23- 

io 

)2 


-29 
20 


78 
-180 




181 

-180 


-9 
20 




-108 

42 




IOC 

-91 


11 
3 






-60 
61 


1 
1 


8000 

-6739 


14 
3 






-900 

404 










1861000 

- 1217403 


17 
8 






-496 
408 








43697 
-34183 


900 

2 






-8800 

2061 








9414 
-6786 


202 
2 






-6739 
2062 




2628 
-2372 


204 
2 


1 




1 


-467700 

61899 






266 
-236 


8000 

1 










-406801 
61908 






20 


2061 

1 








- 34389)^ 
206 




1 




2062 

1 

20680 

3 


1 


-34183 
206 


1 




j 20^ 

! 

1 

1 

1 


-33977 
4 




20633 
3 


-3393 
4 




20636 w 
3 ^ 


-33851 



206)^Sl 



The diminutioii of the roots by 20 changes the sign of the absolute term. This 
in indication that a root exists between and 20, with which we are not at prc- 
t concerned. The roots of the first transformed equation 

«3+ llar2-102ar+ 181 = 

not yet separated, lying both between 3 and 4. The substitution of each of 
16 numbers gives a positive result, so that we have not here the same criterion 
;uidc us in our search for the proper figure as in former cases, viz., a change of 
I in the absolute term. "We have, however, a different criterion which enables 
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UB to find by mere substitutioii the intexral within which the two roots lie. If we 
diminifth the roots of «*+ llx^- 102j; + 181 b by 4, the resulting equstion ii 
jr^+ 23.r' + 34j; + 13 = 0, which has no change of sign. Hence the two roots moit 
He between and 4. If we diminish its roots by 3, the resulting equation (ss in 
the above work) has the same number of changes of sign as the eqnatiicai itNU. 
Hence the two roots lie between 3 and 4. They are, therefore, not yet sfparated; 
and we proceed to diminish by 3. The next transformed equation 

jfi 4 200«« - 900x + 1000 = 

is found in the same way to have both its roots between 2 and 3 : the diminution by 
2 leaving two changes of sign in the coefficients of the transformed equation (as in^ 
above work), and the diminution by 3 gi^'ing all positive signs. So far, then, the 
two roots agree in their first throe figures, «. e. 23'2. We diminish again by 2. Hie 
resulting equation sfi + 2060j^ - 88OO2; + 1261000 = has one root only between 1 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2 
and 3 ; 3 giving a positive result. The roots are now separated. We proceed, si in 
the above work, to approximate to the lesser root, by diminishing the roots of tha 
equation by 1 ; the trial-divisor becoming effective at the next step. To i^tprozi- 
mate to the greater root, we must diminish by 2 the roots of the same equatiflo, 
taking care that in the subsequent operations the negative sign, to which the pre- 
\'iously positive sign of the absolute term now changes, is preserved. The second 
root will be found to bo 23-2296212. 

So long as the two roots remain together, a guide to the proper fig^ore of the root 
may bo obtained by dividing tv^dce the last eoefiicient by the second last, or the se- 
cond last by t^'ice the third lost. The reason of this is, that the proposed eqoatioD 
approximates now to the quadratic formed by the last three terms in each transformed 
equation, just as in previous cases, and in Newton's method, it approximated to the 
simple equation formed by the last two terms, this quadratic having the two neariy 
equal roots for its roots ; and when the two roots of the equation as* + &s(+tf=0 

-2tf -* 
are nearly equal, either of them is given approximately by —j- or —-. Thus, in the 

2 X 181 2y 1000 

above example, the niunbor 3 is suggested by — — — — , and the number 2 by . 

lOiS 900 

In this way we can generally, at the first attempt, find the two integers between 
which the pair of roots lies. We shall have, also, an indication of the separation of 
the roots by observing when the numbers suggested in this way by the last three 

2e . b 

coefficients become different, i. e. when -;- suggests a different number from -— . 

b 2a 

3. Calculate to three decimal places each of the roots lying between 4 and 5 of 

the equation 

»* + 8r» _ 70a:« - 144.r + 936 = 0. 

AnM. 4-242: 4*246. 

4. Find the two roots lK»twoen 2 and 3 of the equation 

eh' - b92x^ + 1649:p - 1446 = 0. 

Ant, The roots are both s 2*12o. 
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Here we find that the two roots are not separated at the third decimal place. 
When we diminish by 6 the absolute term vanishes, showing that 2*125 is a root ; 
and proceeding with this diminution the second last coefficient also vamshes. Hence 
2*125 is a double root. 

When an equation contains more than two nearly equal 
roots, they can be all found by Homer's process in a manner 
similar to that now explained. Such cases are, however, of 
occurrence in practice. The principles abready laid down 

be a sufficient guide to the student in all cases of the kind. 

105. liAgrange's llletliod oC Approximation, — Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for 
px*actical purposes, much inferior to that of Homer, we shall 
oontent ourselves with a brief account of it. 

Let the equation /(a*) = have one root, and only one root, 
between the two consecutive integers a and a + 1. Substitute 

(t -f - for a; in the proposed equation. The transformed equation 

iu y has one positive root. Let this be determined by trial to 
Ue between the integers h and 6+1. Transform the equation 

in y by the substitution y = b ■¥ - , The positive root of the 

z 

equation in s is foimd by trial to lie between c and r -f 1. Con- 
tinuing this process, an approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

■ 

1 • 

a + 



/^+1 



r + 1 . . . . 

Examples. 
1. Find in the form of a continiKvl fraction tho powtivc root of the equation 

The root lies between 2 and 3. 

To make the transformation a? = 2 + , we first employ the process of Art. 34, 

<liminishing the roots by 2. We then find the equation whose roots are the reci- 
procals of those of the transformed. 
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The equation in y is in this way found to be 

y3 . loyt . ey - 1 = 0. 
ThiB has a root between 10 and 11. 

Make now the substitution y = 10 + -. 

t 

The equation in z is 

61«» - 94x» - 20* - 1 = 0. 

This has a root between 1 and 2. Take s = 1 + -• 

N 

The equation in « is 

54t|3 + 2oM* - 89m - 61 r= 0, 

which has a root between 1 and 2 ; and so on. 

We have, therefore, the following expression for the root 

^ 1 

j? = 2 f - 



'*n... 

2. Find in the form of a continued fraction the positive root of 

«» - 6« - 13 = 0. 

1 



Attt. 3 + 



6+i 



1 + . . . 



106. Mumertcal Solution of the Biquadratic. — It is 

proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. YI. Although, as before 
observed, the numerical solution of equations is in general best 
effected by the methods of the present Chapter, there are certain 
cases in which it is convenient to employ the methods of 
Chap. VI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubic which has a com- 
mensurable root, this root can be readily found, and the solution 
of the biquadratic completed. We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be foimd the most convenient in practice. 
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Examples. 
1. Reflolte the quartio 

into quadratic fectors. 

Making the aBsomption of Art. 64, we easily obtain 

Also > = 2"--RP'= j(^ + «'~l), 

and, calcnlating I and /, tlie equation for ^ is 

^ , Ul 226 ^ 

Multiplying the roots by 4, we have, if 4^ = ^, 

^S-UU- 460=0. 
By the Method of DiviflOiB this is easily found to have a root — 6 ; hence 
^ = ~-, givmg i?p' = 2, J + ^' = -5. 

From these, combined with the preceding equations, we get 

11 = -2, p' = -l, j=l, ^' = -6. 

When the values of q and ^ are found, the equation giving the value of p^ -^p'q 
detenninee which value of q goes with p, and which with j/, in the quadratic 
factors. The quartic is resolved, therefore, into the factors 

(*»-4j? + l)(;c»-2jr-6). 

By means of the other two values of ^ we can resolve the quartic into quadratic 
factors in two other ways ; or wc can do the same thing by solving the t^'o qua- 
dratics already obtained. 

2. Besdve into factors the quartic 

x^-%x^- 12j:«+ G0;r + 63. 

The equation for ^ is found to be 

4^3 - 195^ - 475 = 0. 

This has a root = - 5, and we easily find 

J»y = 3, ^ + ^' = -24, 
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giving the following values : — 

jp = -l, /=-8, ^ = -3, y'=~2l. 

The quartic is, therefore, equivalent to 

(a;2 - 2j - 3) (j« - 6a: - 21). 
3. Resolve into factors 

f{x) - r* - 17jr» - 20* - 6. 

The reducing cubic is found to bo 

^ , 217 3186 ^ 
^ 12 ^^ 216 ' 

or, multiplying the roots by 6, 

4^3 - 66U + 3186 = 0. 

7 

This has a root = 7 ; hence ^ = r, and we obtain, finally, 

6 

f(x) s («» + 4« + 2)(«» - 4x - 3). 
1. Resolve into factors 

/(a-) s ir* - 6x» - 9;r2 + 66* - 22. 

The reducing cubic is ^ 

^ _ 335 897 ^ 

3 
henop ^ ~ ~" o" 

^/M. /(a;) ^ (*« - 11) (t' - 6/ + 2). 
6. Resolve into quadratic factors 

f(x) s J* - 8arS + 21j:2 _ 26x + 14. 

An». f(x) s («« - 2x + 2) («» - 6* + 7). 
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MiSOELLANEOTJS EXAMPLES. 



I. Find the pondye root of 



2. Find the pontive root of 



mrect to 9 or 10 places. 
3. The equation 



r»_6jc-13 = 0. 



xa - 2« - 5 = 



Ann. 3176814393. 



Am, 2-0945514846. 



2jfi - 650'Bx^ + 6* - 1627 = 



Las a root hetween 300 and 400. Find it. 

Ant. Commensurable root, 325-4. 

4. Find the root between 20 and 30 of the equation 

«8 - 180a^ + 1896iP - 467 = 0. 

Ana. 28-621277389. 

5. Find the root between 2 and 3 of 



g* - 49«« + 668ir - 1379 = 0. 

6.^ Find the root between 2 and 3 of the equation 

«*- 12x^ + 12r-3=:i0 

^ six places of decimals. 

7. Find the positive root of the equation 

«* + 2jj* - 23x - 70 = 



Am. 2-567351 



Ant. 2-858033. 



Ant. 5-134678726282. 

Ant. 8765. 

Ant. 14. 



c^vrect to about 12 decimal places. 

8. Find the cube root of 673373097125. 

9. Find the fifth root of 637824. 

10. Find all the roots of the cubic equation 

«» - 3x + 1 = 0. 

The equation ^e* + «^ + 1 = 0, of Ex. 7, p. 98, reduces to this. 

Ant. - 1-87938, -34729, 1-53209. 

Note. — The smaller podtiTe root furnishes the solution of the problem — To 
ivide a hemisphere whose radius is unity into tw^o equal parts by a plane parallel 
o the base. 

11 . Find all the roots of the cubic 



(See Ex. I, p. 98.) 



af» + *2 _ 2.r - 1 = 0. 

^;m. - 1-80104, --44504, 1-24698. 
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12. Find to five decimal places the negative root between - 1 and (see Ex. 3, 
p. 08) of the equation 

«» + «« - 4ar' - 3*' + 3« + 1 = 0. 

Am. " -28463. 

13. Solve the equation 

«> - 315*2 - 19684* + 2977260 = 0. 

Wc here find that a root exists between 70 and 80. By Homer's process it is 

found to be 78. The depressed equation furnishes two roots, which, increased bj 

78, arc the other roots of the cubic. 

An*. 78, 347, -110. 

14. Find the two real roots of the equation 

a:*- 11727* + 40386 = 0. 

AfiM. 3-46592, 21*43067. 

This equation is given by Mr. 6. H. Darwin in a paper On ths iVvesinoii •/ s 
VUeom Spheroid, attd on the Bemote History of the £arth. Phil. Drone., Part iL, 
1870, p. 508. The roots are ^*the two values of the cube root of the earth's rots* 
tion for which the earth and moon move round as a rigid body.*' ^ 

15. Find all the roots of the cubic equation 

20*8 _ 24*2 + 3 = 0. 

Am. -0-31469, 0*44603, 1-06865. 

This equation occurs in the solution by Professor Ball of a problem of Professor 
Townscnd's in the Educational Times of Dec. 1878, to determine the deflection oft 
boam uniformly loaded and supported at its two ends and points of trisection. 

10. Find the positive root of the equation 

14a;3+ 12a;2-9*~10 = 0. 

Ane. 0*85906. 

Note. — The equations of this and the next example occur also in the investiga* 
tion of questions relative to beams supported by props. 

17. Find the positive itx)t of the equation 

7.H h 20jc^ + 3*2 - 16* - 8 ^ 0. 

Arm. 0*91336. 



CHAPTER XI. 



DETERMINANTS. 



107. Klementary IVotlonii and Definltlonii. — This chapter 
will be occupied with a disoussioii of an important class of func- 
tions which constantly present themselves in analysis. These 
functions possess remarkable properties, by a knowledge of which 
much simplification may be introduced into many mathematical 
operations. 

^e function aib2 + a2biy of the four quantities 

is obtained by assigning to a and i, written in aphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2, and adding the two products so formed. 
Similarly the fimotion 

of the nine quantities 

r/i, ^»„ c'l, 

ctiy hy v., 



'a> "3> t-j, 



is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by (aic), 
or any other convenient notation, from which all the terms could 
be written down. 
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The notation {ahcd) might be employed to represent a siinilar 
function of the 16 quantities ai, 61, Ci, c?i, as, &c. ; eonsiflting of 24 
terms, which can all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a^ bj c^ . . . /, we can write 
down a similar function consisting of w (n - l)(ft - 2) . . . . 3.2.1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 . . . ;*. 

Now the functions above I'eferred to, which are of sudi 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only ; namely, of the 1 . 2 . 3 . . . n 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all posi- 
tive, as in the examples just given. 

We shall now give some instances of these latter fonotions. 
They occur most frequently as the result of elimination of the 
variables from linear equations. If, for example, x and y be 
eliminated from the equations 

(iiic + Jiy = 0, 

the result is a^bz - (hbi = 0. 

Again, the result of eliminating x^ y, z from the equations 

^ix -f bip + CiZ = 0, 

a-iX + b^y -i- C2Z = 0, 

(hx + b^y + OaS = 0, 

is, as the student will readily perceive by solving from two of 
them and substituting in the third, 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six terms posi- 
tive. 
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Similarly the elimination of four variables from four linear 
equations gives rise to a fimotion of the 16 quantities 

ffi, 61, fi, (/i, r/j, ia, &o., 

which differs from the function above represented by {ahcd) only 
in having 12 of its terms negative. 

Expressions of the kind here described are called Dctenni' 
nants* The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. Thus 

Ui bi 

represents the determinant aib.- (hh. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

I «i ii t?i . 

I I 

I OTo hn C2 I 

(Is bi C'a 

And, in general, the determinant of the n- quantities 
^i> ii» cx . . . lij a^y b2j &c., is represented by 

«! bi c'l . . . /i 
flr« Oo C'i ... 1 3 

flTa bs t?3 . . . /a . {:]) 



(tn bn i'n . 



L 



By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n{n'' l)(n-2) ...3.2.1 
jtennutations of the nimibers 1, 2, 3, . . . », all the terms of the 



* iSec Note C at the end of the volume. 
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determinant can be written down. Half of the tenns must 
receive positive and half negative signs. In the next Aitiole 
the rule will be explained by which the positive and negatiYe 
terms are distinguished. 

The individual letters a^ b^ ci, . . . a^, . . . &o.y of which a 
determinant is composed are called its cwistituenU. 

The several terms ai^oCa . . . /„, &c., consisting each of tlie 
product of n constituents, are called elements. 

Any series of constituents such as ai, bi^ C|, . . . l^ arranged 
horizontally, form a row of the determinant ; and any series sudi 
as ^1, ^2, ^3 • . • dm arranged vertically, form a cohtmn. 

The term line will sometimes be used to express a row or 
column indifferently. 

108. Role with regard to Ulsnii. — It is evident from 
the preceding Article that each element of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every colimin ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general oin{ti -l){ii-'2) . . .3.2.1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row, and one constituent, and 
one only, from each column. All that is required to give perfect 
deiiniteness to the function is to fix the sign to be attached to any 
particular element. For this purpose the following two rules are 
to be observed ; — 

(1). The element aibiC^ , , . In, formed by the constituenk 
situated in the diagonal drawn from the left-hand top corner to the 
rif/ht-hwid bottom corner, is positive. 

This element is called the leading or principal element. In 
it the suffixes and letters both occur in their natural order; and 
from it the sign of any other element is determined by means of 
the foUo^ving rule. 

(2). Any interchange of two stiffixes^ the letters retaining their 
order y alters the sirfn of an element. 
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This rule may be otherwise expressed thus : — Any interchange 
of two ktterSf the mffixe% retaining their order ^ altera the sign of an 
element. For if two letters be interohanged, and then the two 
ooneeponding constituents interchanged, the process is equiva- 
lent to an interchange of suffixes. If, for example, in aibiC^d^ei 
the letters b and e be interchanged, we get aietCzd^hj which is 
equal to aihczdie^j and this is derived from the given element by 
an interchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interohangee will not alter the sign of an element, and that an 
odd number will. 

EXAMPLSS. 

1. What Ib the sign of tlie element aihitid^ei in the detenninant of the 5th 
order? 

The question is, How many interchanges will change the order 12346 into 34251 ? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order hecoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gms the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges ; and therefore the required 
■ign is positiye. 

The general mode of proceeding may plainly he stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and more it from its place in the natural orderinto the second place ; andso on. If 
the numher of displacements in this process he even, the sign is positiTe ; if it be 
odd, the sign is negative. 

2. What sign is to be attached to the element a^b^etdi0\fig% in the determinant 
of the 7th order? 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
6 to the fourth place ; the figure 1 is in its place ; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
sign of the element is therefore negative. 

3. Write down all the terms of the detenninant 

«i ^i ci di 

Oi bi et dt 

Oi bi c^ d^ 

Oi bi Ci di 
Q 
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The six pcnuutationB of suffixes in which the figure 1 oocuxB fint are 
1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding elements are, as the student win easilj see I17 appljnig 
the Kule (2), as in the previous examples. 

The other 18 terms, corresponding to the permutations in which the figom 
2, 3, 4, respectively, stand first, are as follows:— 

a2biCidz — (tz^i^di + o^bzCidi — azHciffi + (tib^ezdi — 03^4^1^ 
+ (tihieidi — a^hiCidi + (t^btCi^di — a^bteidi + os^a^c^ — '^s^i^'^i 
+ a\h\c^d2 — o^b\e2di + a^h^cid^ — ttih^c^di + a^h^c^di — ti^hzcxd%. 

It ^-ill he oh?erved here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general ; for, corresponding to anj 
})ositive term there exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures are moved together over any number 
m of figures, the sign is imaltercd. 

For if they be moved separately, the whole process is equivalent to a movement 
over 2m figures. 

5. Determine the sign to be attached to the second diagonal element, t.^ 
Onhn-iCn-^ . • . ^'2^1, in the determinant of the «'* order. 

Here the number of displacements required to change the natural order to the 
Inquired order is plainly 

(M - 1) + (n - 2) + (#1 - 3) + . . . + 2 -}- 1 = "^ZH, 
Hence the required sign is (- 1) * . 

109. In this and the following Articles will be proved thofle 
properties of determinants which, by the aid of Cauchy's nota- 
tion above described, render the employment of these functions 
of such practical advantage. 

Prop. I. — If any tico rows^ or any two columns^ of a deiermir 
nant he interchangedy the sign of the detenninant is duinged. 

This follows at once from the mode of formation (Rule (2), 
i\xt. 108), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every element of the determinant is changed* 
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ThiB proposition enables ns to state the rule for determining 
the sign of any element in terms of displacements of the rows 
(or oolnmns) ; and this will be found convenient for practical 
purposes. The student will readily perceive that the general 
mode of procedure explained in Ex. 1, Art. 108, is equivalent 
to the following : — Bring^ hy movements of rotes {or columm)^ 
the eletnent tchose sign is required into the position of the leading 
<liagonal term. Its sign will he positive or negative according^ as the 
number of displacements is even or odd. 



Example. 

What sign ia to be attached to the element Kfinx in the determinant 

a b e X 
a y y 
I m n z 

\ fi y 

Here a moyement of the fourth row over three rows {i.e. three dispUcements) 
brings A into the leading place. One displacement of the original second row up- 
wards brings into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing X0»z into the diagonal place. Thus the number of displacements being 
odd, the required sign is negative. 

110. Prop. H. — When^ in any detennimnt, two rows or two 
columns are identical^ t/ie determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A = 0. 

111. Prop. IH. — T/ie value of a determinant is not altered if 
the rotes be written as columns^ and the columns as rows. 

For all the elements, formed by taking one constituent from 
each row and one from each column, are plainly the same in value 
in both oases ; the principal element is identically the same ; 

q2 
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and to determine the sign of any other element (by Prop. I.) the 
number of displaoements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second place. 



EXAICPLE. 



«1 


02 


az 


04 


h 


h 


h 


^ 


c\ 


C2 


fs 


Ci 


di 


dt 


^ 


di 



»i ^i c\ d\ 

Q2 ^ ^2 d% 

03 hz Cz d% 

Oi hi a di 



Here the aign of any element, e. g. a2h^dit is the same in both determinants. 
For three displacements of rows are required to bring this elonent into the leading 
position in the first determinant ; and the same number of displacements of colmnnft 
is required to bring the same element into the leading position in the second de- 
terminant. 

112. Prop. IV. — I/evert/ constituent in any line be multiplied 
hy the same factory the determinant is multiplied by that factor. 

For every element of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in another line, the determi- 
nant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 





Examples. 




ha\ b\ 


#1 




tfi 


hi ei 


ka% bi 


02 


s k 


a% 


h €2 


ka^ h 


C3 




ffs 


h Oi 


ai max 


02 




01 


01 0S 


fii Mfii 


fi% 


s. m 


fii 


fil fi2 


71 «»ri 


72 




71 


yi 72 



sO. 
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<3. Show that the following detenninant vanishes : — 

3 15 2 



8 



9 



6 15 21 9 

When the constituents of the last row are divided by 3, they become identical 
n^ith those of the second row. 
4. Prove the identity 



be a a' 
ea b t^ 
ab c c^ 



1 a' a3 



1 *2 ^ 



Kcpresent the first determinant by A, and multiply the rows by a, by c, respec- 
tively. We have then 

abe a^ a* 



abcA = 



abC ft2 J3 

abe e^ e^ 



and, dividing the first column by abcy the result follows. 
5.]^ Prove the identity 

Hafi 7 7^ 7^ 

6. Prove the identity 

2 1 -7 

-4 -3 8 



1 a* a? a* 

I 0i fi^ fii 

1 7» 73 7* 

1 5« 8» 8* 



6 5-9 



= 2 



1 
2 



1 
3 



7 
8 



Change all the signs of the second row, and afterwards of the third column. 
7. Prove the identity 

_1_ 
afiy 






1 1 1 

a^y P^ya y'a0 

a"»y 0"ya y"a0 



This is easily proved by multiplying the columns of the first determinant by 
fiy, 70, a$y respectively ; and then dividing the first row by afiy. 
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It 18 evident tliat a Bunilar process may be employed in general to reduc< 
detenninant to one in which all the constituents of any selected row or column 
be units. 

8. Beduce the following determinant to one in which the first row shall o( 
of imits : 

4 2 5 10 



1 



1 



6 







2 5 8 

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to mul 
the columns in order by 5, 10, 4, 2 : we thus obtain 

20 20 20 20 



A = 



1 


5 
35 


10 
30 


24 



6 


6. 10.4. 2 


10 







20 


20 


16 



Taking out the multiplier 20 from the first row, 5 from the third row, and4 f 
the fourth row, we get finally 

1111 



A = 






10 


24 


6 


i 


6 





2 





5 


5 


4 



9. Prove the identity 

1 1 

a /5 

a- i3^ 



(i8-7)(7-a)(a-iS). 



Since if fi were equal to 7, two colimms would become identical ; —y must 
a factor in the determinant. Similarly, y- a and a - jS must be &ctors in it. He 
the product of the three difiercnces can difier by a numerical factor only from 
i-aluc of the determinant, since both functions are of the third degree in a, $i 
and by comparing the term fiy^ wo observe that this factor is + 1 . 

10. Prove similarlv the identitv 





y 


8 


2 


r 


82 


3 


y" 


8» 



-(i8-'y){a-«)(7-a)(iS-8)(a-3)(7-8). 
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It Is evident that a similar proof shows in general that the yaloe of the determi- 
nant of this fonn, constituted by the » quantities a» /9> 7 . . . A, is the product of the 
}m (n — 1) differences which can be formed with these n quantities. 

113. mnor Determlnanto. Dellnttloiifl. — When in a 
determinant any number of rows, and the same number of 
eolomnB, are erased, the determinant formed by the remaining 
constituents (maintaining their relative positions) is called a 
minor determinant. 

If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor; and 
80 on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be complefnentary to this determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A. the minor obtained by suppressing in A the 
row and column which contain any constituent a ; by Aa,^ 
that obtained by suppressing the two rows and two columns 
which contain a and j3 ; and so on. 

The determinant A, formed by the constituents ai, &], Ci, &0v, 
is often denoted for brevity by placing the leading term withiu 
brackets, as follows: A = (ai&aCs . . . . /»). The notation 
2 ± ai &2^3 . . . ^n is also used to represent A ; this expressing its 
constitution as consisting of the sum of a nimiber of elements 
(with their proper signs attached) formed by taking all possible 
permutations of the n suffixes. 

114. Development of Determlnanto. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A m a linear and 
homogeneous function of the constituents of any one row or any one 
column. Thus we may write 

A = ttiAi + aiA2 + ttzAz + &c. 

A = hxBi + h^B-i + biBz + &c. 
or, again, 

A = a^Ai + hy^Bi + CiCi + &c. 
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The student, on referring to Ex. 3, Art. 108, will obaerve 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely 



Oj C% U2 



I l>i Ci di 



hi €1 di I 

I 

+ ^2 I 64 t?4 di \ ^<h 

h c^ d^ \ 



61 Ci rfi 


bi Ci di 


1 

bi d di \'\- a^, 


bi <H d^ 


bi Ci di 


bt Ci d^ 



Now it is true, in general, that the coefficients ^1, At, A^ &c., 
are determinants of the order n - 1. Fot^ suppose A to be 
written as follows: — 

In effecting all the permutations of the suffixes 1, 2, 3, ... », 
suppose first 1 to remain in the leading place, as in the example 
referred to, we then obtain 1 . 2 . 3 ...(/»- 1) terms which have 
ai as a factor, and 

a^Ai = a,S ± 62^3. . . /« ; 
hence 

I 

A ^ h 1 \ bz Cz , . . U 

<^l — ^ X ^2^3 • > . t» — I 



^/i Cn • » , ifi 



and this determinant is the minor corresponding to the consti- 
tuent fli, or Ai = Aa^. 

To find the value of ^2, we bring a^ into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain 

A2 = - Aa, ; 

i.e. A2 = the minor corresponding to 02 with its sign changed. 
Again, bringing a^ to the leading place by two displacements, we 
have 

and so on. 



Development of Determinants. 



233 



ThuB we oondude that, in general, 

A = fli Aa^ - a, Aa, + a^ Afl, - fli Afl^ + &o. 

Similarly, we oan expand A in terms of the constituents of 
any other column, or any row. For example, 

A = «! Afl^ - 61 Aji + Ci Ac^ - &o. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the le€uling place. For example, sup- 
pose the determinant {aibzCzdiCi) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to d^ A^f,. Here two displacements upwards, and after- 
wards three to the left, will bring d^ to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows :— 
Proceed from ai to the constituent in qt^estion along the top roiOj and 
down the column containing the constituent; the number of letters 
passed over bqfore reaching the constituent will decide the sign to be 
attached to the minor. In the example just given ; beginning at 
ai we count ai, ii, Cj, e/i, di^ i. e. five ; and this number being odd, 
the required sign is negative ; if the number were even the sign 
would be positive. 

Examples. 



1. 1 «l *1 ci 
«s ^1 «3 
Os ^ Ai 





h Ci 




h ci 




= «! 


h C3 


-02 


*3 d 


+ 03 



bi ei 
bi ct 



sOl^^ — aibzCz — a2^lC3 + <^^^l +fl'3^i<?2 — tf3^0« 

(Compare (2), Art 107.) 
*> a h ff 



h h f 
9 f e 





* / 




= a 


/ * 


-h 

1 



h g 

f c 



-^9 



h 9 I 



ahe + 2f9h -(^-bg^- ehK 
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3. Expand the determinant of the fourth order in terms of the constitiients of 
the fourth row. 

A = ~ fli A«^ + hAb^ - ciAt^ + diAd^ 

a\ ci di I 



I ^1 fi di 

= - ^4 j b-t f 2 d2 

I bi cz dz 



fli bi fi 

ff3 bi Ci 



«i ^i di 

I 

+ bi 02 C2 d% —Ci at b2 d% +di 

o^ C3 dz \ a^ bi d% 

When the determinants of the third order are expanded this will g^ve the ex- 
pression of Ex. 3, Art. 108, as the student will easily yerify. 

4. 3 2 4 
7 6 1 =3 

5 3 8; 

= 8(48-3) -7(16-12) + 6(2-24). 
= -3. 

5. Find the value of the determinant 

8 7 2 20 



6 1 


** 
— i 


2 4 


+ 6 


1 2 4 


3 8 




3 8 




6 1 



A = 



3 
5 

8 



1 




4 
11 



7 

6 



It is evidently convenient to expand this in terms of the third row, since two of 
the constituents in that row vanish. 



A = 5 



und expanding the two determinants of the 3rd. order, we find A = 2188. 

G. Expand 

a -i8 



i 


2 


20 




8 


7 


20 


1 


4 


i 


+ 11 


3 


1 


t 


1 





6 




8 


1 


6 



1 

-o 1 



y 

1 



7. Expand 



Ans. 1 + a2 + i35 + y\ 







* o / I 
d $ f 
Am, a^d^'\-ifie^ + i^p-2bcef-2cafd-2tibdf. 



\ 
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8. Prove 



— a 



a 
1 



-^ -y 



y 
1 






-7 

9. Expand 



^'-«' 



1 + a« + /? +,r« + (oa* + isr + r/f. 






— a ft e d 
b — a d e 
e d — a b 



d e b — a 
10. Prove the following identity, and expand the detenninants : — 




I 
1 
1 



1 








1 




9 





s 

y 

X 





-4»i*. a;* + / + c<-2y'«*-2:;»a;'--2jc«y^ 

11. Show that if the first two columns of a determinant of the third order bo 
written after the third, as follows : — 

«a ^ ^/2v y^i 02 

/Xx„\ 

then the expansion of the determinant may be obtained by writing with podtivo- 
signs the three products which lie in the diagonal linos descending from left to 
right, and with negative signs the three products which lie in the diagonal lines 
ascending from left to right. 

This rule, due to M. Sarrus, is practically convenient in expanding a determi- 
nant of the third order. 

12. Find the value of the determinant 

A 



A = 



a 
h 



9 
h f 



V 





Expand first in terms of the last row or lost column, and then each of the deter- 
minants of the third order in terms of A, ii, v. 

Ant, - A = (6r -P) A' + (ea -^»)m' + {«* - A») r* + 2 {gh - af)tiv 

+ 2(h/-bg)y\-\-2{fy-ch)\fjL. 
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115. Development of Determtnanto contlB«e4« — 

The expansion explained in the preceding Article is indnded 
in a more general mode of development given by Laplaoe. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we expand it as a linear func- 
tion of the minors comprised in any number of lines. 

Consider, for example, the first two columns (a, b) of any 
determinant; and let aU possible determinants of the second 
order {(tpbg), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the Op and bq lines be represented by Ap,^; then the deter- 
minant can be expanded in the form 2 ± {apbq)Apjqf where 
each term is the product of two complementaiy determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b. Suppose a term to contain the 
factor Opbq^ there must then (interchanging/? and q) be another 
term containing the factor -aqbp) hence, the determinant can 
be expanded in the form ^{apbq)Apyq\ and Ap^q is plainly 
the Bum of aU the terms which can be obtained by permuting 
in every possible way the ft - 2 suflBxes of the letters <?, rf, <», 
&c., viz., ± Ap,9, the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily be 
•extended to the case where any number p of colunms are taken, 
and all possible minors formed by taking p rows of these 
columns. Each minor is then multiplied by the complementary 
minor, and the determinant expressed as the sum of all saoh 
products with their proper signs. 

Examples. 

1. Expand tho deCermiimnt {aih^c^di) in terms of the minonof the second order 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows : — 

the signs being determined by the method of Art. 108 ; for since the letters within 
the brackets represent the loading terms of the several determinants, the signs may 
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be detennioed as if the brackets were expunged, and the terms were then elements 
of the determinant. 

2. Expand similarly the determinant (cibtctdies). 

Ana. {axh%){czdieii - (aih){Hdi$ii '\-{aib^{e%die^ - {aih^{e%diei) 

+ (««*j)(*id!i*6) - {a%b^{e\dze^ + {a%h){cid%ei) -k- {azh)(eid2eb) 
- {ozh) {eid%ei) + (aih) (<?i<fe^). 

3. Prore the identity 

«i ^1 c\ d\ e\ f\ 

a% h% 02 di 02 fi 

a% h% €% d^ ez ft 

ai ^1 Yi 

as iSa 72 

as /Ss 73 

ThiB appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is eTident that aU these minors vanish (having one row 
of cipherB) except one, viz. (01^0^). 

In general it appears in the same way that if a detenninant of the 2m'* order 
oontains in any position a square of m' ciphers, it can be expressed as the product of 
two determinants of the fn<* order. 



«1 *1 <?1 




ttl ^l 71 


0^1)2 02 




OS iSs 72 


«8 *8 «3 




OS iSa 73 



4. Expand the detenninant 



A 

9 
\ 



h 
h 

f 
M 



9 
f 



K 
M 

V 











in powers of a, ^, 7, where 

a^iu/ - 119, = P\' - /A, 7 a X/n' - A'/*. 

An$. at? + */3»+ <?y« + 2/)B7 + 2gyn-¥2ha0. 

116. Addition of Determlnaiito. Prof. Y. — If evenj 
constituent in any rote or column can be resolved into the sum of 
two others^ the determinant can be resolved into the sum of two 
others. 

Suppose the oonstitaents of the first oolumn to be ^i + axy 
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^ + 029 ^ + ^39 &0. SubfititutiDg these in the expanaon of 
Art. 114, we have 



= aiAi + a^Af^ cizAz + . . &o. + €i\A\ + aj^a + 03^3 + &c. ; 



or. 



«1 + fll 


Ji 


C| . . ' 


ai 


h 


Ci • . 




fll 


6, 


Ci • • 


Oj + as 

1 


i. 


C*2 . . 

1 


On 


h 


C2 • . 


+ 


aa 


6. 


c . . 


• • • 


63 

• 


^'3 • • 1 

1 


• 


m • 


C3 . . 

• 




as 

• 


6. 

• • 


<?3 • . 

• • 



which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be resolved into the sum of four others. For example, the de- 
terminant 



^l + Qi 


bt + (i 


a-i + 02 


ia + /3 


a^ + 03 


h + fi 



Ci 



Ci 



d 



is (using the notation of Art. 113) equal to the sum of the four 
determinants 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of tennS) 
the determinant can be resolved into a correspondiug number of 
determinants. For example 



1 


b^ 

» 


Ci 




fll 


6. 


c. 


ai 


ii 


c,\ 


a'l 61 Ci 


^ifg — a2 + a 3 

1 


h 


Ci 1 = 


ffj 


h 


c.\- 


02 


h 


1 
C2 + 


a\ 63 d . 


1 / 
^^Tj - aj + a 3 


b. 


Ci 




rts 


bi 


c,\ 


03 


*3 


^3 , 


a'a h Ci 



And, in general, if one column consist of the algebraic sum of 
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m otherSy a seoond column of the sum of n others, a third of the 
fium of p others, &o., the determinant can be resolved into the 
sum of mnp . . . , &o., others. 

The results here established in the ease of the columns are 
also of course true when rows can be similarly resolved into 
sums. 

117. Prop. VI. — If the constituents of ofie line are equal to 
4he sums of t/ie corresponding constituents of the other lines multi' 
plied by constant factors^ the determinant vanishes. 

For it can then be resolved into the sum of a number of 
"determinants which separately vanish. For example, 



null + nbx tti hi 
ma^ + nb2 a^ b^ 
moz + nbz 03 h 



flfi flPi 6i 

= m , ^2 ^2 b% 

Oz a^ b^ 



+ n 



bi ai bi 
bz a^ 6a 

^3 ^ ^ 



and each of the latter determinants vanishes (Art. 110). 

118. Prop. VII. — A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rotes or columns j multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 116, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example. 



fli bx Ci 

02 fta C'i i = 
Oj 63 C3 



Oi + mbi + nci bi Ci 

02 + mbi + nCi bi c^ 

03 + mb^ + ncz by Cz 



for when the second determinant is expressed as the sum of 
three others, the two arising from the added colunms vanish 
identically (Art. 117). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 
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EXAMPLBS. 

1. Show that the following determinant yanishea : — 

! /3 + 7 « 1 
7+ o /9 1 

a + /3 7 1 

Adding the constitoents of the second column to thoee of the first, we can tik» 
out a + /3 + 7 as a &ctor, and two columns then become identical. 

2. Find the value of the determinant 



3 4 10 

Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from thoee of the third, we obtain 



1 
2 
3 



1 
1 



1 
1 
1 



which vanishes identically. 



>•■>'/ r/{/ 



3. 



-1 1 
1 -1 



1 
1 



1 
1 



1 -1 



1 1 1 1 i 

2 2 

2 2! 

2 2 







= -16. 



111-1 

Here tho first trajisformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 



4. 



7 11 


4 




13 15 


10 


= 3 


3 9 


6 





7 11 



13 15 10 



= 3 



7-10 -10 
13 -24 -16 



= 3 



10 10 
24 16 



= 80 (16 - 24) = - 240. 

Here the second transformation is obtained by subtracting three times the fint 
column from the second, and twice the first from the third. In examples of this 
kind attempts should be made to reduce to zero aU the constituents except one in 
some row or column, in which case the calculation reduces to that of a detenni* 
nant of lower order. This can always be done by reducing any one line to units, as 
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II Ex. 1, Art. 112 ; but in general it can be effected more readily by direct addi- 
ions or subtractionB, as in the present instance. 

5. 1 



7 


-2 





5 


7 


-2 





1 

1 




19 


-2 


17 


2 


6 


-2 


»2 


19 





-2 


17 
















= 










= 2' -7 


5 


-2 





-2 


6 


3 


-7 





5 


-2 


























12 


3 


9 


5 


2 


3 


1 1 


12 





3 


9 











The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
seoood colunm from the first, and three times the second column from the third. 
Thus 

19 - 2 17 I .27-2 23 



2 



-7 
12 



6 -2 
3 9 



= 2 



-27 




6-17 
3 



= -6! 



27 23 
- 27 - 17 



= - 972. 



6. Calculate the determinant 



A s 



1 
12 

8 
13 



15 
6 

10 
3 



U 
7 

11 
2 



4 

9 

5 

16 



The first sixteen natural numbers are arranged here in what is called a '' magic 
square,* ' t. e, the sum of all the figiux)s in any row or in any column is constant. In 
general for a square of the first n^ numbers this sum is }n(n' + 1). Determinants 
of this kind can be at once reduced one degree. Here adding the last three columns 
to the first, and subtracting the last row from each of the others, we have 



A = 34 



1 15 14 4 
16 7 9 
1 10 11 5 



= 34 



, 1 3 2 16 . 



j 12 12 - 12 

I 

10 3 5-7 

7 9-11 

13 2 16 



= - 34 X 12 



11 -1 
3 5-7 
7 9 -11 



ind subtracting the second row from the last row, it is evident that the reduced de- 
;enninant vanishes; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 

in a magic square : 

4 9 2 



8 1 6 
K 



Ant. 360. 
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8. Calculate the determinant fanned by the first twenty-fiye natural numbers 
arranged in a magic square : 

10 18 1 14 22 



23 
17 



11 



12 25 



19 



8 



24 



13 21 
7 20 



16 



15 
9 



Ant. 



4680000. 



9. Expand, by the method of the present Article, the determinant of Ex. 10, 

Art. 114. 

) 1 1 1 I 1 I 

1 



A = 






1 1 


1 







1 


1 


«a 


y* 


1 


s> y» 


1 


s' 


a> 




1 


s» -I» «»-»2 


1 


ya «3 







1 


yB «2-y3 -y» 









1 «2-y 



» -1 



Here, to obtain the second determinant we subtract the second column from each 

of the following ones. In the reduced determinant, subtmoting the first row from 

each of the following, we find 

1 s» y* • 

2^ y»+«»-x5 I 
-25» «»-a»-y2 =- 



A«- 



a«-y2-«> -2y» i 
= (y* + s» - *2)2 . 4yi2a 

= (y" + «»-«» + 2y»)(y2 + 1? - «» - 2yi) 

= - (« + y + «) (y + « - a;) (» + « - y)(ic + y - «). 
10. Frovo the identity 



y« +««-«« 2y2 



(* + <?)« a» a» 



3 2a^(a + ^ + <?)». 



c" c» (a + *)» 

Subtracting the last column from each of the others, (a + 3 + «)' may be taken out 
as a factor. Calling the remaining determinant A*, and subtracting in it the sum of 
the first two rows from the last, we have 



A' = 



b + e-a a« 

tf+a-* d* 

c-a-b e-a—b (a+i)' 



b-j-e-a a« 






e+tt^b *» 




-2b -2a 2ab 






a(* + <?-a) 


0^ 






*(« + «-*) 


^ 


• • 




-2a3 -24ia 


2«6 
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Adding the last column to each of the others, wo obtain 



'-i 



«(*+r) a' a* 
2ad 



= 2 



»> 6(0-1- a) 



= 2a6 



Henoe, 



= 2a6c(a + 6 + <'). 



A = A' (a + 6 + o)» = 2a60(a + * + f)». 
1 1 . Proye the identity 

1 1 1 ! 



a fi y 
a» i3« y 



(i8-y)(7-o)(a-i8)(a + /3 + 7). 



Subtracting the first column from each of the others, fi- a and 7 - a become 
factors. In the reduced determinant, subtract the first row miiltiplied by a' from 
the second row. 

12. Beeolye into simple factors the determinant 



A E 



1 


1 


1 


1 


a 


fi 


7 


8 


o» 


i8» 


r" 


«a 


d* 


/8* 


r* 


«* 



Proceeding as in £z. 11, we easily find that 03 - a) (7 - a) (9 - a) is a Victor, and 
that the reduced determinant is 



1 



1 



^+0 7+0 8+a 

/3»+/8»a + i8a3 + ii? 7^ + 7»a + 70* + «? «» + «2a+«aH«i? 

SubtrBcting the first column from each of the others, (7 - fi)[9 - 0) comes out 
as a factor, and the remaining factor is easily found to be (9 - y){a + i3 + 7 + 9). 
Hence, finally, 

A = -03-7)(o-9)(7-a)(/3-9)(a-/3)(7-9)(a+i8 + 7 + 9). 

119. MvMpUcatloii orDetermlnaiito. Prop. Vm.— 
The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The stadent will observe, from the nature of the proof, that it 

r2 
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is equally applicable in general. We propose to show that the 
product of the two determinants (^162^3), (aijSsys) is 

UxQi + 6,j3i + Ciyx a^a-i + 6|j3, + 0,72 rtiOa + 61/83 + Ciji 

a^Qi + J2|3i + C371 aiOi + 6802 + O272 (hOi + 6a/33 + ^573 ; 

^jOi + ia/Si + C^yi a^az + iajSa + ^372 ^03 + Ja/Sj + C373 



whose constituents are the sums of the products of the con- 
stituents in any row of (^162^3) by the corresponding constituents 
in any row of (aij327s). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Art 
116). Now it will be observed that when any one of these 
is written down, a common factor can be taken off each column ; 
and that several of the partial determinants will, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
column ; this would give a vamshing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Betaining still 
the first line of the first colunm, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, ve 
write down these two determinants as follows : — 



01/8272 



Ui 61 Ci 
(t'i 62 C'i 

<h ^3 ^3 



+ 0172/83 



Ui 6, ci 
(iz b'i Ci 

\ (h h Ci 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that (^1620) is a factor 
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in each of these. Taking out this factor^ there remains the 
sum of six terms — 

and this is the determinant (oi/Saya). We have thus proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determmants the rows may be writ- 
ten in plaoe of oolumns ; hence, the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded. 

Cor. — ITie square of a determinant is a symmetrical deter* 
minant. 

Two constituents of a determinant are said to be corrugate 
when one is situated in the rows in the same place relatively to 
the leading constituent as the other is in the columns ; and a sym^ 
metrical determinant is one in which the conjugate constituents 
are equal to one another. The student will find examples of 
such determinants on referring to Examples 2, 9, 10 of Art. 114, 
and Example 4, Art. 115. From these definitions the corollary 
follows immediately, by putting the several constituents of 
(ai/Ssya) equal to those of {ctib^c^ in the above expression for 
the product of these two determinants. 

120. Mnlttpllcatton of Determlnanto conttnaed. — 
Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained. 

In the first of the following examples this method is applied 
to determine the product of two determinants of the third order. 
The student will have no difficulty in extending the proof to 
determinants of any order by the aid of the principles estab- 
lished in Art. 115. 
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Examples. 

1. The product of the two detenninanta (ai^t^s)* (nfityi) is (see Ex. 3, 
Art. 115) plainly equal to the deteiminant 



ai bi ei 

02 b2 Ci 

03 ^ ^ 



1 
0-1 
0-1 



ai OB 03 

/9i /32 j93 
71 r» 73 



In this determinant add to the fourth column the sum of the first multiplied hj 
aij the second by ^i, and the third by 71 ; add to the fifth column the siun of the 
first multiplied by as, the second by /Sa, and the third by 72 ; and add to the azth 
column the sum of the first multiplied by 03, the second by iSs» and the third by 73. 
The deteimimmt becomes then 



fli hi e\ 
02 h ct 

(t2 bs Cz 



;-i 

' -1 








00-1 



ffioi + hi Pi + nyi 

«201 + b2fil +<'J71 

«30i + bifii +csyi 






«ia8 + iii8» + ^lyi 
«2a2 + b2fii + ^72 
fl302 + hfii + <5S7» 






«3«8+ ^^3 + «1I7S 







And this is, by Art. 115, equal to the product (with the proper sign) of the deter- 
minant 

-10 

0-1 (which is eqiud to - 1), 

0-1 

by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negatiye is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will haye do 
difficulty in obserring that, in the general case, the nimiber of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the product-determinant of Art. 119 is always 
positive. 
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2. Shov that tlie prodtiet of tlie two detenninants 
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— e -k-id a — ib 



t^^ik' ^-^id' 



-e'^id 



a'-^ib' 



where t = y/- 1, may be written in tlie form 

D-tC B-iA 



-B-iA D + iC 



irhere 



Asbi^^b'c-i-ad'- aV, ^ a «i' - <?'a + W - b% 

C s ab' - tifb •¥ ed' " t^d, Dmaa'^bV-^ td ^W\ 

h«nce prove Euler'a theorem 

(a» + ^a + «» + rf«) (a** + y» + c** + rf") 

B (««' + M' ^ teArW)^^(be - Vc^tA' - tld\^ 

+ («i' - •• + M' - W)»+ (iOf -^ dh Ac 9d* -^ ed)\ 

m.y thi product of two tmu each of /bur oquareo eon be ogprottod m ike turn of four 
tqumres, 

3. Prove the foUowing expreosion for the square of a detenmnant of the third 
ader: — 



a b c 
ti V e' 



a" V e*' 



2{wi"¥) ae* ^^ a'e - Ub' ««" + «"* -244" 

«^ + «'c-2W 2(a'<j'-4'«) a*e'*^€l'e^1Vh 

fly' + a"c-2M" aV' + aV-2yy' 2(aV-y'«) 

This appean by multiplying the two determinants 

e ■'2b a 



b" e" 



if -2y <*' 



rhich differ only by the fiictor 2. 

4. Show that two determinants of different orders may be multiplied together. 

For their orders may be mode equal ; since the order of any determinant can be 
ncreased by adding any number of columns and the same number of rows consisting 
if units in the diagonal, and all the rest zero constituents. For example, 






bi 
b% 



may be written 










1 


u 









bx 

4... ! 
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the only effect of the added constitusiitB being to multiply the detenninant by muty. 
More generally, one set of added constituents (i.e. those either to the right or the 
left of the diagonal) might be taken to be any quantities whateyer, the remaimng 
set being ciphers. Thus (aib^) might be written 

1 a iS 7 






1 


8 


c 








ai 


*i 








Gi 


h 



for, expanding this according to the left-hand columns in succession, it is plain thst 
the added constituents a, ^, 7, 9, € will not enter into the result. 

121. Rectangular Arrays. — ^Airays in which the num- 
ber of rows is not equal to the number of oolumnB may be oalled 
rectangular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
given, a determinant can be derived £rom them by the process 
of Art. 119, whose value we proceed to investigate. 

(1). WTiefi the numbef' of (^lumm exceeds the number 0/ raws. 

Take, for example, the two rectangular arrays, 



fli bi Ci di 



a% 



\ 

bt Ci di ) 



(1). 



ai /3i yi Si 
02 /32 71 Sa 



(2); 



and, performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 

a^ai + Ji/3i + C271 + rfsSi a^ut + 62/82 + ^372 + rf^Sg 
The value of this is easily found to be 

+ (6iflS.)(/3i82) + ((?!*) (7,8,), 

i. e. the sum of the jjroducts of all possible detenninants which can 
he formed from one array [by taking a number of columns equal 
to the number of rows) multiplied by the cofreynmding determi* 
nants formed from the other array. 
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The stadent will have no difficulty in extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rows exceeds the number of columns. 
Take, for example, the two arrays, 

a, P, -1 



«. i, -| 



!> (2). 



J 



02 bi y (1), 02 /32 

Performing the process of multiplioation, we obtain the deter- 
minant 

! «iai + 6i/3i flia2 + 61/82 flfios + ii/Ss 

I 

I OjCi + 62/31 0302 + 62/82 ^as + 62/83 
er^jai + 63/81 ^302 + 63/82 ^^303 + 63/83 

It win be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of tlie given 
arrays and the determinants so formed then multiplied. 

Hence tfie determviant vanUheSy since it is the product of two 
factors, each equal to zero. 

It readily appears that a similar proof applies in general. 
It is only necessary to add to each array columns of ciphers so 
as to make the number of columns equal to the number of rows, 
and then multiply the two determinants. 



Examples. 



1. From tlie two arrays 

111) 



a $ 1 ) 



(1). 



1 1 1 



a $ y 



(2), 



proye 



3 a + i8+ 7 

a + i8 + y a2 + i8« + 7« , 
2. From the two arrays 

a b e \ e -2h a 

a' b' e' ) c' -24' a' 



= (a - i8P + (a - yf + (18 - -)-)». 



(2), 



prove 



4 (<w- i») («'c' - *'«) - (/w* + a'c - 2bl/)9 = 4 {b<f - b'c) (ffi'- a'b) - (ar^- a'c)^. 
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3. By squaring the array 



a b c 
«' b' c' 



prove 



4. Verify, by squaring the array 

abed 
a' V (f d! 



the result of Ex. 2, Art. 120. 

5. Prove the determinant identity 



(«4 



bxf («1 



hf («1 

*2)' (a* 



*3)» («1 

*3)» (02 

*8)» (Oi 

^)* («4 






s 0. 



This can be proved by multipl}ing the two arrays 



a^ a\ 1 

a-^ rt3 1 I 
a^ Oi I J 



(1), 



1 



1 -2*1 ii* 

1 -2*2 3^2 

1 -2*3 *3' I 

1 -2*4 **« J 



> (2). 



122. Solution of a Syvtem of Ijinear Eqvatloiis.— 

We have seen in Art. 114 that a detenninant may be expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We have, for example, 

^ = QiAi + aiAi + azAi + &c. 

Now, the coefficients -4i, -4o, &c., are connected with the consti- 
tuents of the other columns by n - 1 identical relations, viz., 

biAi + 62-^2 + 63-^3 + &c. = 0, 
CiAi + ^2-42 + Ca-^a + &c. = 0, &c.. 



for any one of these is what the determinant bebomee when the 
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oonslitaents of the corresponding column are substituted for 
Ai» ^> a^y &0.9 and must therefore vanish. 

B7 the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three variables is sufficient to explain the general 
process. Let the equations be 

OiX + hiy + CiS = Wi, 
0%^ + b%y + c%z = wi2> 
thx + b^y + c%z = W3. 

Multiply the first equation by Ai, the second by A^y and the 
third by Ai ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved ; and we obtain 



{ttxAi + 02 Az + 03-43)^1? = Wi-4i + rihAi + m3-4j, 



or 



mi bx Cx 

A a; = m% bi C2 

nh bi c^ { 

where A represents the determinant formed from the nine con- 
stituents, 01, bij Cxj &c. 

Similarly, multiplying by B^ 3%, Bs, we obtain 

{bxBi + 6,-82 + b3Bi)y - miBi + Wa^j + nhB^, 

tti nil Cx 

A y = I 02 ifh c% 

where the determinant on the right-hand side is what A becomes 
when mi, ma, nh are substituted for the constituents of the second 
oolumn. Similarly; we obtain for 2 

Oi bi nil ; 
A» = 1 rt2 ^2 mj . 
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These values may be written more oompaotly, as follows :-* 

^x = (wi J2C3), Ay = (aiWaCs), A2 = {flibzfn^. 

In general, the values of a*, y^ s, iSbo., may be written as fol- 
lows : — 

(fll6>■.C^, . . . l„) \(l\ O'iCi . . . /,,) (flTiftaCs . . . In) 

where, to obtain the value of any variable, the given quantities 
fHiy m^y &c., on the right-hand side of the given equations are 
to be substituted in A for the coeffioients of the variable in 
question, and the determinant so formed to be divided by A. 
123. Ijinear Homoseneoas Eqaattons. — ^When ^1 - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
tliem to the right-hand side of the equations, and solving as in 
the previous article ; or we can determine these ratios more con- 
veniently, as follows. We take the particular case of three 
equations between four variables, which will be sufficient to 
illustrate the general process : 

aoX-^biP + CiZ-^ d^w = Oy ^' (1) 

I 
a^x + b^f/ + CiZ -^diic = O.J 

To these we can add a fourth equation whose coefficients are 
undetermined, viz., 

fux + b^t/ + dz + d^ic = A. (2) 

Calling {aibnCidi) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
mi = 0, nh = 0, tfh = 0, f)h = A, the following values : — 

A^ = XAij Ay = XBi, Az = XCiy A«r = AA, 

or, 
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The first three of these equations express the ratios of the 
four variables in terms of the coefficients in the three given 
equations. And in general, the variables are proportional to the 
coefficients in the expanmn of ^ of the constituents of the n'* row 
supposed added to the n-l rotes resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 

ttiAi + biBi + OjCi + d^Di = 0, 
or 

A = 0. 

The same thing appears from the equations (3), for if A = 0, 
and if the variables do not all vanish, A must vanish. 

What has been proved may be expressed as follows : — The 
remit of eliminating the variables between n linear homogeneous 
equations in n variables is the vanishing of the determinant formed 
by the coefficients of the given equations. 

124. Reciprocal Determtnantti. — The quantities 
-4i, -Bi, Ci , . . Ai^ &c., which occur in the expansion of a deter- 
minant (i.^. the first minors, with their proper signs), may be 
called inverse constituents ; and the determinant formed with 
them the inverse or reciprocal determinant. We proceed to prove 
certain useful relations connecting the two determinants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A', and multiply the two 
determinants 



A = 



«i bi Ci 




Ar 


B, 


a 


a^ vj Cj , 


A' = 


A., 


B, 


c. 


az 63 Cz , 




Az 


B^ 


c. 



All the constituents of the resulting determinant except 
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those in the diagonal vanish (see Art. 122) ; and the lesolt 
is 



whence 



! A 

AA' = A 

A 

A' = A\ 



= A^ 



The process here employed is equally applicable in general; 
giving A A' = a", or A' = A'*-^ Hence the reciprocal determinant 
w eqtial to the (n - 1)'* power of the given determinant. 

(2). To express any minor of the reciprocal determinant in tennt 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its redprocal. Multi- 
plying the two determinants on the left-hand side of tJie follow- 
ing equation, and employing the identical equations of Art. 122, 
we obtain 



or 



dl 


6i 


Ci 


di 1 

1 


1 


0. 


«! 











a^ 


bz 


C'z 


^2 1 


A, 


1 

B2 C2 2>3 Oj 


A 








a^ 


h 


d 


[ 


A, 


A Ca A ; 

1 


a» 





A 









Ci 


rf. : 


A, 


B, Ct D« 


«4 








A 


.en( 


36 




1 
1 


B, 


C, A 1 














1 

1 
1 


B, 
B, 


















{B, Ca A) = fliA', 











thus expressing the first minor of A^ complementary to Ai. 
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Again, to express the second minors of ^\ we have, by an 
exactly similar process, 



G^ b^ (?, rf, 






10 







a, 6, 








(h b^ c-i d2 


10 




Oj 6j 








Oi bz Oi rfj 


^3 -Bs ft A 




fla bs 


A 




1 


^1 bt C4 di ; 


^. 5, f7« A 


«. *» 





A 


hence 

A 


C3 2)3 1 








r 






(C.A) = ( 


01 (2) A 


» 









The general theorem of which these are particular cases can 
be proved in a similar manner, and may be expressed as fol- 
lows : — A minor of the order m formed out of the inverse consti- 
tuents is equal to the complementary of the corresponding minor of 
the original determinant A multiplied by the {m - 1)^* power of A. 

125. Skew Synunetrlcal Determinanis. — We have seen 
in Art. 119 that a symmetrical determinant is one in which the 
conjugate constituents are equal to one another. 

A skew symmetrical determinant is one in which each consti- 
tuent is equal to its conjugate with sign changed ; and including 
the constituents in the leading diagonal, it follows that all these 
vanish since each is its own conjugate. 

In a symmetrical determinant the minor corresponding to 
any constituent is equal to the minor corresponding to its con- 
jugate ; for, since one occupies in the rows the same position as 
the other in the columns, the two minors will differ only by an 
interchange of rows and columns. 

It easily appears also that, in the case of a skew symmetrical 
determinant of the n*^ order, the minor corresponding to any 
constituent differs from that corresponding to its conjugate by 
an interchange of rows for columns, and by the signs of all the 
constituents. Hence the two minors are equal to one another 
when their order is even, 1.^., when n is odd; and they are 
equal with contrary signs when n is even. 
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The following are useful properties of skew symmetrical 
determinants :— 

(1). A skeic symmetrical determinant of odd order vanishes,— 
For any skew symmetrical determinant is unaltered by changing 
the columns into rows, and then changing the signs of all the 
rows ; but when n is odd this process ought to change the sign 
of A ; hence A must, in this case, vanish. For example, 

Q h g 

-h / - 0, 

-g -/ 

(2). A skew symmetrical determinant of even order is a perfect 
square. 

This Proposition follows from the principles established in 
Art. 124. 

Take, for example, the determinant of the fourth order 

a b c 

-a / e 

-b -/ d 

- c -e "d 



A = 



and let the inverse constituents forming its reciprocal be de- 
noted hy Ai, Biy , . . Aiy &c. We have then, by (2), Art. 124, 

d j 



AiB, - A^Bi = A 



= rf' A. 

-d ; 



Now Aiy and Bjy being skew symmetrical determinants of odd 
order, vanish ; and ^2 = - J?i, since these are conjugate minors ; 
hence d^ A = ^3^, which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew determinant of the fourth order 
is a perfect square ; and since the latter determinant has been 
just proved to be a perfect square, it follows that A is also. By 
an exactly similar process, assuming the truth of the Proposi- 
tion for the determinant of the sixth order, it follows for one of 
the eighth ; and so on. 
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1. 



a 




EXAXFLES. 



— « 



/ 




— « -e -rf 



c 
e 
d 




{ad-U^ef)^, 



In the aboYO proof A is multiplied by a sqiiaro factor ; but tbia must divide out 
in every instance, since A is plainly not fractional. 

2. The square of any determinant of even order can be expressed as a skew 
symmetrical determinant. 

The following method of proof is applicable in general. 

The square of (a\h%czdCi is obtained by multiplying the two following detenni- 
nanta: — 



fll 


*i 


C\ 


di 




-*i 


«l 


-rfl 


ei 


a% 


h 


C2 


d2 




-^ 


(h 


-rfa 


Ci 


«3 


h 


Ci 


dz 


1 


-*3 


Oi 


-(fa 


Cd 


fli 


h 


Cl 


di 




-h 


«4 


-di 


Ci 



and the product of these is 

0, - (ai^) - (ri(f2), - {aih) - (d^z), - («j **) - (<?!<?*), 

(ffi^) + («i<fc), 0, - {fl%h) - {c%dz)f - (oa**) - ((!4<f«), 

(«i*j) + (<?!*), {a%h) + (^ratfa), 0, - (as**) - (<^rfi), 

(«i*4) + (c\di), {azh) + (<!i<^), (as^O + (<^rf*), 0, 

which is a skew symmetiical determinant. 
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1. Prove that 



On ai 0% 

tf] 02 ^ 



a 



az 



04 



^/, 



where / has the same signification as in Art. 38. 

2. Prove that 

j3 +7 r +o o +/3 

/B* + y y + o' a' + /3' =2 

ff' + y 7" + «" a" + /3" 

S 



a 



»» 



/J" y 
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3. Fxoye that 

fir ^'^ffy ffy \ 

ya ya' + -/a y'a' \ = OV) (7«') (-3'), 
where the fiicton on the right-hAnd side are detenmnants of the second order. 

tt A 'v 

Diyiding the rows by 0'y\ yo', a'fi^; and putting X = -, M = s?» r = £;, the 

deteiminant (omitting a &ctor) reduces to the fonn 



ff' 



1 n-¥v 


M^ 




1 


-X 


/ur 




1 y fX 


rX 


3 


1 


-M 


rX 


= -(M-r)(ir-X)(X-M),&c. 


1 X + M 


AM 




1 


— r 


AM 




4. I'rove that 















a' ft' «• tT 

a« ^ ^ flT* 
a' b' if dr 



-(i.^)(a<f)(ai')(i<^(«tO(<«f) 



rt' A' r* <1* 

Multiplying the columns by -i, -^, — , -=, the detoiminant reduces to the fonn 

«* ft* c »• 

treated in Ex. 10, Art. 112. 

5. Frovethat 
i8'7» + a'a« /37 + o« 1 

7«a' + /3'8» 7« + i8« 1 = (/3 - 7)(a- «) (y- a)(/3 - «)(a - i5)('y- «). 

a»/32 + yija o^ + 7« 1 

Add the last column multiplied by 2 a/SyS to the fiist. The detenninant beoooiee 
then of the fonn of £x. 9, Art 112. 

6. Prove that 
(/3 + 7-a-«)* (/3 + 7-a-«)' 1 

(7 + a-i8-«)* (7+a-i8-«)« 1 

(o4/3-7-«)« (a + /3-7-«)» 1 

7. Prove that 

a h az\h 

b c bx-^ e 

oj? + ft ft* + c 

Subtract from the third row the second row plus the first mult^lied by s. 



= 64 03-7)(a-«)(7-a)0S-«) 

(a-i5)(7-«. 



s - (<ic - ft») («»+ 2ft* + c). 
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8. ProTO similarly that 

a h 

h e 





d 

e 



*jc»+ 2ex-\-d 
csg^+ 2dx+e 



a^ + 2bx-¥e hs^-k-Tdix^d cx^'i-2dx + e 



9. Given 



a b e i 

I 

bed (a«* + 4*** + ecx^ -{■ idx -^ e), 
e d e , 



f\ (a?) = fli«» + 3*i«3 + Stfia: + d\^ 
f%{x) = a%s? + Zb%x^ + ZciX + d2t 
Mx) = a^a? + 3^«3 + 3c8a? + dz ; 



prove the identity 

/iW /I'W /i"W 

/«W /2'W /a"W 

/>(*) /3'W /8"W 



= -18 



1 


-« 


*2 


-«3 


«l 


*l 


Ci 


e/i 


«3 


^2 


C2 


</2 


flS 


bz 


C-i 


dz 



The first detenmnant reduces cosily (omitting a factor) to the following : — 

aiX-\-bv bix + ci eix-¥di 

OiX + bj b2X + ^2 C2X + djj 

as^r + ^ ^3«P + cz cix + f's 

An artifice which is often useful in simplifying a determinant is to increase its 
order by bordering it with rows or columns whose constituents are ciphers, except 
thxme in the diagonal, which are units. The value of the determinant remains un- 
iltered (see £x. 4, Art. 120). The determinant last written is plainly equal to 



ai aix + bi bix -f ci cyx + di 

02 cnx + bz bix + C2 c%x + dt 

03 azx + bz bzx + cz CiX + dz 

Subtracting from the second column the first multiplied by x ; subtracting then 
rom the third the new second column multiplied by x ; and, finally, from the fourth 
ti6 new third odumn multiplied by x, wo have the result above stated. 

s2 
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10. Show that the detenninant 

contains X(4^ + y' + s')-l asa factor, and that tho lemaining factor is inde- 
pendent of X. 

Border the determinant, as in £z. 9, with a first column whose canstitnents are 
If \Zf \ffj \z; and with a first row whoso constituents are 1, 0, 0, 0. Suhtract 
then X times tho first cohimn from tho second, y times tho first column £rom the 
third, and s times tho first cohimn from the fourth. In the determinant thus altered 
suhtract from tho first row x times the second, plus y times the third, plus s timei 
the fourth ; and the result follows. 

11. Expand the determinant 

Ci dt 

; • 

ez-\-x di 

Ci di-Vx 

Ana, (aib2Czdi),^r{{bteidi) + (aicsefi) + (aiM*) + («i*jf3)}« + {(*itfa) + («irf4) 

+ («ics) + (ftarf*) +(ffi32) + {czdi)) «»+(ai + *! + 03 + <?*)«' + Jr*- 

12. Prove the identities 



fla 


*2 + « 


as 


h 


ai 


hi 



\ I a €^ aa' 

1 












' 1 $ P" 0$^ 




B C 

1 _ 


C A 




A B 


I y V r/ 




B* C 


C A' 


s 


A' Bf 


I i ^ W 













where 

A =08-7)(a-a), ^=(7-a)(i8-«), CT = (a - /3) (7 - «), 

-4' = (3'-y)(a'-«'j, JB'=(y-a')08'-y), c=(«'-i80(y-o. 

Expanding tho first determinant in terms of the minors formed from the firrt 
two columns (sec Art. 115), wc easily prove that it is equal to 

A(ffy' + a'O + ^(7'a' + /S'5') + C(a'/S' + y'^ ; 
and employing the identical equation A + ^ + C7 = 0, along with the relations of 
Ex. 18, Art. 27, the result follows. 

13. Prove that tho determinant of Ex. 12 is equal to 

1 /37 + o« iB'y + oY 

I 

'1 7o + /3« 7V + /S'y 
1 oj3 + 7« o'iS' + 7'5' 
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This IbllowB at once from the relations of Ex. 18, Art. 27. If d', /S*, y, S' be 
put equal to d^, iS*", 7*, 8"* in the result, we obtain an identity which includes 
Ex. 6, p. 258, as a particular case. 

14. Prove the equation 

01 03 03 ' 

i5 » i?i 1 =(«-a)(a;-/3)(x-7)(*-«); 

i5 r « 1 

i5 7 « 1 

«i» As» tf3» ^9 ^) ^ being any quantities. 

This follows by subtracting a times the last column from the first, times the 
last from the second, &c. The student will have no difficulty in writing down the 
corresponding determinant of the {n + 1)'^ degree which is equal to the polynomial 
f{x) whose roots are ai, 02, osi . . . on. 

15. Resolve into factors the determinant 

(a - aT (a - fi^ 

As (B-aV (i8-i5')« 

(7-i8')» 
1 



08- «T 

(7 - «')' 



Here 



A = 



fi^ 



a 



I 

I 

1 \ X 
1 



1 
1 
1 



(a - yy 

(7-rT 

-2o' 
-2/3' 

-2y 



a'2 



y* y 

ind these two determinants may be resolved as in Ex. 9, Art. 112. 
16. Besolve into factors the determinant 



(a - a')' (a - /S')» 
As (i8-a')» (/8-i8')3 

(7-«T (7-i8T 
Multiplying the two rectangular arrays 



(• - yy 

03-y)3 

(7-70' 



0? a' o 
7* 7" 7 



1^ 

1 

1 



1 -3a' 3a'» 

}► (1), 1 -8/5' 3i8'» 

1 - 37' 37'* 



-7'0 



k becomes equal to the sum of four terms, from each of which we can take out as a 
actor the product of the two determinants 



1 
1 




7 



/8' 

«u3 



1 
1 



0' 0"^ 
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The remaining factor is 

Z{Zofiy - 2/57 2a' + 2i3V2a - Sa'/Ty}, 

which can be written also in the fonn 

3{(«-«')(i8-/B0(7-y) + (a-/900B-y)(7-a) + (a-y)0B-a')(r 
17. Prove that 



-/B^}. 









a 


3 


7 


L 


r 














= (^-w) 


a' 


3' 


y 


M 


M' 
















1 


1 


1 



where L and if haye the values of Art. 59. 
This appears easily by multiplying 



a 
1 



3' 
1 



y 

y 
1 



by 



1 
1 
1 







18. Prove by determinants the following relation : — 

= {(/3-7)'(«-»)' + (7-a)»(/3-«)»+(a-i5)»(7 
This appears from the equation 



c? c? a \ 



/S* /8' iS 1 

7* 7' 7 1 
«5 51 5 1 



1 -3a 3a« - a» 

1 -3/3 3/3' -/3' 

1 -37 3y -y 

; 1 -3« 3«« -«3 



(«-«» («-7)» 
03-a)' (/8-7)» 

(7-a)» (7-i3)» 

(8_a)S (5.^), (5..y)s 



(a-a)» 

03-a)» 

(7-«)'l 
' 



on applying the expansion of a skew determinant of the fourth order given in Ex. 1, 
Art. 125. 

19. Prove the expansion 



1+ai 1 



1 



1 
1 
1 



1 + <f a 1 1 

1 1 + 03 1 

1 1 1+04 



(,1111) 
( ai a% at a^) 



This is easily proved by subtracting the first column from each of the othen, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that the value of the 

similar determinant of the n*^ order is aia^az , ,. Oh | 1 +2— | . 
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20. Fnnre the relation 



X 
X 





X 
X 



X 

y 



X 

X 
X 

9 



= /(«)-^(*), 



where 



f(x)^{x-a)(x^fi){X'^y){x-9). 



ThiB can he derived from the preyioiui example^ or proved independently in a 
similar way. As in the last example the determinant of this form of the n^ degree 
can be similarly expressed. 

21. Prove that the equation in X 



^(A)s 



h *-A / 

9 f c-\ 



= 



has its roots all real. (Cf . Ex. 6, p. 164.) 

This determinant is formed by sabtraeting the variable from each of the diagonal 
terms of a symmetrical determinant. The following method of prod, due to Prof. 
Sylvester, is equally applicable to the general case. Let ^(x) be multiplied by 
^(-X). The result is 

^-X« JT G 



a 



-B-X« F 
F C-X« 



,^4 - / . 



where .4 = a« + A» + ^', J? = «» + A«+/», C=«»+/« + ^«, 

This determinant, when expanded, may be written as follows : — 

\«-i x* + Jf X«-iV=0, 

where X, if, if are all essentially positive ; for i\r is plainly the square of ^ (o)t and 
X, if are easily found to be 

X =a«+4»+tf» + 2(/3+^+A«), 

if = (iir-/a)> + («i - ^)« + (0* - A«)» + 2 («/- ^A)2 + 2 (^ - A/)« + 2 (<j;i -/l^)». 

The equation ^(x) = 0, therefore, cannot have a root of the form iSv^^, for 
this would lead to a negative root of the above equation in x', and no such root can 
exist since the signs are alternately positive and negative. It appears further, by 
Bubetituting in the above proof a - a, 6 - a, - a f or «, 6, ^, respectively, that x 
cannot have a value of the form a + /9 ^Z- 1. 
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22. Show that the most general yalues of at, y, s, t9 which attisfy the two homo- 
geneouB equationfl 

may he expressed symmetrically in tenns of two indeteiminates J^ F, in the fonn 

(*«') [be*) {hd')y = 4Z + y F, &c. 
This can he prored hy adding to the two given equations the two foUowing:^ 



^ 



rf« 



y* ct d'^ 



where A, m <u^ indeterminate quantities ; hy then solving for x, y, s, ir, as in Art* 
122, and reducing the determinants as in Ex. 4, p. 258 ; and finally makiDg 
X = a'6'e'd:\, r= - iOcdfi. 

23. When a polynomial U is divided hy another IT of lower dimensions, the 
coefficients of the quotient, and of the remainder, can he expressed as deteraunants in 
terms of the coefficients of U and U*. 

The method employed in the following particular case is equally applicahle'm 
general. Let ZThe of the 5th, and W of the 3rd degree ; thequotient andremainder 
can then he represented as follows : — 

Q s j'o*' ■¥qix + qt, Ss ro«* + n* + r|. 
Also, let 

From the identity 

we have the following equations : — 

oq = qoOOf 

«a = goa2' + qmi + qtao\ 
«3 = yo«3' + ^102* + qtai + ro, 
«4= qidi -\r q2(h' + ri, 

Solving hy Art. 122 ; ^o* qu q^ oie expressed as determinants hy means of the 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine ro, n, r2. For example, to find ro we have from the first 
four equations 

ao -oo 



ai oo — «i 
a% a\ Oq — aj 
az at «i' — fla + ro 



0, or ao''ro = 



ffo' 











03 Hi Oo' Of 

oi' 0% a\ tt\ 
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24. Eaoh of the coefficients of any equation can be expressed in terms of the roots 
as the quotient of two determinants. 

The student will easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 112, we have 



fi* fi^ 1 
7* 7* 7 1 



= -(iB-7)(7-a)(a-i8)(a:-a)(*-i8)(«-7). 



Expanding the detenninant, this identity can be written 



a' a 1 




0" I 


«>- 


7» 7 1 





0* a 1 




a> 


a' 1 




o' o' a 


0^ 1 


«« + 


/3» 0^ 1 


« - 


iSS iS^ 


7» 7 1 




7» 7* 1 




7* 7* 7 




a^ a 1 




= 


/3» iS 1 


{«»-j>ia;'H 








7* 7 


1 





from which the aboye proposition follows; pi, pa, p^ being the coefficients of the 
equation whoso roots are a, 0, y. 

25. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art. 64, in 
the identity 



= 0, 



1 1 




1 1 







2 P-^P' y+g' 


p 1/ 




P' P 





s 


p+p' 2pp' pq'-\-p'q 


q / 




/ q 







q-^q' pq'-^p'q 2^?' 



we find the equation 



a b r + 2a^ 

b c — Uipd 

e + 2a^ d e 



= 0, 



a cubic lor ^, which is easily seen to be identical with the cubic 
of Art. 64. 
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126. Itfewton's Theorem on the Siuis of the Powen 
of the Roots. — ^We now resume the disoossion of syxmnebie 
functions of the roots of an equation, of which a short aooonnt 
has been previously given (see Art. 27) ; and proceed to prove 
certain general propositions relating to these functions. 

Prop. I. — The sums of the similar powers of the roots of oh 
equation can be expressed rationally in terms of the coefficients. 

Let the equation be 

f{x) = af* +pix''-^ +p2(xf"* + . . . +!?«, 

3 (a? - ai) (a? - aa) (a? - as) . . . (iJ?-a„). 

We proceed to calculate So', 2a% . . . 2a** ; or, adopting 
the usual notation, ^, «3, ... Sm, in terms of the ooeffidentB 

Ply P2y . . . Pff 

We have, by Art. 72, 



f^,)^m^m.^. 



x^ai a?— Oa 






s n<xf^^ + (w- l)^iic"-* + (n- 2)paa?^ + . . . +2p»^a?+/),^4 ; 
and we find, dividing by the method of Art. 8, 



X- a 






ic"-» + o» 


iC»-»+a' 


af^ + . 


.. + a»-» 


+ PlO 


^Pi^ 




H-i^ia*^ 


+i?2 


+ i?aa 




+Pia*-' 




+ i^> 




+ . . . 
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If in this equation we replace successively a by each of the 
quantities ai, 02, . . . any and put Sp = So^ = oi^ + a/ + a/+ . . . + a/, 
we have, by adding all these results, the following value for 
fix) :- 



f{x) = waj"-* + 81 


aJ"-* + «2 


aj^' + «3 


a:~-* 


+ . 


. • + 5n_i 


■^npi 


+P1S1 


+P1S2 






+ i?l«n-2 


+ WP2 


+ P%8i 

+ npz 






+ PzSn^z 

• • • 












+ w;?n.i ; 



whence, comparing this value of /\x) with the former, we 
have the following relations : — 

8i+Pi = 0, 

«3 +i?i«i + 2pa = 0, 

8z + /?i«8 + ;?2«i + 3p3 = 0, 



The first equation determines «i in terms of pu Piy .Pn; 
the second ^ ; the third «3 ; and so on, tmtil «n-i is determined. 
We find in this way 

8i = -pif «2 = i?i' - 2p2, «8 = - i?i' + ^PiP2 - 3/?3, 
«4 = Pi* - 4pi';?2 + 4pi |?j + 2p3' - 4piy 

»5 = -;?l' + ^Pl^P2 - 5pi';?3 - 5(P2' -Pi)Pl + 5(j92j?3 -l?5) *, &c. 

Having shown how «i, •92, ^39 • • • «n-i can be calculated in 
terms of the coefficients, we proceed now to extend our results 
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to the sums of all positive powers of the roots, viz., s^ ^m-h • . . «■• 
For this purpose we have 

Beplaoing, in this identity, x by the roots oi, aa, . . . oa, in suooes- 
sion, and adding, we have 

Now, giving m the values n, n + 1, n + 2, &c., succefisively, 
and observing that 80 = n, the last equation gives 

«n +i?i«n-l + i?2«n-2 + . . . + npn = 0, 
«ii+l +l?l«» +l?a««-l + . » . + l?ii«i = 0, 
«n+8 +i?i«n+l + i?2«» + . . . + Pn9% = 0, &C. 

Henoe the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by 
transforming the equation into one whose roots are the reci- 
procals of ai, 02, as, . . . On, and applying the above formulas, 
we may express similarly all negative powers of the roots. 

127. Prop. II. — JEvert/ rational aymnvetric function of the 
roots of an algebraic equation can be expressed rationally in term 
of the coefficients. 

It is sufficient to prove this theorem for integral symmetric 
functions, since fractional synmietric functions can be reduced to 
a single fraction whose numerator and denominator are integral 
symmetric functions. Every integral function of oi, as, • . • On 
is the sum'of a number of terms of the form Nafa%^ az* . . , where 
iV is a numerical constant ; but if this function is sjrmmetrical 
we can write it imder the form N^ai^a2^a{ . . . , all the tenns 
being of the same type. Therefore, if we prove that this quan- 
tity can be expressed rationally in terms of the coefficients, the 
theorem will be demonstrated. We shall first establish the 
following value of the ^onmetric function Sai^aj^: — 

SaiPaa« = 6fp«y-»p4^. (1) 
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To prove this, multiply together Sp and Sq, where 

«p = a/ + a/ + a/ + . . . + OfgP, 
8q = ai« + aa« + as* + . . . + a«« ; 

whence 
or 

which expresses the double function Sai^aa^ in terms of the 
single functions 6^^,, s^, Sp^q in the form above written. 

We proceed now to prove a similar expression for the triple 
function, %,e»y 

2ar flj' CI3 = 8p8q8r — 8q^8p — 8r+p 8q — 8p^ 8r + ^8p^q^r» \^) 

Multiplying together Sai^az^ and ^^ where 

«r = a/ + Oa** + 03** + . . . + On*", 

the result will consist of three different parts, viz., terms of 

the form Sai^^^aaS Sai^^a/, and Sa/aa^Oa'*. 

Hence 
a formula connecting double and triple symmetric functions of 

ttly A29 CI39 • • • a»* 

But, by (1), 

Soi* '"oyP = 9^^^;} - 8p^q^f 

Sai'' Oa^ = «p «j - 8p^q, 

Substituting these values, we find the triple function 
^afQ%^a{ expressed as above in terms of single functions in 
the series «i, ^a, 8zj &o. 

In the same manner the quadruple function ^ai^a%^Q{ai* 
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can be made to depend on the triple fnnotion ^I'afa!^ and 
ultimately on Siy «s, «sy &o. ; and so on. Whence, finally, 
every rational synmietric function of the roots may be ezpreased 
in terms of the coefficients, since, by Prop. I., «i, s^ s^ &a, 
can be so expressed. 

The formulas (1) and (2) require to be modified when any of 
the exponents become equal. 

Thus, if p-q^ afa%^ a a/ai^, and the terms in (1) become 
equal two and two ; therefore Sai^aa^ = 22ai'as' ; whence 

Similarly, M p = q = r in Sai^aa^asS the six terms obtained 
by interchanging the roots in ai^ aj^ aj" become all equal ; hence 

And, in general, if t exponents become equal, each term is 
repeated 1.2.3...^ times. 

Examples. 

1. Prove 

2aiPa2«03» 04* = SpSqSrS, - 2fp8q8r^t + 22fp8qH'^ + ^Sp^Sru " 6l^H^r«« 

whoro 2 on the right signifies the sum of all similar tenns found by combining the 
suffixes Pf q, r, «. 

2. Prove 

128. Prop. III. — The value of Sr, expressed in terms of 
Ply p%j . . . Pnt is the coefficient of if in the eapansion by ascending 

powers ofyof-r log y"/( - ). 

\yj 

Since 
of +i?iaj"-^ +/?2«»-*+ . . . -\-pn 3 (a? - ai) (« - a,) ... (a? - a«), 

putting - for a? in this identical equation, we find 

if 

1 ^Piy +Pip' +Ptif' + . . . +pntr ■ (1 - a,y}(l - o,y) ... (1 - o,y). 
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Now, taking the Napierian logarithms of both rides 



2^» 



y*+i^ 


9*+ Pi 


y^+p» 


-PiPt 


-Plp3 


-PtPt 


^\p^ 


-gi'.' 


+Pip»* 
+p*Pi 




+p*pt 


-PiPi 




-h.- 


-Pi*Pt 
1 . 



y* + &0. . . .'\'Pry^+ &o. 



Therefore, equating ooeffidents of ^ in both expanrions, 

^where Pr is the ooeffident of y^ in log yV(-]. 

Remark. — ^From the above identical equation it may be seen 
that «r {r less than n) involves only the coefficients ji^iyj^jij^s, . ..pr\ 
and, therefore, Pr^n pr^^y . . . Pf» may be made to vanish without 
affecting the form of the expresrion of Sr in terms of the coef- 
ficients. 

129. To express the coefficients in tenuis of the sums of the powers 
qf the roots. 

Since 

1 +/>iy •¥pty^ + . . . +j?«y* « (1 - a\y) (1 - a%y) ... (1 - any)^ 
yre have 

log (1 +i>iy +/>iy' + . • . -^Pny"") = - y^i- g^'**" • • • - -y'*«r- . . .; 

and, therefore, 

1 +Piy +Pty* + . . . +i?«y~ » c^"^* " *'^"'' " ^''''' " • • ', 
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which beoomes by ezpanfiion 



l-^iy-g*" 



y'-h 



■♦■o^" 



^172^^^ 



1-2.3 



«i' 



y*-5«i 



1 , 

'^2.4'' 
1 



2.3-4 



«i* 



y*-... 



Now, comparing the coeffioients of the different powers of y, 
we obtain values for jhy p2i Pzj > "Pm in terms of ^i, «af • • • ^; 
and it may be seen that pr involyes only Si, «89 • • • «r in its 
expression. 

Remark. — It is important for the student to observe that it 
is a perfectly definite problem to express any ^rmmetrio function 
of the roots in terms of the coefficients, or to express the coeffi- 
cients in terms of the sums of the powers of the roots ; there 
being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preceding propositions. 



Examples. 



1. Dctorxnine the voluo of 



where ai, ai, as, . . . on are the roots of f{x) - 0, and ^(x) is any ratiooal ud 
integral function of x. 

We have 



and 



f{x) x-ai x-a2 x-om 



f{x) x-ai «-aa *-o» 
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Peif onning tlie diyuian, and letaining only tHe lemainden on both sides of this 
equation, we have 

j\x) a?-ai a; — as d? — on 

whence 

and, comparing the coefficients of a^^ on both sides of this equation, 

2. Proye that #p is the coefficient of — ^ in the quotient of the division of f{x) 

hj/(x) anranged according to negative powers of x. 

3. Prove that #-p is the coefficient (with sign changed) of xp-^ in the same quo- 
tient arranged according to positive powers of x. 

4. If the degree of ^(z) does not exceed n - 2, prove 

where s" denotes the sum obtained by giving r all values from 1 to ft inclusive. 
We have, by partial fractions, 

T T • • • T 



/(a;) «-«! «— as « — on 

and, multiplying across by/(x), and patting z equal to ai, a3> . . . in Buccessioui 

^(a?)^^(ai) 1 ^(as) 1 ^Coh) 1 . 

/(*) /(«i) *-ai "^/'(as) a; - 03^ • " /(on) « -a»' 

whence 

When ^(x) is of the degree n - 2 ; expressing the first side of the equation in 
. tenna of -, it becomes - . \, , and there is no term without - as amultipUer. We 
haTB then, comparing coefficients. 

And therefore, as ^ may be any rational and integral function of degree not 
higher than it - 2, 
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5. Fioye that the sum of all the homogeneous products Ho of the f^ degiM of 
the quantities ai, at, . . . a«, is equal to 



a»*r-i 



We haye, putting y = , 



«* 



fix) (l-aiy)(l-a,y)...(l-fl«y) 

= (i + «iy+aiV + ---)(i + «ay+«8V + ---)---(i+«»y+««V+--0 

= 1 +niy+ njy« + . . . + Ory + . . . 

Also 



/W /(a)*-«' 
and thoref oro 

7W" /(«)i-«y" Vw^" 

whcncOi comparing coefficients of ^f" in these two expansions, 

130. Definltlonfi. Tbeorem. — ^The weight of any sjm- 
metrio function of the roots is the degree in all the roots of any 
term in the function. For example, the weight of ^ap^'f is 
six. 

The order of any symmetric function of the roots is the 
highest degree in which each root enters the function. For 
example, the order of 2a/3'7' is three. 

It has been proved (see Art. 28), that the weight of any sym- 
metric function of the roots, when expressed by the coefficients 
(foj ^i> ^29 • • • ^ni is the same as the sum of the suffixes of each 
term in the expression. We now prove another important 
theorem, viz. : 

If ant/ symmetric function he expressed in terms of the cocfficienit 
2hf p-iy . . . Pny t/ic dcgrcc in the coefficients is the same as the order 
of the symmetric function. For example, Sa'/S'* =p2 - 2pi/7, + 2p^ 
no term being of liigher degree than the second in the ooeffioientsi 
and the order of the symmetric function being two. 
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The student may easily satisfy himself in general of the 
trath of this theorem by observing that in the equations (2) of 
Art. 23, the value of each coefficient in terms of the roots con- 
tains each root in the first power otlly ; hence the highest degree 
in the coefficients will be the same as the highest degree of the 
corresponding symmetric function in any individual root. We 
add the following more rigorous proof , as it is in accordance 
with the proofs of certain general propositions to be given sub- 
sequently. 

Beplace the coefficients Pi^ptj . . . Pn by — , — , - . . — - 

dfi do do 

Now, if ^{aij 02, . . . On) denote any rational and integral 
i^minetric function of the roots, we have 

Oo'#(ai, 02, . . . a„) = -P(eio, ai, fl2j • • • «»), 

where zi is the degree of the coefficients in i^(ao, ^i, 02, . . . a„), 
which is a function integral and homogeneous in the coefficients, 
and not divisible by do. 

We require now to show that w is the order of ^. For this 
purpose change the roots into their reciprocals, and, therefore, 
dof dij m . . dn into a„, a,».i, . . . Oq. Whence 



also 



an'i^ (->"?••• — ) = ^{^n, a^iy dn^29 . . . Oo) ; (1) 

/I J[ 1 \ ;/> (oi, 02, 03 > > . On) 

\ai at "' On) (01O2O8 . . . o»)P 



where p is the order of 0, and yp an integral function not divi- 
sible by the product of all the roots ; (010203 . . . on)'' being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 

afyp{aij 02, . . • an) = ± dn^F{dn^ dn^y . • . «o) ; 

wherefore i> = © ; for if not, -P would be divisible by a»'"', which 
is contrary to our hypothesis. 

t2 
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131. €al€iilatloii of Symmetric Fnnctloiis of the 
Roots. — ^Any rational Bymmetrio function can be oaloulated by 
the method of Art. 127. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the foUowixig 
Articles, in which we shall give certain general propoatioiis 
which in many cases facilitate the calculation of symmetxio 
functions. 

The number of terms in any symmetric function of the roots 
is easily determined. For example, the nimiber of tenns in 
Soi'as'as of the equation of the n^* degree is n{n - 1) (» - 2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
different, the number of terms will be reduced. Thus, 2a'/3y 
for a biquadratic consists of 12 terms only (see Ex. 6, p. 48), and 
not of 24, since the two permutations ajSy, ayfi give only one 
distinct term, viz., a'/3y, in ^a^fiy. The student acquamted 
with the theory of permutations will have no diflSiculty in effect- 
ing these reductions in any particular case. When two expo- 
nents of roots are equal, the number obtained on the supposition 
that they are all unequal is to be divided by 1 . 2 ; when thiee 
become equal this number is to be divided by 1 • 2 . 3 ; and so 
on. In general, the number of terms in ^a^Oi^aJ^ ... of the 
equation of the n^^ degree, each term containing m roots, and v 
of the indices being equal, is 

n{n-l){n-2). .. (n-m-f 1) 
1 . 2 . 3 ... 1/ 

When the highest power in which any one root enters into 
the symmetric function is small, i.e.y when the order of the 
function (see Art. 130) is low, the methods already illustrated 
in Art. 27 may be employed with advantage for the calculation 
of the symmetric function of the roots in terms of the coefBcients. 

It is important to observe that when any symmetric function 
whose degree in all the roots, i.e., its weight, is ;i, is oalctilated 
in terms of the coefficients pi, p% • . .pn for the equation of the 
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n'* degree, its value for an equation of any higher degree (the 
numerical coefficients being all equal to unity) is precisely the 
same ; for it is plain that no coefficient beyond pn can enter into 
this yalue, and the equations of Art. 126, by means of which 
the calculation can be supposed to be made, have precisely the 
same form for an equation of the n^^ degree as for equations of 
all higher degrees. It is also evident that the value of the same 
symmetric f imction for an equation of a degree m (lower than n) 
is obtained by putting pmny Pm^29 - - ^Pn all equal to zero in the 
calculated value for an equation of the n^^ degree, since the 
equation of lower degree can be derived from that of the n^^ by 
putting the coefficients beyond pm equal to zero, and the corre- 
sponding symmetric function reduces similarly by putting the 
roots OM^iy amf29 • • ' On each equal to zero. 

EZAICPLSS. 

1. Calculate ^ai'osas of the roots of the equation 

Multiply together the equations 

Sai as - pi^ 

Saiosoa = — Pi* 

In the product the term ai^a^os occurs only once ; the term 01030301 occurs four 
times, arising from the product of 01 by oaosoi, of 03 by 010304, of 03 by 010304, 
and of 04 by 010303. Hence 

201^0203 + 4201030804 =i'll'3 ; 

therefore 

^1^0,03 =i'ii'3 - ipi' (Compare £x. 6, Art. 27.) 

If the calculation were conducted by the method of Art. 127, wo should hav^o 

3501»0203 = J #3*1' - #1«3 - 1«4' + 54, 

which leads, on substituting the toIucs of Art. 126, to the same result ; but it is 

evident that in this case the former process is much more simple, since the values of 

ti, «s, &c., introduce a number of terms which destroy one another. 

2. Calculate 201*03^ for the general equation. 

Squaring 

Soi 03 = P2i 

we have ^ 

Soi'os' + 25ara2 08 + 6^01030104 =1^". 
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In squaring it is evident that the term ai 030304 will arise from the product d 
«i« by 0304, or of oi 03 by osoiy or of 01 04 by 0203 ; hence the coefficient of ai «:«9«4 
in the result is 6, since each of these occurs twice in the square. The result diffeiB 
from the similar equation of Ex. 8, Art. 27, only in having 2 before the tem 
oi 0303 01. Hence the result 

2oi«o2' =i>2' - 2pii>s + 2p4. 

3. Calculate Sai'oa for the general equation. 
We have, as in Ex. 9, Art. 27, 

2oi' 20103= 2oi'o2 + 2oi'osa3. 

Hencei employing previous results, 

2oi'o8 =p\^p% - 2/h» ~P\Pi + 4i>4. 

4. Calculate 201*03' 03 for the general equation. 

The result will be the same as if the calculation were made for the equation of 
the 6**» degree. 

To obtain the symmetric function we multiply together 2ai as and 2ai cits«3 ; and 
consider what types of terms, involving the five roots 01, oz) 03, 04, as, can resoh. 
The term 01*03*03 will occur only once in the product, since it can only arise by 
multiplying 0102 by 010203. Terms of the type 01*020304 will occur, each three 
times; since 01*030304 will arise from the product of 0102 by 010304, of 0103 by 
010304, or of 0104 by 010303; and it cannot arise in any other way. The tem 
01 03030405 will occur ten times in the product, since it ii'ill arise from the product of 
any pair by the other three roots, and there are ten combinations in pairs of the five 
roots. "We have then, for the general equation, 

2oi 022010303 = 2oi*02*03 + 3201*030304 + 1020103030405. 

[We can verify this equation when « = 6, just as in Ex. 9, Art. 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up of the 30 terms contained in 201*02*03, along with the 20 tenns con- 
tained in 201*030304, each taken three times, and the term 0103030405 fa*W*i 10 
times.] 

Thus the calculation of the required symmetric function involTes that of 
2 or OS 03 04; for which we easily find 

2oi2oi 030304 = 201*030304 + 520103030405. 
Hence, finally, we obtain 

2oi*03*03 = —piPi + 3/n/'4 - S/'j- 

The process of Art. 127 would involve the calculation of #5; and many terms 
would be introduced through the values of #1, ss, &'c., which disappear in the result. 

5. Find the value of 201*02*0304 for the general equation. 

Wo multiply together 20103 and 201020304, and consider what types of tenm 
can arise involving the six roots 010303040506. The term 01*02*0301 can occur 
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only onoe. Terma of the type ai'ascQotas will each occur four timoe, this term 
arising from the product of ai a2 by aiosoiosy or of aios by ai 0301 asy or of a\ ou by 
ai as 03 06, or of aioa by 010203(11. The term 010303040506 will occur 16 times, this 
being the number of combinations in i>airs of the six roots. Honce 

2 0103201020304 = Soi'osi'asoi + 4^01^02030405 -f 152010203040506. 
We haye again, for the calculation of 201^03030405, 

2oi2oi 02030405 e 201^03030405 + 6 2 01 02 03 04 00 06> 

IlencOi finally, 

201*03' 03 04 ^p^Pi — ipiPs + 9^6. 

6. Finid the yalue of 2oi' 03*03* in tenns of the coefficients of the general equa- 
tion. 

Here, squaring 2010303, wo have 

20103032010303=201*03*03* + 2201^03*0304 + 62oi* 03030^05 + 202010303040506, 

from which we obtain 

2oi*oa*03* =i?3* - ^PiPi + 2pii?6 - 2i»6. 

132. DUrerentlal Equation between the Sams of the 
Powers of the Roots and the Coefficients of an Equa- 
tloB. — ^M. Briosohi has given the following differential equation 
connecting the coefficients and sums of powers of the roots : — 

ciSr r 
To prove this we have, as in Art. 128, 

log (1 +|?iy +;?,y* + . . . +i?n S^)= - y«i - 2 2!^*» "" 3 ^'^' • • • ~ j:^*'- • • •» 

and differentiating, 
d y^ 

T- (1 ""V^y -^Ptf + • • • +i^»y'*) = - (1 ''PiV -^p^y + • • • -^Pni/^) z: * 

asr * 

whenoOi comparing the coefficients of the different powers of y, 

^ = 0, when q<r\ 
aSr 

^^1 dpr^jc ^ 1 
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We can now express the result of difierentiatmg with respect 
to 8r any function of the coefficients 

F{P\yP2iPzj ' ' >Pn)' 

Since 

dpi dp2 dpr-i 

dSr* d8r " ' dSr 

all vanish, 

d „, . dFdpr ^ dF dpr.i ^ dF dpn 

ar/'^p^^p^^p^^'-p^^d^rdrr^d^..^ 

and, applying the formula given above, this reduces to 

IfdF dF dF dF\ 

r\dpr ^ dpru dprn dpj 

By means of Brioschi's formula symmetric functions can 
often be calculated with great facility, as will appear from the 
following examples. 

Examples. 

1. Calculate Uie value of tlie symmetric function Saigas' as' 04' of the roots of 
the equation 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; whence 

where ^oi ^i} tz, &c., are numerical coefficients to be determined. 

Terms such as PiPVy p5PiP2t P5Pi\ &c., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
2 expressed in terms of the sums of the powers of the roota is of the form 
F{s2t ti, «6t »b) ; for, in general, SaiPazVas' . . . > expressed in terms of the simis of 
the powers of the roots, is made up of terms such as «p, Xpt^ , tp^q^ . . . ikp, , . . 
all of which are sums of even powers when |7, ^, r, . . . are even ; therefore in this 
case none but even sums of powers enter into the expression for 2. 

Also, since 7- = 0, and -— = 0, we have, using the formula above given for — , 

toP6 + tipipi + t2PzP2 + t3{p2Pi +Ps) + 2tipipi = 0, 
foPi + ti pi =0. 
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From tlieso equations wo infer 

k-\-t\= 0, /j + ^3 = 0, ^3 + ^0 = 0, <i + 2/4 = ; 
but ^4 = 1) since for a quartic 'X-pi^\ therefore 

<i=-2, ^ = 2, /3=-2, ^2 = 2; 
and, substituting these values of /o, i\, hy h, U, 

aai^oa'oa^oi' = 2^ - 2;>7;?i + 2p^ - 2;P5P3 +|?4'. 

2. Calculate 2ai'a2'a3' for the same equation. 

Am. -2p« + 2pip6 - 2;>2P4 +P3^. (Compare Ex. 6, Art. 131). 

3. Calculate for the same equation the symmetric function Sai'as-os. 
Here the weight is six, and the order three ; hence 

aai'aa'oa = top^ + tip^pi + t2PiP2 + tzpipi* + Up^^ + hpip2Pi + Up2^, 

AlflO 2» expressed in terms of «i, «2t 'S} &c., is (see Art. 127)| 

Now, differentiating by means of Brioschi's equation these two values of 2 with 
regard to i», and comparing differential coefficients, we have 

fo*?=-^ = 2, or <o = -12. 
ast o 

Differentiating with regard to tst we have 

kpi + 'iPi = 6*1 = - 6pi ; .-. <i = 7. 

Diffex«ntiating with regard to 14, 

kP* + <i j»i' + hP2 + <3;?i' = 4#2 = 4 (pi^ - 2p2) ; 

whence 

/o + ^2 = -8, ^1 + ^3=4; 

and hence 

/3 = - 3, ^2 = 4. 

Again, <6 = ; for 2 vanishes if » - 2 roots vanish. And we find h and ti by 
taldng the particular case when n - 3 roots vanish ; for in this cose 

2ai' 02*03 = 010203 2oi«fl3 = -Pi (-Pipz + ^Pi) =Pip7P3 - 3/?3*, 

and, theiefore 

<4 = -3, <5=1; 
whence, finally, 

aoi' 02*03 = - 12/?6 + 7PIP6 + 4j»4/>2 - dpiPl^ - 3j53' +i?l/>2P3. 
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133. DerlTatlon of new Sjmnietrlc Functions fi*oH 
a given one. — ^From any relation such as 

where is an integral f unotion, of the order t7, of some or all of 
the roots of the equation 

(lo«* + wfli«*"' + I n »^^^ + . . . + (i» = 0, 

we may derive a number of other symmetric functions and their 
equivalents in terms of the coefficients. 

For this purpose diminish each of the roots by any quantity 
Xy and consequently change any coefficient ar into Ur (see Art. 36). 
When this is done the orig^inal relation becomes 

and comparing the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmetric 
functions of the roots expressed in terms of the ooefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function ^ is a 
function of the differences of the roots. 

134. Equation of Operation. — We now proceed to deduce 
an important equation of operation in the notation of the diffe- 
rential calculus, which may be applied to furnish the results of 
the last Article. 

Let aj'ip (ai, 02, . . . On) = i^(«o, ^1, ^, • • • ^n), 

as in the last Article. Adopting the notation 
^ d d d 

dtti da 2 daz da^ 

we have the following equation of operation : — 

8flfo*0(ai, 02, . . . o„) = DF[<Iqj flfi, . . . ff„). 
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To prove this, we have, as in Art. 133, 

and, by Taylor's theorem, 

a? 

where 

^0 = ^ (ai, Qa, . . . Oh). 

Again, omitting all powers of x higher than the first, 
F{ J7o, Z7i, . . . ?7"„) becomes -P(ao, Oi + aox^ 0% + 2flriir, ...«,» + nan-\x) , 
or, when expianded, 

-Po + ^fffo-T— + 2^1-;-+. . .na„.i-r- ) Ji + &c., 
\ dai ofla aflr„/ 

where 

JI) = F{a^y flfi, . . . fl'n) ; 

whence, comparing coefficients of :r in both expansions, we find 
the equation above written, viz.. 

This equation shows that if a symmetric function be derived 
from by the operation S, its value in terms of the coefficients 
may be derived from the corresponding value of by the opera- 
tion D. 

Again, since S^ and DF may take the place of ^ and F in 
this equation, fl„'8*0 becomes D'-P, &c. It may be noticed, 
moreover, that if S^o vanishes, S^ipoy S^^o, &c., all vanish ; and 
thus that X disappears in the expansion of 

(ai - iP, Oa — 0?, • . . On - a?). 

Now this can happen only when ^ is a function of the 
differences of ai, oa, . . . . Of, : whence we conclude that if 
au'^F{aoj eii, ^a, . . . «„) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

DF{aof ^1, fla, . . . On) 

vanishes identically. 
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This identical relation is often sufficient to determine the 
numerical coefficients in a function of the differences expressed 
by the coefficients, when the order and weight are known. It 
is not sufficient for this purpose when there exist more than one 
function of the differences of the required order and weight. 
We add examples of functions of the differences determined in 
this way. 

Examples. 

1. Determine a functioii of the differences whose order and weight are both 
throe. 
Assume 

these being the only three terms which satisfy the required conditions. It ii 
evident from the form of D that the operation is performed by applying to the suiBz 
of any coefficient Or the same process as in ordinary differentiation is applied to the 
index. Thus Bar - ror-i, and therefore, 

D^ = (3.4 + B)a(?a2 + (2B + 3C?)ffi«tfo a 0. 

Hence 

3.4 + J? = 0, and 2J? + 3C=0; 

and putting A^l, we have 

J? = -3, and C=2; 

whence, finally, 

^ = ao'ff3 - 3<io«ia3 + 2<ii» = 0. (See Art. 37.) 

2. Determine a function of the differences whoso degree in the coefficients is four, 
and whose weight is six. 
Assimio 

whence 

L^ = (G^ + E)a^a%az + (6^ + 3 JB + 22>)floaiaa2 + (3C+ 42>)ai5«a 

+ (3C+2£)floai2asaO. 

Now lot A = I, whence £=-G; also 3C+ 2E = 0, giN-ing C = 4 ; and 
3C+42> = 0, gi>'ing i) = -3; and from 65+ 3-ff + 22>=0, we have finally ^=4. 
Hence 

= ao^as* + 4oo«2' + 4fl3fli' - 3fli'fl2' - 6tfo«iff2«3. 
Compare Art. 41, where the value of ^ is given in terms of the roots. 
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135. Operation iuTOlYlng ihe Sumii of ihe Powers of 
tlie Roots. Theorem. — If 

be any equation connecting a function of the sums of the powers 
with another symmetric function of the roots, we have then the 
differential equation 

d^ d^ d^ d6 dF ^ dF ^ dF dF 

^ + -7^+ ~-+... + :t^=«ot-+2«i-t- + 3«2^- + . . . + r«r-i -7-. 
Ooi aa% aoz aon asi (182 ds^ a^r 

For, let the roots be increased by h\ and comparing the 
coefficients of h on both sides of the equation (1) when 

are substituted for «i, 82, . . . «r» we have the required relation. 

Employing the results of the last Article, we have, therefore, 
the following equation of operation connecting the coefficients 
and the sums of the powers of the roots : — 

-2) = flo'(«o-r + 2*1-7- + 3«2-r+ • • • +^«r-i3- )= flo'A> 
\ dSi ds2 dsz dsrj 

where 2)« represents the result of substituting « for a in the 
operator D. 

From this it follows that if /(ao, ai, Oty . . . a„) ia a, function 
of the differences, /(«o, «i, ^2, . . . «n) is a function of the diffe- 
rences also ; for it is plain that when D/{aQf a^ ^2, . . . an) = 0, 
J)»f{soj «i, «25 . . . «fi) = 0, and therefore Df{8of «i, «2, •••«») = 0, 
since Dt = - a^^ D. 

Examples. 

1. 0004 — 4<iia3 + Ztt^ ml is a function of tho differences, whence 
jto«i — 4ii«3 + Z»^ is also a function of the differences. 

2. ao ai 02 I «o «i ^ 
01 02 03 , ^ /» when simikrly transformed, gives n h tz , which 

. 02 03 04 ', »2 «3 »i 

18, therefore, a function of the differences. 
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l([lSC£LLANE0T7S EXAMPLES. 

1. Prove, by squaring the determinant of Example 10, Art. 112, the following 
relation between the roots a, /3, 7, 5 of the biquadratic :— 



«o 



*1 »2 



9% 



82 «3 «4 *5 



»3 



«5 '« 



03 - 7)' (« - «)* (7 - «)M3 - «)- (a - ffi« (7 - »)^- 



The student will have no difficulty in writing down in general the corresponding 
determinant in terms of the sums of the po^'ers of the roots which is equal to the 
product of the squares of the differences. 

2. Prove, for the general equation, 



«o '1 



= 3!(a-/3)». 



This appears by squaring the array 



. • • 



a $ y 8 c . . . 

3. Prove similarly, for the general equation, 



(See Art. 121.) 



*o 



*i 



»3 



*a 



«3 



«2 »3 



= 208-7)M7-«)M«-i3)'. 



By the process of Art. 121, a scries of relations of this kind can bo established ; 
and when the number of rows in the array becomes equal to the degree of tho 
equation, the value of the determinant is the product of the squares of the differences, 
as in Ex. 1. "When the number of rows exceeds the degree of the equation the value 
of the corresponding determinant vanishes. For example, the value of the deter- 
minant of Ex. 1 is zero for equations of the second and third degrees. 

4. Prove from the equations of Art. 12G that the sums of the powers can be ex- 
pressed in terms of the coefficients, or vice vcrtvi, in tho form of deteiminontSy as 
follows : — 



•2 = 















Pi 


10 1 








Pl 


1 






■ 1 


Pi 


1 










2pi 


Pi 1 , 






, «3-- 


2p2 


PI 1 


, «i = 






Ip-i 


Pi 




3i?3 


P3. Pi 




^PZ 


P2 Pl I ^ 

1 

pz Pi P\ 



, &c. 
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2pt 



«i 1 

•2 9i 



. 6p3 = - 



#1 1 

n 9\ 2 

H H 9i 



, 7Api = 



•i 2 



*3 *3 «1 



9Z 82 



, &C. 



5. Besolve into factors the determinant 



«6 #6 '4 <3 ^ 

»6 *4 »3 »2 «» 

n «3 <3 «1 « 

«3 «2 '1 ^ 1 

y» y* y 1 



where io» #1, «3» &c., are the sums of the powers of three quantities a, /3, 7. 
• This determinant is the product of the two determinants 



! a3 

a 
1 




/38 
0" 

1 




7^ 
7' 

7 

1 





X 

1 











cfi 


i3» 


7» 





y" 


a» 


iS^ 


7* 





y" 


a 


iS 


7 





y 


1 


1 


1 





1 











1 






and each of the latter can be resolved into simple factors. 

6. If a, /3, 7, 5 be the roots of the equation 

calculate in terms of a^^ H, I, J the value of the symmetric function 

ao«a(3a-/3-7- 8)2(3/3 -7-8 -a)»(37-«-a-/3)'. 
Here 

where si, £3, rj, £4 are the roots of the equation 

fi* + 6JHi2 + 46'5 + a«2/ - 3if - = 0. (See Art. 38.) 

Hence, by Ex. 2, Art. 132, 

7. Prove that 

n = ao«03-7)'(7-«)*{a-/3)2(«- 8)2 (/3 - 8)2(7 -5)« = //3 + f„jr2^ 

where m = - 27/. 

The weight of this function of the roots is 12, and the order 6. 



Afu. 47 {- 72Z3 + Oii^EI- 4floV}, 
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Wo now mako use of a proposition wliich vnil be proved subsequently, namdj, 
that any oven, rational, and integral symmetric function of the roots, of the order t7, 
and involying the differences only of the roots, is, when multiplied by ao* » a ntiaosl 
and itUegral function of oo, JI, /, /. (Compare Ex. 8, p. 119.) 

Hence, expressing the function whose order is 6, and weight 12, in tenns of 
00, Hy J, /, it is easy to see from the table 





Order. 


Weight. 


3 


6 


J 


2 
2 


4 


H 


2 



that IT cannot enter, for the terms of the sixth order, viz., if', -BfJ, Sl\ • . , 
are of too low weight. Therefore n must be of the fonn 

IP + w/«, 

where / and m are numerical coefficients. 

Now put as and ai equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence 

and w = - 27 /. 

8. Calculate the symmetric fimction of the roots of a biquadratic 

5(i8-7r-(7-«)M«-i8)'. 

Since the order of this symmetric function is four, and its weight six, we may 
assume 

oo* 5 (i8 - 7)^ (7 - «)' (« - fif = iHI + woo/. (1) 

We proceed to determine /, m by taking two biquadratics whose roots arc known, 
and calculating in each case the symmetric function by actually substituting the 
roots, and then comparing both sides of the equation when iT, /, / are replaced by 
their values calculated from the numerical coefficients. 

First we take the biquadratic equation 

iP* - «« = 0, 
whoso roots are 0, 0, 1, - 1 ; whence 

=» = «• ='-\ '=1 ^-Ir 

Substituting in equation (1), we have 

192 X 9 = - 3/ + m. 
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Proceeding in the same way with the biquadratic equation 

»*-6«* + 6 = 0, whose roots are ±v^6, +1, 

3 = 768, JT=-1, J=8, /=-4; 

- 192 = 2/ + m, 

/ = - 2 X 192, m = 3 X 192 ; 

00* 2 = 192 (-2SJ+3V)- 
9. Calculate the determinant 

9Q «1 «3 



we find 

whence 

and 

and, finally. 



A = «i 



*2 



»3 



in terms of the coefficients of a quartic. 

This determinant is a function of the differences of the roots (see Ex. 2, Art. 135), 
whence we may remove the second term of the quartic before calculating it ; and if 
the equation so transformed be 



= 4{8P3P4-2Pa»-9P3M; 



y* + P2y- + P3y + P4 = 0, 

4 - 2P3 

A = - 2P3 - 3P3 

-2Pa -3P3 2P32-4P4 ! 

but flo^P3 = 62r, flo^P3 = 4(?, ao*P4 = Oo'/-3-ff'. 

Substituting for P3, P3, P4 these toIucs, wo have 

oo* A = 192 (- 2EI + 3flo/) : 

the same result as in the preceding example. (Compare £z. 3, p. 286.) 
10. If a, jS, 7, 8 be the roots of the equation 

«o** + 4aia;* + 603*' + ^Uzx + a^ = 0, 

express JEr«, /«, J$, 0$ of the equation 

«o«* + 4#i«' + ets** + 4«3ic + #1 E 2(« + o)* = 

in teima of J7, J, /, G. 

. E. ^H I. iS H^-ao^I O. _ Q 

and by the aid of the relations 

(7» + 4iP e ao^{IFI- oo/), C?.* + 4ir,3 s joM-^*-^' - «o/.), 

192 

/. = ~-r(3ao/-2ir/). 

u 
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11. Whenjp is eyeoy proye that 

Since 

a(«-a)J» = iMfJ» -p9ixri + ^'^~ #j«i^»- Ac JM^« + i^ 

changixig « succeasiyely into ai, as, 03, ... a«, and adding the reeuUa on bolk 
aides of the equations thus obtained, we find 

<f ti — 1 
22{ai - 02)1* = soSp -psitp-i + ^' iztp-i - • . . -l»ii^.i + Soi^ 

where all the tenns on the right side of this equation are repeated except the middk 
term. Thus 

2 (ai - as)^ B «o«4 - ^^i^s + Wf (Compaie Ex. 1, Art. 186.) 

12. Form the equation whose roots are ^'(a), ^'(fi), ^'{7)9 ^'('}> v^^o* 
a, jS, 7, 8 are the roots of the^ equation 

^{x) = Oqx^ + 4ai«' 4 Sa^x'^ + ^atx + «* = 0. 

13. If a(a - /S)« 08 - 7)« (7 - a)» {x - «)«, 

when expanded, becomes] 

Kox^ + 4 J:i«5 + eZi** + 4X3* + Ki ; 
prove that 

Kpafiy-]- K i(^ + ya +oi9) 4- Jri(tt + jS + 7) + ^s _ ± IS^/a 

' 03 -7) (7 -«)"(«-« " «o» ' 

where 

A = 23 - 27/». 

14. Prove that 

flo*5(i8 -h 7 - a - «)Mi8 - 7)M« - «)' = 192(3flo/- 2BJ), 
16. Prove that 
<io« 20B+7-a-«)* (i8-7)* («-«)' = 612(«o»i' - 36aoJ2/+ 12J?«7). 
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ELIMINATION. 



136. Definitions. — Being given a system of n equations, 
homogeneous between n variables, or non-homogeneous between 
» - 1 variables, if we combine these equations in such a maimer 
as to eliminate the variables, and obtain an equation i2 «= 0, 
containing only the coefficients of the equations ; the quantify 
H isj when expressed in a rational and integral form, called their 
Besultant or Elimitiant. 

In what follows we shall be chiefly concerned with the dis- 
cussion of two equations involving one unknown quantity only. 
In this case the equation 22 = asserts that the two equations 
are consistent ; that is, they are both satisfied by a common 
value of the variable. We now proceed to show how the 
elimination may be performed so as to obtain the quantity iZ, 
illustrating the different methods by simple examples. 

Let it be required to eliminate x between the equations 

da:' + 2to + c = 0, aV + 2Vx + (j' = 0. 

Solving these equations, and equating the values of ^ so 
obtained, the result of elimination appears in the irrational form 



a a cC cC 

Multiplying by ad^ we obtain 



aV - ah = fl-/y» - aV - d^V-ac. 

Squaring both sides, and dividing by a a' (for R does not 
vanish when a or d vanishes), and then squaring again, we find 

22 = 4 (ac - V) (aV - V^) - {ac + dc - UhJ. 

u2 
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This method of fomuDg the resultant is very limited in ap- 
plieation^ as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fouitii 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We proceed now to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

137. Elimination by Symmetric Functions. — Let two 
algebraic equations of the m^^ and n'^ degrees be 

^ {x) a flfo«*" + aioif^'^ + Oaic**"' + . . . + a» = 0, 

yf, {x) s Joic" + biof^^ + Ja«~^ + . . . + J» = ; 

and let it be required to find the condition that these eqnationB 
should have a common root. For this purpose let the roots of 
the equation ^(rr) = be ai, 02, . . . am' If the given equations 
have a common root it is necessary and sufficient that one of the 
quantities 

should be zero, or, in other words, that the product 

i/» (ai) i/» (aj) i/» (as) . . . yp (a„) 

should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it is a symmetric f imction of the roots of the equation <ft{x) = 0, 
we shall have the resultant required : further, if /3i, /3t:, . . . /3« 
be the roots of the equation \p (x) = 0, we have 

^(ai) = bo{ai - i3i)(ai -/32) . . . (ai-/3n), 

^(02) = io(a2 - /3i)(ci2 -jSz) ... (oa- /3«), 

• ••.*• 

)// (am) = bo(a,n - /3i)(a„» - ^2) . . . (a« - /3«). 

If wo change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

ao^'ll^iai) 4. (aa) ...(/. (o«.) = (- l)-» 6„-> (/iJ,) * (/Sa) . • . * {iin). 
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We may therefore take 

for both these values of B are integral functions of the ooef- 
fioients of f^{x) and yp{x)y which vanish only when i^{x) and 
yp (a?) have a common factor, and which become identical when 
they are expressed in terms of the coefficients. 

138. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering It in the degree of the second, and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of 22 in (1), 
Art.. 137; for in the first form ^o, fli, . . . fl« enter in the n^* 
degreoi and in the second form bo, bi, . .. bn enter in the m*^ 
degree. Also it may be seen that two terms, one selected from 
each form, are (- 1)"*" Jo**«m*, 0(P bn^. 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by /o""*. 

This is evident, since any one of the mn factors of the form 
ap-(iq becomes p {ap - jS^), and therefore p*"** divides the result- 
ant. Prom this we may conclude that the weight of the resultant 
w mn, in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same 
quantity, t/ie resultant of the equations so transformed is equal to the 
resultant of the original equations. 

For we have 

where n signifies the continued product of the mn terms of the 
form Op- (iqi and this is unaltered when ap and (iq receive the 
same increment. 

(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered^ except 
in sign when mn is an odd number. 

Making this transformation in 
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we have 

^ '^"-^ ^) (a,«....a,)-(j3.^,.../3.)-' 

bat 

aia, . .. a„ = (- 1)" ^, /3,/3, . . . ^« = (-l)"r ? 

Bubfititating, we obtain 

R = ao" Jo"* (- 1)— n [op - jSj) = (- l)-"i2. 

From this it follows that in the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
e.g. Oo, dm ; ai> ^m-i> &o., may be all interchanged without altering 
the value of the resultant. 

(5). ffboth equations be transformed by honwgraphic transfer^ 
mation; that is^by substituting for x 

Xx + /ii" 

and each simple factor multiplied by \'x + /u', to render the new 
equations integral ; tfien the new resultant R = (A/li' - X')L£)"*iJ. 
To prove this, we have 

^(a?) = a^{x - ai){x - oj) ... (a? - a«), 



also 



X — Qr 



becomes (X - X'or) (a? - ^^1~J5^ 

.-p, „ (x-xw(.-J^^). 

Multiplying together all the factors of each equation, 
tto becomes ao{\ - X'ai)(X - X'aj) ... (X - ynm)^ 
bo „ io(X - X'/3i) (X - \%) ... (X - X'/3«) . 

Also, since or, /3r are transformed into ^ "'' J ^ , t^^^tttj 

A -A Or A - Apr 
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whence 

flo* Jo"* n (flr - /3r) beoomes ato" Jo"* (X/u' - X'/i)*"* n(ar - /3r), 

that ifi, the resultant calculated from the new forms of i^{x) and 

yLlx) ifi 

(Xiti'-XV)««iJ. 

This proposition includes the three foregoing ; and they are 
ooUeetively equivalent to the present proposition. 

139. Killer's Method of Elimination. — When two 
equations ^ {x) = 0, and ^ [x) = 0, of the w'* and n** degrees 
respectiYely, have any common root Bj we may assume 

0(a?) a (a?-©) i^i[x\ 
\P{x) ^{X'O) \Iji{x)j 

where 

4n{x) ^PiiXf'^ '¥p20f'-^ + . . . +Jt?«, 
\Pi {x) a qiOf'^ + jaiC"-* + . • . + J,, 

the coefficients being undetermined oonstantsi as is not sap- 
poeed to be known. 
Whence we have 

an identical equation of the (w + n - 1)*^ degree. Now, equating 
the coefficients of the difiEerent powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the m + n constants piy P29 ••> Pmy ^i> 9%9 ••• inl and 
by eliminating these constants by the method of Art. 123, we 
obtain the resultant of the two given equations in the form of 
a determinant. 

Example. 

Suppofle tlie two equatums 

a«» + &c + tf = 0, ai** + *i« + <?i = 
to have a common root. We have identically 

or 
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Equating to zero all tho coeffidenta of thia equation, we bave the four Iiomo- 
geneoua equations 

q\a -piMi = 0, 

gib + f%a - pibi " p2ai = 0, 

gie + ^ib ^pici ^pibi = 0, 

q%e -ptci = 0; 

and eliminating the constants pi,P2f ^i ^i we obtain the resultant as follows : 

a ai 
b a bi Ml 
e b ei b\ 



= 0. 



The student can easily verify that this result is the same as that of Art. 136. 

140. SylTMter's DIalytIc Method of Elimination.— 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler's method in point of generality, since it oan often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

\l^{x) s Jo^ + biaf'^ + JjiT^ + . . . + J„ =0, 
we multiply the first by the successive powers of jt, 



and the second by 



tH/ f "^ 9***9 9 y 






thus obtaining m + n equations, the highest power of x being 
«> + n - 1. We have, consequently, equations enough from 
which to eliminate 

considered as distinct variables. 
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we have 



Example. 

In the case of two quadratic equationB 

a** + Ja? + c = 0, and «!«• + ^i* + <l = 0, 
tfj' + M + «c =0, 
as^ •{■ bx + c = 0, 

«!«' + *!«' + <?!» = 0, 

a\x^ + Ji« + fi= 0; 

from which, eliminating a^, x*, x, we get the same determinant as heforo, columns 
now replacing rows : 



fli ^1 ci 
ai bi ci 

141. Bezonf 8 Method of Elimination. — ^The general 
method will be most easily comprehended by applying it in the 
first instance to particular cases. We proceed to this applica- 
tion — (1), when the equations are of the same degree, and (2), 
when they are of different degrees. 

(1). Let us take the two cubic equations 

ax^ •¥ ba^ + ex + d = Oy aiO^ + biX^ + CiX + rfi = 0. 
Multiplying these two equations successively by 

ai and a, 
ttiX + Ji „ ax •¥ by 
ttiQi? + bix + Ci „ aoi? -k-bx + c, 

and subtracting each time the products so formed, we find the 
three following equations : — 

(ab{)si? + (flCi) X + (adi) = 0, 

(aci)ix? + [{ad,) + {bci)]x + {bd,) = 0, 

{adi)ix? + + [bdi)x + {cd,) = 0. 
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By eliminating from these equations 2^, Xj as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as f oUows :— 

{abi) {aci) [adi) 

K) [ad,)^{bc,) (Wx) 
[ad,) [bd,) [cdi) 

To render the law of formation of the resultant more ap- 
parent, the following mode of procedure is given : — 
Let the two equations be 

OiT* +b3^+ca?-\'dx-\-e=0j 

whence, following Cauchy 's mode of presenting Bezout's method, 
we have the system of equations 

a hx^ '\' CO? -v dx + e 



ffi bix^ 


+ CiX* 


+ diX + Ci* 


ax + b 


ex" 


+ dx + e 


aix + 61 


CiX^ + diX + ei 


ax^ + bx 


+ c 


dx + e 



flTiJj' + bix + Ci diX + Ci 

ax^ + bj^ + ex + d e 
aiS^ + biX + CiX + rfi "" €1 

wliich, when rendered integral, lead, on the elimination of 
;r\ ar*, a*, to the following form for the resultant : — 



(aJ.) 


{aci) (ad,) 


(ac.) 


(ffC,) 


{ad,) + (Jci) (Ml) + (M,) 


(fe.) 


(arf.) 


((W,) + (M) (ici) + (cdi) 


(ce,) 


(««.) 


{bei) (cci) 


((fe.) 
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If, now, we consider the two symmetrical determinants, 



(«J>) 

1 


(ac.) 


K) 


(a«i) 




; (oc.) 


(«rfO 


(«««) 


(6e0 


(6c0 (Wi) 


(orf.) 


K) 


(N 


(cc.) 


' , (5rf.) (crfO 


: (««i) 


(6e0 


(c..) 


(rf.O 





the formation of which is at once apparent, we observe that R 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

ttiij? + Jio;* + CiQ^ + dio? + eiX +/i = 0, 



the resultant is obtained from the three following determi- 


nants: — 


{abi) (aci) (adi) {ae^) {afi) 




iac,) {ad;) {ae,) («/) (6/0 




(6c.) (W.) (Jft) 




(M) («ft) (fl/o m m 


> 


(irf,) (Jft) (Cft) 


. (crfi), 


(«ft) («/.) (J/) m m 




(Jft) (ceO (cfei) 


» 


(«/.) (ft/0 WA W') («/•■) 









by adding the constituents of the second to the six central con- 
stituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2). We take now the case of two equations of different 
dimensions, for example, 

ax^ + bx^ + cx^ + dx -¥ e = Oy aioi? + bix + Ci = 0, 

Multiplying these equations successively by 

ai and cux^j 
aiX + bi „ (flfa? + 6)ar*, 
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and subtracting eaoh time the products so formed, we find the 
two following equations : — 

(afejar* + {acC)oi? - da\x - eai = 0, 
{ac^a? + [{bc\) - dtfijo?'- [dbi + eai]x - eh'x = 0. 

If, now, we join to these the two equations 

ttiQ^ + 61a:' + CiX = 0, 

flia?* + hiX + <?i =0, 

we shall have four equations by means of which we can eliminate 
ar^^a^^x'y whence we obtain the resultant in the form of a deter- 
minant as follows : — 



{ah) 


{aci) dai eat 


{ac) 


{bci) - doi dbi + eai ebi 


tti 


bi "Ci 





fli - ii - Ci 



This determinant involves the coefficients of the first equa- 
tioi^ in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of tbe 
w'* and n'* degrees. 

Let the equations be 

<tt{x) 3 aoof^ + fliiC*"' + OiOf^ + . . . + a« = 0, 
■ \p{x) = 60^ + 61^"* + i2«""' + . . . + 6n = 0, 



M-fl 



where m> n; and let the second equation be multiplied by a? 
We have then 

bosT + bi(xf^^ + bza^-* + . . . + bn^^ = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of \p [x) = 0, tn - n zero roots ; 



BezouVs Method of Elimination. 30 1 

80 that we must be on our guard lest the factor Om"^ (i* ©• tho 
result of substituting these roots in t^{x)) enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above ease (1), the following n equations : — 



flo fliar^* + a^a^'^ + . . . + a 



m 



bo biixf^^ + bt^f^^ + . . . 6„af»-"' 

which, when rendered integral, are all of the {m - 1)*^ degree ; 
whence, eliminating «*^*, a:**"', . . . x between these n and the 
m - n equations, 

6oaj»^ + bi(x^'^ + ... =0, 



Jo«" + biof-^ + . . . + J„ = 0,' 

we obtain the resultant in the form of a determinant of the mf^ 
order, the coefficients of the first equation entering in the degree 
Uy and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter ; 
and that the resultant as obtained by this method has not been 
affected by the introduction of tho zero roots. 

Retnark. — If R be the resultant of two equations, i^[x) = 0, 
yf, {x) = 0, whose degrees are both equal to m, the resultant R^ of 
the system 

X6{x) + f4{x) = 0, XXj?) + fiypix) = 
for eaoh of the minors [a,b^j, which ia Be^out's method con- 
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{Xfi'-y,i){arb.); 



stitute the detenninant f onn of jB, beoomcB in this case 

\a$ + fjibgj A'a* + fA^bf 

whence JS^ = (A/lc" - A'/u)'^jB) Binoe jB is a detenninant of 
order m. 

142. We conclude our account of the different methods of 
Elimination with one which is often employed, but which has 
the disadvantage, when applied to equations of higher degree 
than the second, of giving the resultant multiplied by extraneous 
factors. The process is virtually equivalent to that usually 
described as the method of the greatest common measure. 

In forming by this method the resultant of the two quadratic 
equations 

ax* -{■ bx + c = 0, a^s? + biX + Ci «= 0, 

we multiply these equations successively by 

tti and A, Ci and c, 

and subtract the products so formed. We thus find the two 
linear equations 

{abi)x + {aci) = 0, 
{aci)x + (bci) =- 0; 
from which, eliminating a;, we have 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of the cubic 
equations 

ax^ + bx^ + ex + d = Oy a^x^ + b^x^ + c^x + ^i = 0, 
wo multiply these equations successively by 

ai and a, d^ and t/, 
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and subtnot eaoh time the products 80 fonued. We have then 

ial^s^ + (aci)a? + ladi) = 0, 

(1) 
(arfi) a^ + (Jrfi) X + (crfi) - 0. 

Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 



iflbi) {adi) 
(ad,) (cd,) 



2 



iflbi) iflCi) 



{aci) (adi) 
{hd,) (cd,) 



{ad,) ibd,) 

an expression whose degree is 8, and weight 12, in place of de- 
gree 6, and weight 9 ; whence it ought to be divisible by a 
factor whose degree is 2 and weight 3. This factor must 
therefore be of the form l{bc^ + m{adi). We proceed now to 
show that it is {ad,) ; and to find the quotient when this factor 
is removed. 

For this purpose, retaining only the terms which do not 
directly involve (ac?i), we have 

{ab,){cd,){{ab,){cd,) + {ca,){bd,)], 

which is divisible by {ad,), since 

{be) {ad,) + {ca,){bd,) + {ab,){cd,) - 0, 

this being only another form of the identical equation 

03-7)(«-8) + (r-«)03-8) + (a-/3)(y-8) oO. 

Expanding the determinants, and dividing off by {ad,), we 
find ultimately the quotient 

{ad,)' - 2K)K)K) + {hd,){ca,){ad,) 

+ K)'K) + {ab,){bd,y - {ab,){bc,){cd,), 

which, being of the proper degree and weight, is the resultant of 
the two cubics. (Compare the determinant form in Art. 141.) 
If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
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that these oubics should have a oommon factor when the biquad- 
ratics from which they are derived have not necessarily a common 
factor ; and in general, if we seek by this method the resultant 
of two equations of the n^* degree, eliminating between tiro 
equations of the (n - 1)^ degree, we shall have to remove an ex- 
traneous factor of the order 2n - 4. Therefore as a general 
method this is inferior to all the methods previously given; 
and it cannot be conveniently used except when, from the natoie 
of the investigation, extraneous factors can be easily removed. 

143. Dlscrimlnanto. — The discriminant of any equation is 
the simplest function of the coefficients, in a rational and integxal 
form, whose vanishing expresses the condition for eqiial roots. 
We have had examples of such functions in Arts. 41 and 68. We 
proceed to show that they come under eliminants as particulai 
cases. If an equation f{x) = has a double root, this root 
must occur once in the equation /{x) = ; and, subtractmg 
xf{x) from nf{x)y the same root must occur in the equation 

nf[x) - xf[x) = 0. 

This is an equation of the (w - 1)^^ degree in x ; and by eli- 
minating ;c between it and the equation /'(ar) =0, which is also of 
the [n - 1)^^ degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this eliminant in the coefficients of f{x) is 2(n - 1) ; and its 
weight is n(;? - 1), as may be seen by examining the specimen 
terms given in section (1), Art. 138. Expressed as a symmetric 
function of the roots of the given equation, the discriminant will 
be the product of all the diflEerences in the lowest power which 
can be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the differences n (ai - a^' 
can be so expressed ; and since it is of the 2(n - 1)^ degree in 
any one root, and of the n(n - 1)^ degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to a^^^'*'^) n (ai - 02)* ; and is, moreover, identical with 
the eliminant just obtained. (Compare (6), Art. 41, and Ex. 2, 
Art. 62.) 
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Examples. 
1. Find the diBcriminAnt of 

oapfi + 3ai2!» + 3ii jj: + 03 = 0. 
We have here to find the eliminant of the two equations 

ao«* + 2aix + fl2 = 0, 
Thi« is, by Art. 136, * 
it may be written in the form of a determinant, as follows, by Art. 140 :• 



Oo 


2a\ 


Os 








«o 


2/ii 


rt« 


a\ 


2a« 


03 








01 


202 


09 



= 0. 



It can be easily verified that this value of the discriminant is the same as that 
already obtained in Art. 41. 

2. Express as a determinant the discriminant of the biquadratic 

ao^J* + 4flifl^ + Gflja:' + Aa^x + a* = 0. 
We have here to eliminate x from the equations 

aoflJ* + Za\a^ + Za^x + as = 0, 
a\a^ + 3aa«^ + Za^x + 04 = 0. 
By the method of Art. 140, the result is 

ao Za\ Za% as 
oo 3ai Sos as 
ao 3ai 3^2 as 

a\ 3a2 3a8 04 
a\ Sos 3as 04 
ai 3a2 3a3 a4 

This most be the same as jP-27/' ofArt. G8. 

3. Express the discriminant of the quartic as a determinant by Bcxout*s method 
of elimination. 



= 0. 
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4. I'roye by elimination that / = is one condition for the equality of three 
roots of the biquadratic of £x. 2. 

Since the triple root must be a double root of 

and therefore a single root of a\x^ + 2a%x + 03 = ; ' and since it must also be a 

single root of 

Ui s. oqx* + 2aix + As B Oy 

it follows from the identity 

Ui = af» t/i + 24P(«i ** + 2atx + as) + <i2«' + ia^x + a^ 

that the triple root must be a root common to the three equations 

oqj^ + 2aix + tf2 = 0, 

fliar* + 2a2X + fls = 0, 

a?** + 2a3X + <?! = 0. 



llence the condition 



(lit fli a-i \ 

I 

«1 02 «3 = / = 0. 



02 as Oi 



That the other condition for a triple root is / = may be inferred from Bx. 7, 
p. 287 ; for when three roots are equal the discriminant must vanish, and it is of the 
form 11^ + mJ^. 

6. Prove that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their climinant. 

This appeats by applying the results of Art. 137 and the present Article ; for the 
product of the squares of the differences of all the roots is made up of the product 
of the squares of the differences of the roots of each equation separately, and the 
square of the product of the differences formed by taking each root of one equation 
with all the roots of the other. 

144. Determination of a Root eommon to two 
Equations. — ^If i2 be the reBultant of two equations 

U 3 UmiX^ + Om^iaf^^ + . . . + Oo = 0, 
F = J„iC" + 6n-l«^^ + . . . + 60 = 0, 

and a any common root, then 

dB dB dR 

dui da^ d(H p 

'''' dR^ dR' d-R'^^' 

da<^ doi da-i 
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To prove this we substitute in R^ for Oo and boy a*,- U and 
Aq - F) and obtain an identical equation oonneoting Uy F which 
is satisfied by every value of Xy and which is of the form 



whence 



dR ^ /» rr^ y^ 
dap dOp dap^ 

dR ^, j^dih _ d\t, 



and when o is a conunon root of the equations 17= 0, and F= 0, 
we have, substituting this value for x in the preceding equations, 

dR dR 



a 



dap dUp^y 



which proves the proposition, by giving j? the values 0, 1, 2, &c. 

A double root of an equation can be determined in a similar 
manner by differentiatiiDg the discriminant A. 

145. Synmietrle Faiiciioiui of the Roots of two 
Bqvatf oils. — If it be required to calculate a symmetric function 
involving the roots oi, as, 03, . . . amy of the equation 

i^{x) = «o^ + axof^^ + QiOf^* + . . . + a,» « 0, (1) 

along with the roots /3i, /Bs, /3s, ... /3n, of the equation 

yl^ix) = hr + ftiy""' + ^jJ/*^' + . . . + 6n = 0, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 

equation 

and let y be eliminated by means of this equation from (2) . The 
result is an equation of the n'* degree in x whose coefficients in- 
volve A, /LI, and t in the w'* power. Now let x be eliminated by 
any of the preceding methods from this equation and (1). 
We obtain an equation of the mn'* degree in ty whose roots are 
the mn values of the expression \a + /li/3. 



o 
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If, now, it be required to calculate in terms of the ooeffioients 
of f^{x) and i^(a*) any symmetric function such as ScH'/S*, we 
form the sum of the {p + q)*^ powers of the roots of the equation 
in t We thus find the value of 2 (Xa + fifi)^* expressed in 
terms of the original coefficients and the several powers of A 
and /u. The coefficient of \^^^ in this expression will fumiBh 
the reqtiired value of 2o^/3* in terms of the coefficients of 
i^[x) and ^(^). 

Miscellaneous Examples. 

1. Eliminate x from the eqiuiticmB 

a** + te + r = 0, 
1^ = 1. 

Multiplying the first equation by x^ we have, since jt^ = I, 

ft** + «F + a = ; 
and multiplying again by x^ we have 

«p' + or + ft = 0. 

Eliminating o^ and x linearly (see Art. 123) from these three equations, the 
result is expressed as a determinant 



= 0. 



2. Eliminate similarly x from the equations 

im:* + fta:* + <ra;' + dr + tf = 0, 

««=1. 

The result is a determinant of the fifth order similar to that in the preceding 
example. An analogous process may be applied in general to two equations of this 
kind. 

3. Apply the method of Airt. 139 to find the conditions that the two cubics 

^(r) =: <ir* + *X» + « + rf r= 0, 
»^(.r) = rtV + Vx' + VX 4 rf' =r 

should havi' two common roots. 
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When this is the case, identical resulta must he ohtained hy multiplying ^ (x) hy 
th6 thiid factor of ^ {z)^ and ^ (x) hy the third factor of ^ (a;). We have, therefore, 

(X'«+M')4»(«)a(A« + M)*(«). 

where A, /k, a', ia are indeterminate quantities. This identity leads to the equations 

A'* - Atf' =0, 

A'* + tia - A.y - ^' = 0, 
\'e + /6 - \e' -fib' = 0, 
A'rf + /« "Kd'- fit^ = 0, 

ft'li — ftd' as 0. 

Eliminating A', fi\ A, fi from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a nxmiber of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows : — 



b' 



b* 



= 0, 



the determinants being formed by omitting each column in turn. 
4. Prove the identity 



CM 



.'» 



2afi 


0" 




' + tt'/^ 


fiff 


= {a$' - tt'/3)3. 


2a' /r 


ff2 





This appears by eliminating x and y from the equations 

ox + /3y = 0, a'ar + /Ty = ; 

for from these equations we derive 

{ax + /8y)» = 0, («r + /3y) {ax + fiTy) = 0, {a'x + /3»» - 0. 

The determinant above written is the result of eliminating x*, xy, and y' from the 
latter equations ; and this result must l>e a power of the determinant derived by 
eliminating jr, p from the linear equations. 
5. Prove similarly 

Za0^ 
2afifi' + a /3> 

2a'^jr + a^'« 

3o•^'« 



a> 


Sa'^/S 


O'tt' 


o'iJ' + 2aa'/3 


att'» 


0*^/3 + 2oo'^' 


a" 


3o'« /3' 



/3' 
/B'/B' 



{a0 - a'/3)«. 
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This appears by deriving from tlie linear equatioDS the following equations of 
the third degree : — 

(ox + /3y)» - 0, (ojp + /8y)»(«!'« + /8'y) =0, &c., 

and eliminating «*, ar'y, sy\ y*. 

6. Prove the result of Ex. 12, p. 260, by eliminating the constants X, /i, A', /t' 
from four equations 

roimecting the variables in homogiaphic transformation (of. Art. 39). 

7. Given 

r 3 ^ V + 2^MP + CV, 
li = ac* + 2*ry + ey*, 
v=«'x2+2y«y+/y»; 

determine the resultant of U and F considered as functions of x, y. 
Since 

l7'=-4(f«-op)(i«-/8r), 

if {/" and V vanish for common values of «, y, some pair of &ctor8, as « — «r and 
M — a r must vanish ; whence forming the resultant of 

w - o» and m — oV, 

and representing the resultant of u and v by J2(t<, r), we have 

-«(« - OP, « - a'v) = (o - o')2 -R(«, r) ; 

and multiplying all these resultants together, we find 

R{Us, Vr) = ^*^'*(a - ay (/3 - ff)^a -B^*i0- a')' {iZ(«, r)}*, 
or 

£{l% r.)={R{U, r)Y{R{u,v))K 

8. Prove that the equation whose roots are the differences of the roots of a given 
iMjuation f{x) - may bo obtained by eliminating x from the equations 

,m = 0, /- W + /"M f .^ + f"(x) — ^ 4 &c. = ; 
and ilotcrmiiio the degree o£ the equation in y (cf. Art. 67). 
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146. Definitions. — In this and the following Chapters the * 

notation 

(«o, «i, «2, . . . an) (a?, yY 

will be employed to represent the quantio 

aoJ^ + naiaf-^ y + ^ (h^i^ y' + . . . + nan-ixt/^'^ + ^n^**, 

which is a homogeneous function of x and y, written with bino- 
mial coefficients. If we put ^ ° l^ this quantio becomes Un of 
Art. 36. 

Let be a rational, integral, and homogeneous symmetric 
function, of the order ^, of the roots oi, aty 03, • . . am of the 
equation Un = («o, «i> 02, • . . ^f^i^i 1)** = 0, this function involv- 
ing only the differences of the roots ; then if 



> , . - . 

a\ — X a2 - X an — a? 



bo substituted for oi, a, . . . a», respectively, the result multi- 
plied by Un (to remove fractions) is a covariant of Un if it in- 
volves the variable a*, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

ci^i' <p (oi, a2, as, ... On) 

is an invariant of Un, provided that ^ is made up of a number 
of terms of the same typo, each of which involves all the roots, 
and each root in the same degree zs. 
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These definitions may be extended to the case iriiero f (fhb 
function of differences) involves symmetrically the roots of sefiH 
ral equations Up » 0, Uq^ 0, Ur = 0, &c., the roots of these 
equations entering in the orders cr, ts\ t/\ &o. . . , respectively. 

We may substitute for each root a, as before, and remoTo 

O ^ SP 

fractions by the multiplier Up'Ug'U/'. . . . Ac. If the result 
involves the variable 2*, we obtain a covariant of the system of 
quantics Up, Ug, U^ &o. ; and if it does not, ^ is an invariant 
of the system. 

147. Formation of Covariaiito and Invariants.— We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the differences of the roots be expressed 
in terms of the coefficients as follows :^ 

Now, changing the roots into their reciprocals, and conse- 
quently ^0 into an, &c., Or into a,^, &c. (that is, giving the suf- 
fixes their complementary values), we have 

ao" yp{ai, a2, . . . a«) = F{an, fln-i, . . . <io), 

where i/> is an integral symmetric function of the roots, and F 
tlio corresponding value in terms of the coefficients. This 
function is called the source* of the covariant derived therefrom. 
Again, substituting ai-x, a2-x, . . ,an -x for oi, a^, . . . oa, 
and consequently Ur, &c., for Or, &c., we find 

ff' \p{a\-X, 02- X, ... On - i^) = F( Un, Un-i, ... Ui, Uo). 

Thus, by two steps we derive a covariant from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

rvS(o-/3r=18((7i'-a„(j2); 



* This torm was introduced bv Mr. Roberts. 
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nhenoe, ohaiiging the roots into their reoiprocals, and a^, ai, (7s, a, 

into Oay (hi Oly ^09 ^® ^^® 

eio'Sa»(/3-7)'=18(a2'-tf3flri). 

Again, changing a, 3> 7 "ito o - a?, /3 - a?, y - a?, and di, Oj, « > 
into Z7i, ZTi, JJs, respeotively, we find 

The second member of this equation becomes when expanded 
Ui Us - Ut^ = {(h(h - «i*)^ + (ao«j- ai(h)x + (fliO, - a,'). 

This oovariant is called the Hessian of Uz. We refer to it 
as JETey since H is its leading coefficient. 

As a second example we take the following function of the 
qnartic : — 

«o'S(i3 - 7)'(a - 8)' = 2i{aoa, - ^,a, + So,') ; (1) 

whence, changing the roots into their reciprocals, and ao,e7i,a2,a„e74 
into (74, 0), 02, Uiy (7o, we have 

flo'S (7 - py (8 - a)» = 24 ((14(70 - 4(7s(ii + 3a,'). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case 1/^(0, /3, 7, S) is a function of the diffe- 
rences of the roots, \[/ is unchanged when a - Xj (i - Xy &c. . . . , 
are substituted for a, )3, 7, 8. We infer that ana^ - iaidz + 3(7/ 
is an invariant of the quartic U^. 

We observe also, in accordance with what was stated in 
Art. 146, since 

« - O - 7)' (« - 8)' + (r - «)' O - 8)' + (« - fir (y - «)', 

that each of the three terms of which ^ is made up involves all 
the roots in the degree zj which is here equal to 2. 
In a similar manner it may be shown that 

a/{{y-a)i(i-S)-{a-(i){y-S)]{{a-fi){y-S) 

-(/3-7)(a-S)i((/3-7)(a-S)-(7-a)«3-8)| 

= - 432 ((70^2(74 + 2(7i(72(7, - (70(78* - (7i"(74 - (Ts*) 

is an invariant of the quartic. 
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There is no diffioulty in determining in anj partionlar caae 
whether ^ leads to an invariant or oovaiiant, for if ^ leads to an 
invariant, ^ = ±\py that is ^ is unchanged (except in sign when 
its type term is the product of an odd number of differences of 
the roots, i.e. when its weight is odd) when for the roots fheir 
reciprocals are substituted, and fractions removed by the simplat 
multiplier (oiasos . . . a»)'. From another point of view we may 
consider an invariant as a covariant reduced to a single term. 

148. Properties of CoTarlanto and iBTarlaBte. — 
Since is a homogeneous function of the roots^ the covaiiaat 
derived from it may be written under the form 

U' f X X a? \ 

a?* \Oi — a? aa - a?* fln ~ xj 

where zs is the order, and k the weight of ^. 

Also, as ^ is a function of the differences, we may add 1 to 

each constituent such as , thus obtaining 



Qr " X Of ~ J? 

multiplying each constituent by a?, we have 



U f a\X QiX 

^ ^\ai - X a^x 



anX 



On- ^j 

which may be reduced to the form 



\ai X a% X Oft • 

whore 

t., = „.(l.i)(l-i)...(l-i); 

\X aiJ\X QiJ \X QnJ 

whence it is proved that the covariant form 

rr^ r 1 1 1 \ 

\ai " X 02 - X an - x/ 

is unaltered when for ai, 02, . . . a„, x, their reciprocals are sub- 
stituted ; Oo, ff 1, «j, . . . (In changed into a», cTn-i, . . . ^d, respectively, 
and the result multiplied by (- 1)* a^'''^". 



Properties of Covariants and Invariants. 315 

Now if any ooyaiiant whose degree is m be written in the 
form 

(5o,5i,5„...5^)(ar, 1)~, (1) 

changing a^, axy .... a^y ^» into Onj On-u ... ^09 -» we have 
another form for this oovariant, namely, 

(- 1)«^-*« (Co, Cu ft, . . . C«) (^, iV ; 

and as this form is an integral function of x of the same type as 
(1), we have, by comparing the two forms, 

m = nw-2.c, and 5o = (- 1)* C^, . .. £r - (- 1)" C«^; 

thus determining the degree of the oovariant in terms of the order 
and weight of the function ^, and showing that the conjugate 
coefficients, i.e. those equally removed from the extremes, are 
related in the following way : — 

ff Fifloj fli, «j, . . . a») be any coefficient of the covariant^ 
(- lYF{any flfi-i, . . . flfo) w its conjugate. 

From the expression for the degree of a covariant in terms 
of w and ic, namely ntj - 2ic, we may draw the following im- 
portant inferences : — 

(1). Ifoo'^ is an invariant^ nu =2ic. 

For, in this case <p and xl^ are the same function, and conse- 
quently their weights k and 12^ - k also the same. 

(2). All the invariants ofqiMntics of odd degrees are 0/ even 
order. 

For if n be odd, it is plain from the equation nu = 2k that 
zj must be even, and k a multiple of n. 

(3). All covariants of quantics of ereti degrees are of even 
degrees. 

For in this case nzs - 2k is even. 
(4). The resultant of two covariants is always of an even degree 
in the coefficients of the onginal quantic. 
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For, the degree of the resultant expressed in teims of tb 
orders and weights of the eovariants is 

xs {nv/ - 2k) + ts^nts - 2ie) » 2 {nzm' - wk - «r'ic). 

We add some examples in iUustration of the principles ex- 
plained in the preceding Articles. 

Examples. 

1. Show that the resultant of two equations is an inyariant of the systflm. 

2. Show that the discriminant of any quantic is an invariant. 

3. Prove directly that any function of the differences of the roots of the oon- 
riant 

UA\ , — — — , »••• I 

equated to Koro is a function of the differences of ai, at, as ... a«. 

4. If a, /8, Y ; and a'y be the roots of the equations 

17 a a*> + 8*jr» + 3m? + rf « 0, 
ir = aV + 24'« + tf' = 0; 

express in terms of the coefficients the function 

(fl-y)»(a-«')(«-/9') + (7-«)'08-«*)(»-i8') + («-/8)'(7-«')(7-i8')- 
Denoting this function by ^, we easily find 

- a^a'^ = 9{a'(W - e^) ^ b' {ad - he) ^- e'(ae -*«)}. 

Attending to the definition at the close of Art. 146 wo observe that this function 
is an invariant of the two equations ; for it involves all the roots of the cubic in the 
second degree, and all the roots of the quadratic in the first degree. If, in fact, we 
make the substitutions of Art 146, and render the function integral by multiply- 
ing by IP U\ the result will not contain x, and is therefore an invariant of the 
system. 

The geometrical interpretation of the equation ^ » is that the quadratic U 
should form with the Hessian of the cubic U a harmonic system. 

6. If a, /9, 7 ; a', /9', y' be the roots of the equations 

aj» + 3ftj5* + 8«p + rf = 0, 
a'.r» + 36'«« + 3<!'ar+«r=0; 

express the following function (when multiplied by aa') in terms of the cocffidenti, 
and prove that it is an invariant of the system : — 

(«-«') (fl-/9')(r-r0 +(« -/8-)(/9 -y)(Y- a') + («-y)08-a') (7-/8-) : 
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or, differently arranged, 

(«-«')(/8-7')(7-/3') + («-/3')03-«)(7-7')+(«-7')(/3-/8')(r-«'). 

An$. Z\(ad* - a'rf) - 8(3/ - Ve)]. 

6. If a, /8, 7, 9 ; a\ $\ y\ 1^ be the roots of the biquadratics 

(«, ft, e, d, e)(x, 1)* = 0, («', y, e',^', •)(*, 1)* = 0; 
prove 

a«'a(a-o003-iB0(7-y)(J-«0 = 24{a/ + a'#-4(W + yrf) + ««^}. 

and show that this function is an invariant of the system. 

7. Prove that the following function of the roots of a biquadratic and quadratic 
gives an invariant of the system, and determine its geometrical interpretation : — 



= ^. 



The geometrical interpretation of the equation ^ = is, that two conjugate foci 
of the three involutions determined by the biquadratic form along with the qua- 
dratic an harmonic system. 

8. Prove that the following functions of the roots of a biquadratic and quadratic 
give invariants of the system, and determine their values in terms of the coef- 
ficdenta: — 

floV^K - «)(d' - «(i3' - -y)08' - J), 

ao«fto'a(a - /5)» (y - .Q ( J - ^80 (7 " ^H^ - a'). 

9. Find the condition that one pair of roots of a cubic should form an harmonic 
range with the roots of a given quadratic. 

10. Find the condition that the roots of two cubics should determine a system 
in involution. 

The condition is expressed by multiplying together the six determinants of the 
type 



1 


3+7 


^ 




1 


7 + o ya 




1 


a +/8 


afi 


1 


a +Z 


oS 


X 


1 


/B -f S $9 


X 


1 


r + J 


y9 


1 


a' + $' 


a'fiT 




1 


a'+fif o'/r 




1 


a' 1-/8' 


^fi 



1 
1 
1 



aa 



o + d' 

7 + 7' 77' 
and equating the result to zero. 

149. Formation of Covarlanto by tiie Operator D. — 

From Art. 134 we infer that the expansion of F ( tZi,, ZTi^.,, . . . tTi) 
may be expressed by means of the Differential Calculus in the 

form 

a?» of 



jPo + vBF^ + j-o I^F,, + . . . + 



1 .2.3 ... r 



ITF^ + . . . , 
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where Fo is the result of making d? = in JF(J7«, U^-u . . . ?7o), 
viz., 

and D^Oo-j-'^ 2ai3— + 802-7- ■» . • • + won-i^— . 

oai wh cuh aOn 

In forming a covariant by this process, the souroe F^ with 
which we set out is altered by the successive operations D till 
we arrive at the original function F{(h, a,, . . . O, from which 
the souroe was formed. Since this is a function of the difEerences, 
the coefficient derived by the next operation JD vanishes, and the 
covariant is completely formed. The corresponding operations 8 
on the symmetric fimction t^o have the effect of reducing the 
degree in the roots by one each step, the final symmetric func- 
tion containing the differences only. Thus the soooessiYe 
operations supply between the roots and coefficients a number of 
relations equal to the nimiber of coefficients in the covariant. 

The degree m of the covariant is plainly equal to the number 
of times S operates in reducing \po to ^, i. e. equal to the differenoe 
of the weights of the extreme coefficients. And since 

\po = (oi at . . . On)' ^ (—,—,.. . — ), 

the weight of 1//0 is ntj - ic, where k is the weight of ^ (ai, a,, . . . a») ; 
hence the degree of the covariant whose leading coefficient is 
Oo'ip is nzj - 2ic, the same value as before obtained. We add two 
simple examples in illustration of this method. 

■ 

EXAJfPLBS. 

1 . Fonn the Hessian of the cubic 

«o** + 8«i«» + 3a2S + fls = 0. 
Taking the function Usacot- ai', we find, as in Art. 147, 

flo' 2o'0S - 7)« = 18(<ia« - aioz). 
Operating on the left-hand side by B, and on the right-hand side by D, we obtain 

- ffo'22o(3 - 7)- = 18(ai<Fo- aoos) : 
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and operating in the same way again, 

00*22(3 - 7)« = S6(«i» - (iofl2). 

The next operation causes both sides of the equation to vanish. Ilenoe the re- 
quired coyariant is, as in Art. 147, 

(aioa - 02*) + (<io«3 - oi«2)« + (ffofl2 - a\^)x^. 

We find at the same time the corresponding expression in terms of x and tho 
roots. 

2. Form the Hessian of the biquadratic 

oqS^ + 4ai«' + Qa%a^ + ^a^x + a* = 0. 

The covariant whose leading coefficient is U^aoa^ — a\* is called the Hessian 
of the biquadratic. Its degree is 4, since 17 = 2, and k = 2 ; and .*. wus ~ 2k = 4. 
Changing tho coefficients into their complementarics, the source of the covariant is 
«4«B * «*', and we easily find 

Sx SB (ao«« - «!*)«*+ 2(0003 - Oi02)«* + (OoOl + 20103 - 302*) J^ 

+ 2(aioi - 0203)4? + (02 04 - 03'). 

150. Theorem.* — ^In the discussioii of oovariants th2X)ugh 
die medium of the roots, as in the previous Articles, the following 
proposition, due to Mr. Michael Eoberts, is of importance : — 

Any function of the differences of the roots of two covariants is 
a function of the differences of the roots of the original quantic. 

Let 

(Co, Ci, (7„ . . . Cg){x, yY ^ Co(iP-7,y)(a? -7.,y) . . . {x-y^y) 

be two oovariants of the quantic 

(oo, ai, fl2, . . . an) (ar, yf. 
Operating with D or S on the identical equation 

5o/3r " + pB.^r^' + ^^^^ B,(i^' + . . . + £p = 0, 

* Qiiorterlff Journal of MathematieSy vol. v. p. 48. 
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and remembering that, in general, Df'^ ^To'S^, where 

/(do, di, fl2, . . . dn) = <»o'0 (ai» o„ . . . o«), 

we have 

p {Bofir^' + (i> - 1) Ai3r'-'+ . . . + ^p.i)(l + SPr) = ; 



and, therefore, 

similarly 

whence 


8/3r = -l; 




8(/3r-r.) = 0, 



proving that fir- Jm is & fonotion of thedifferenoee of the tooti 

cti, as, aj, . . . Off 

151. Homographlc Transformatloii applied to Ite 
Theory of CoTarianto. — Hitherto we have discussed the 
theory of oovariants and invariants through the medium of tiie 
roots of equations. We now adopt a different mode of treat- 
ment which will render the disoussioii of this subject man 
complete, and will open the way for the extension of the theoij 
to quantics homogeneous in any number of variables. It is 
through the medium of such functions that the most important 
geometrical applications of this theory are carried on. With this 
object we give in the present Article two important proposi- 
tions. 

Prop. I. — Let any quantic Un he tram/armed by the fumo- 
graphic transformation 



X = 



a? + /u 
if I and V be corresponding invariants of the ticoformsy we hate 

r^iXtZ-y^iyi. 

To prove this, let 

/ - < S (oi - o,)« (a, - a^y . . . (ai - a»)', 

each root entering in the degree vj. 
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Now, transforming the similar value of r, sinoe of 



A - AV 
we have 

, , ^ {\^ - XV) {Op - Og) 

""' "^ {\-yap){x-\\y 

Again, transforming Uny and rendering the result integral, 
Un takes the form 

where 

«o' ^ ^o{^ - X'ai)(A - X'«i) ... (A - A'on) ; 

timking these substituti<His for all the differenoes, and for ao\ 
the denominators of the fractions which enter by the transfor- 
mation disappear ; and we have, finally, 

/' = (A^' - A»«/. 

Pbop. II. — If ^(;x) be a covariant of the quantic Uny the netc 
value of^{x)y after honwgraphie transformationy is (when rendered 
integral) 

{Xfi -WtiY^ix). 

The proof is similar to that of the preceding Proposition. 
We have 

^(a?) = ao»S(ai - a2)«(a2- as)* . . . (ic - a,)'' (a?- oa)^ . . . , 
which expression for ^ {x) is obtained by substituting 

X — a\y iP — aj, . . . a* — On for oi, a%^ , , . a^ 

in the source of the covariant ^ (x) expressed in terms of the 
roots. Now, transforming, as in the previous Proposition, the 
value of ^(a?) thus derived ; since the factors A - A'oi, A - A'a2, . . . 
all enter in the same degree zs in the denominator (for each root 
enters the source in the degree w), they will all bo removed by 
the multiplier «(,'*, and the transformed value of (p{x) is 

(A/ - XV)'^(;r). 
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153. Redaction of Homographlc TransformatloB to 
a doable lilnear Transformation. — With a view to this 
reduction let the quantio be written under the homogeneons 
form 

and, in place of putting as before x >= •=-7*7 >, and removing 

fractions to make Un integral, let now - = ^, ,' - . . , where - 

p Xaf + fij/' y 

it 

and -. are the variables in the ordinary sense. The transfor- 
mation may therefore be reduced to a linear transformation of 
both the variables x and y, and can be effected by putting in 
the original quantic 

x = Xx + fif/\ y = A V + fiy\ 

the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous fimctions of two variables. 

The quantity X/ie' - X'/u is called the modulus of fransfor- 
mafion. 

We are now enabled to restate Propositions I. and 11. of 
Art. 151, in the following way: — 

Prop. I. — An wrariant is a fwiction of the coefficients of a 

quantic J such that when the quantic is transformed by linear iranh 

formation of the variables, the samefunctiofi of the new coefficients is 

equal to the onginal function multiplied by a power of the mod^A» 

of transformation. 

Prop. II. — A covariant is a function of the coefficients of s 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function of the new 
variables and coefficients shall be equal to the original function mul- 
tiplied by a poorer of the modulus of transformation. 
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Examples. 

1. Performing the linear transformation 

ar = \X + ^ r, y = Xi X + Ml r, 

if 

art ^ 2A jy + cy* = AX* + 2BXT + Cr^ 
prore that 

AC-JP^iKlix- Kifi)* {ac - *«). 

*2. Performing the same transformation, if 

(a, 4, e, rf, e) {x, y)^ = (^, B, C, ^ iS:)(J, T)*, 

prorve that 

AS - 4Bi> + 3C^ = (Ami - Ai/i)* (w - 4 W + 3c'). 

3. Performing the same transformation, if 

ax^ + 2bsy + ey« = ^J[» + 2BXT + (7r», 
and 

proTe that 

-4Ci + -4iC - 2BBi = (x^i - Aim)' (aei + ai« - 2Wi). 

Thia follows from Ex. 1, applied to the quadratic forms 

by oompazing the coefficients of k on both ^ides. 

Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form an harmonic system. 
For their roots being a, 3 and ai, 3i) we have 

«ai{(o- oi)(3-3i) + (o--3i)(3-oi)} = 2(a<Ji + «ic - 2M,). 

153. Properties of Covarlanto derived from lilnear 
TnuMformatloii. — We proceed now to show, taking the second 
propofiition of Art. 152 as the definition of a co variant, that the 
law of derivation of the coefficients given in Art. 149 imme- 
diately follows ; that is, given any one coefficient^ all the rest niay he 
determined. 

For this purpose, performing the linear transformation 

^ = X + AF, 

^ = 0X+ F, 

y2 
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whose modulus is unity, the quantic 

(flTo, «i, flTs, . . . (7„)(a?, y)" becomes {A^jAijAz^ . . . -4„)(J,F)", 
where 
^ly = fly, -4 1 = tfi + ajiy ^2 = fla + 2^1 A + fl„^', &o. (See Art 36.) 

Now, if ^(flr„, rti, e/a, . . . a„, ar, y) be any covariant of this 
quantic, we have by the definition 

(j, (^0, r/i, AT,, . . . «^, a-, 2^) = 0(-4o, -4i, -4,, . . . -4„, X, F), 
or 

(ff„, r/„ fl!2, . . . <7n, i^, y) ^ * Moj -^i> ^t . . . -4,,, ir - %, y). 

Expanding the second member of this equation, and con- 
fining our attention to the terms which multiply h ; since also 

- - = rar-\y when terms are omitted which would be multiplied 

in the result by A', //', &o., we have 

^^h(^- !/-£ + 2)0J + //M U &c ^0, 

which must hold whatever value h may have ; hence 

y -T" - rtr„ -T^ + 2ai -f- + GflTo -j- + . . . + wflr^., ~, (li 

and, substituting for the value 

(iio, /^„ JBv, ...-B,«)(ir, y)^ 
we have 

mKx"*'-'!/ + m(m - \)Bxaf*'^-if + . . . + mBnt^iy"^ 
-■ nBoJr^' + m LBi s^-' y + . . . + DJJ^y*" ; 

whence, comparing coefficients, we have the following equations : 

I)Bo = 0, 1)B, = J?o, 2>J?. = 2J!?i, . . . DB„ = w J?^.„ 
wliicli detormine the law of derivation of the coefficients from 
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the. source B^ ; the leading coefficient ^o being a function of 
the differences, since DBo = 0. 

The calculation of the coefficients is facilitated by the follow- 
ing theorem which has been proved already on different prin- 
ciples : — 

Two coefficients of a covariant equally removed from the extremes 
became equal {plus or tninus) when in either of them^ atoj ^i, . . . «n 
are replaced by a„, ff„>i, . . . rt^, respectively. 

To prove this, let the quantic be transformed by the linear 
substitution 

X = OX + F, // = X + OF, whose modulus = - 1. 
Thus 

K, fli, 02,... an)(x, yY = (an, ^n-l, <V?, . . . «o)(-y, TYy 

and, by definition, any covariant 

^ {(fny 0«-i, ««-2, . . . flo> -2r, Y) = (- 1)" ^(ao, fll, flTa, . . . ««, ^, ^ ) 

= (- 1)* (n^,, rt», 0,, . . . qn, r, X) ; 

whence the coefficients of the covariant equally removed from 
the extremes are similar in form, and become identical (except 
in sign when k is odd) when for the suffixes their complemen- 
tary values are substituted. 

We may infer similarly that a covariant satisfies the diffe- 
rential equation 

d(h dfb ^ d(b _ d(b ddi 

^ T^ = ^'« :> + 2a„., j-^— + 3an.2 ,-^ 4- . . . + iiui /-, 
ay aa„.i (Uin-i a^„.A dfh, 

as well as the equation (1) already given. 

Again, if ^(flft), «i, ^2, . . . r/J be an invariant of the quantic, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 152, 

(p {riuy (tiy 02, . . . (In) = 0(^0, Ai, A-,, . . . An) ; 

and proceeding as before in the case of a covariant, we prove 
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that an invariant roust satisfy both the differential equations 

(h-^ + 2fli ^ + 3«, ^ + . . . + nffn^i -;^ = 0, 
(tax (Mt d(h (kfn 

mn-\ (Min-'i (i^f^ da^ 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x = T^ y ^ X (whose 
modulus » - 1), we have from the definition of an invariant 

proving that an invariant is a function of the coefficients of a 
quantic which does not alter (except in sign if the weight be odd) 
when the coefficients are written in direct or reverse order. 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 
ject for the first time may pass at once to the next chapter, where 
the principles already explained are applied to the cases of the 
quadratic, cubic, and quartic. 

154. Prop. I. — Let ant/ homogenpom quantic of the n^^ degree 
/(xy y) become F{X, Y) by the linear tram format ion 

x^XX + fiY, y^yX^fi'Y; 

a I HO h'f any function u of x, y become Uby the same transfonnation; 
then fee hare 

-/(|.-£)-(:4-S). 

ir/icre M in the modulud of transformation. 

To prove this proposition, solving the equations 
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we have 

MX = iix - iiy, MY^- Xx + \y\ 

whence 

dx ^' dy ^' dx ' dy 

Again, 

rfw rfCTrfX dUdY 1 



<£r (/X (£r dY dx 



-L( 'l?_v^^ 

" My^ dX dYJ' 



du _dUdX dUdY 
dy dX dy dY 



^^ dY 1 / dU , dU\ 
^^d^^M\''dX*dY} 



which equations may be put under the fonn 



and since 



dy'^ [MdYJ *''[' MdXj' 
dx~ \MdY)^''\ MdXj' 



/{XX + ^Y, XX ^p!Y)^ F{X, Y), 



changing X and Y into -j^ y=., and - -j^ -py, respectively, 

the proposition is proved. 

In an exactly similar manner, changing X and Y into 

L -1. _JL A 

M dY' M dX' 
it may be proved that 

The results (1) and (2) may be applied to generate oo va- 
riants and invariants, as we proceed to show. 

Suppose /(a*, y) and u to be co variants of any third qu antic p, 
where v may become identical with either as a particular case. 
Also, denoting by Fc{Xy Y) and Uc the same co variants in 
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Xj Fy variableSy we have, from Props. I. and II., Art. 152, the 
identical equations 

MPF{X, Y) - Fc[X, F), and iPU^ Ur, 

whence, substituting from these equations in (1), 

^^Jdu du\ „[dUc dUc\ . 

proving that /( — , - -r-) is a oovaiiant of r. 

And in a similar manner it is proved from (2) that 

loads to an invariant or oovariant of r, according as f# is of the 
m'* or any higher order. 

Examples. 

d d 

1 . If — , - -r- be substituted for x and y in the quartic (a, ft, f , <f, e) (r, y )< = T, 

dy dx 

nnd the resulting operation performed on the quartic itself, show that the inyariant 
/ is obtained. 
We find 

(^, ^ c. rf, e) {^^^, - ^y 17= 48(0^ - 4W+ 3c»). 

2. Prove, by performing the same operation on Hry the Hessian of the quartir 
(see Ex. 2, Art. 149), that the invariant /if obtained. 

Here we find 

(/I, A, c, d, e) ( , - -\ H, = ri{aee-\- 2bed - ad* - eb^ - r»). 
.?. Prove that 
(//, />. r, f^)ij y - ^^yt7* = - 12(«2rf2-Gaftrrf-f4rtr» + 4A»rf-3AV-). * 

whore O, is the cubic covariant of the cubic (ff, ft, r, rf) (x, y)'. 
•1. Find the v.aluo of 

where '/ - ('/, /', r, //)(r, //)*. 

./«.«. - 7/;. 
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155. Prop. II. — If ^ («o, fli, 02, . . • fln) be an invariant of 
the quantic (fl©, «i, «»,..• ff«) (a*, y)", anc? u a covai-iant of tlie w'* 
or any higher degree, including the quantic itself; then 

/d'^u d**u d^u d^u^ 

* \d^' d^F^y' daf'-^df' ' " ' dy* 

is an invariant or covariant of the quantic. To prove this, let 

2? = XX + ^lY, x' = AX' + fjiY\ 
y=A'X + M% y'^yX'^nT; 
and, transforming as in the last Proposition, 

, d , d , d ^f d 

also, transforming u, we have 

U = Mpu ; 



whence 



^'s*^'.7)>="(''^4)"- 



and writing this equation when expanded under the form 

(A, 2>i, 2>2, . . . Dn) (X', YY = Jf' (do, d,, rf„ . . . tf,) (y, y')'S 
we have, from the definition of an invariant, 

(Do, Di, A, . . . Dn) = if'^ (rfo, ^1, fl?2 . . . ^n), 

showing that ^ (do, di, r/2, . . . dn) is an invariant or oovariant. 
When a?, y and x\ y are transformed similarly, as in the present 
Proposition, they are said to be cogredient variables. 

Examples. 

1. Let the quadratic 

flo«' + 2«i ary + rt2y2 become A^^X - 4- 2^ i i 1' + Ai 1"-. 
Wc have then, as in Ex. 1, Art. 152, 

A»A-: — A\' — M'(ttna'i - a\'). 
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To apply this, let 27 » M'h, as in the last Article ; and since 
it follows from the last result, considering X', T* and i^, y' as variaUes, that 

This covariant is called the HeMtian of U. 
2. When m has the values 

(•, b, Cy d){x, jf)», and («,*,«, rf, #)(«, jf)*, 
what covariants aro deriyed hy the process of the last example P 
Jhs. (1). (iwj -«»)«»+ (arf-*<?)«y+(W-c*)y». 

(2). («?-A»)«* + 2(arf-*tf)«V+(«* + 2W-3<?»)*«y> 

+ 2(«if-orf)jp/+(<¥-rf«)y*. 

166. Prop. III. — If amy invariant of the quantic 

be formed^ the coefficients of the different poioers ofk are covarianta 
of U; x\ y' being the variables. 

For, transforming U by linear transformation, let 

(«o, «!, 02, ... a„)(a?, y)* = (^o, ^i, A^y... An){X, F)* ; 
also if X, y and x\ y' be oogredient variables, 

x^f -a;y^M[XT -X'Y). 
Whence 

(oo, fli, fls, . . . a„)(j?, y)* + k{x^ - a?V)" 

becomes when transformed 

(^0, A,, A^,... An) (X, YY + *if*(Xr' - X'YY ; 

and forming any invariant ^ of both these forms, we have 

(0, «i, 02, . . . *p)(l, A:)^ = iif'C^P, ^1, ^2, . . . 4»p)(l, if"*)"» 
proving that 

or that 0r is a covariant. 
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When {xi/ - x'yY is replaced by (6a, 61, fti, . . . in) (a?, y)", the 
pieoeding Proposition beoomes by extension the following : — 

ff 0(flo,fli,a», . . . a») be an invariant of {Oi^ai^ 0^9... an){xyi/)\ 
all the coefficients ofk in 

(Oo + iJo, «i + *6i, ... an + kbn) 

are invariants of the system of quantics 

K» «i» aty ... a^){x, yY, (60, 6j, 4t, . . . 6i»)(^> V)*- 
Or, u^AtoA is the same thing^ 

( 60-7- + 61 -r- + . . . 6„ 3— ) A, &o., &c., 
\ da^ dai da^J ^ 

are invariants of the system. 

If, farther, ^ be replaced by a oovariant, we may in like 
manner generate new covariants, a similar proof applying in 
this case. 

157. Prop. IV. — If ^(ar, y) and ^(ar, y) are homogeneous 
quantics^ the determinant 

d^p d^ 
dx dy 

d\fj d\p 
dx dy 

is a cotariant of these quantics. 

For, transforming ^ and yft by the Unear substitution 



we have 



givmg 



a? = XZ + /liF, y = X'J + /uT, 

<tf (X, Y) = ^{x, y), ^ (X, Y) = i/.(a?, y), 

(/X dx dy^ dX dx dy^ 

d^ ddt ,dib d^ d\L ,d\L 



= f^ 



dY "^dx ^ dy' dY 



dx 



dy 
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Whence 

dX df 



d^ d^ 

dX lY 

which reduces to 



dx dy ^ dx dy 

dx dy^ dx dy 



-mg-fd^ d\p d^ d\IA ^ 
\dx dy dy dx) ' 



and the proposition is proved. 

This covariant is called the Jacobian of ^ and ^, and is often 
written under the form J{i^^^. 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon's Lessons Intro- 
diwtory to the Modem Higher Algebra^ and to Glebsoh's Theoric 
Der Bindren Alyebraischen Fonnen, 



Miscellaneous Examples. 

1. From tho definitions, Art. 146, prove that all the invariants of the qiiantif: 
U{x(/' — sfp) arc covariants of (7", tho variable being x' : y'. 

If 17" is a cubic, what covariants are thus derived ? 

2. If Ji, J2, J3, . . . Jn be the same invariant for each of the qualities 

(b(x) <t>ix) <p(r) <p{x) -,, , , ,, 

^ of the order txj, where ai, 02, . . . a«» are the 



» > » • • • 

X — ai X — m a? — 03 



X- On 



roots of <p [x) = 0, prove that 



r-n , 

2/r(a;-Or) 
r.l 



is a covariant of 0(:r). 

3. If ai, 02, 03, ... On be the roots of the equation 

(ffo, fli, az, ... On) {Xy 1)" = ; 
and if 

ffo^^i ^2 • • • ^m = ^(^0, au ff2f . • . «»), 

where ^1, ^, . . . ^m are all the values of a rational and int4>gral function of some 
or all the roots obtained by substitution, find the equation whoso roots are the 

m vahies ^^- j-^ given 8-0 = 0. 

Am. F{Uo, Ui, r,s ... VnY 
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4. Let a, /3> 7 ; <uid a', /3'> 7' ^ the rooto of tho cubic equatioiu 
(«, h, r, rf) (r, 1)» = 0, («', y, r', d) (*, 1)» = 0, 
and prove that the following covariant of the system 

flfl'2 {(3 -7) (i3'-7') + (B-y) (iS'-7)}(^-a) («-cO 
expressed in terms of the coefficients is 

6. Express the identical relation connecting throe quadratics in terms of their 
invariants. 

Let rr = «ia?« + 2*i«y + ^ly*, 

V = aaJf* + 2b2xy 4- ^y', 
multiplying together the two determinants 
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ei < 







ex -2bx 
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US -2*3 


as 




y'' 


-xy 
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x^ 2xy 
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/23 
/33 
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where 2Ipq 


= fipCq + < 


U 


V 


JT 














Expanding this determinant we have 

{It2l7a-M)U^-^ (/S3/11 -/31«) K2+(/il/8a-/i2«)r«+2(/3lJl2 -/ll J23)rr 

+ 2 (723 In - Izih\) WU^ 2 (/23 hx - /sa /12) UV =0. (1) 

There are two particular caacs worth noticing : — 

(1). Wheii the three qttadratiee are mutually harmotiie. — In this case 
/23=0. Zji = 0, Ji2=0; and making these quantities vanish in equation (1), 
we have 

I\ I I22 Isi 

(2). When one of tJie quadratics JF = determines the foci of the involiUion of 
the points given by the other two, Cr= 0, and r= 0. In this case /13 = 0, and 
/23 = ; and making this reduction in the general equation (1), we have 



(/12- - In h2) W^ = /:,3(/22 U^ - 2/12 rV-^IxxV) ; 
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Imt from the equations Jis = 0, and Jts = 0, we find 

«i = ic(«i*i), -2*8 = ic(tfifl2), ^ = ic(*if2); 

or 

and reducing, when k = 1 

- 2W* ^inxn- 2Jii r7r+ III r*. 

6. ProTe that the quartic« 

(•o** + 2tfi«y + aty«)(<?o«* + 2*i«y + <!iy«) - (6o«» + 2*i«y + *iy«)» = 0, 

have the same invariants. 

7. Proye that the condition that four roots of an equation of the it** degree 
should determine on a right line a harmonic system of points may be expressed by 

8. If ^(ffO} 01) oiy • . • an) be any rational, integral, and homogeneous function 
which depends on the differences of the roots of the quantic (oo, ai, oi, an) (ir, 1)" ; 

prove that -^ depends on the differences of the roots also. 

9. Proye that the functions 

000% — ai*, oaOi > 4ai 03 + 3 02*, ao*«8 - 3ao«i «a + 2tfi*, 
which depend on the differences of the roots of the equation 

(tfo, ai, 02, . . . a«)(», 1)» = 0, 
give rise to covariants of the degrees 

2fi - 4, 2n - 8, 3fi - 6. 

10. Prove that the coefficient of the penultimate term in the equation of the 
squares of the differences of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 

11. Prove that the product of two covariants whose sources are ^ and ^ may be 
written under the form 



12. Prove that the m<* power of the quantic 

(flO, ^1, «8, .. . On)(Xy 1)» 

may be represented by 

On"* + xD (a«-) + j— 2 ^' ^''"'"' "*■ r"2~3 ^' ^""'"^ "*■ *^' 



Mr. M. Roberts. 



Mr. M. Roberts. 
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13. ProTe from both definitions of a covariont that any covariant of a covariant 
is a covariant of the original quantio or quantics. 

14. If ai, as, 03, . . . Om, and /3i» iSs, /Ss, . . . jSn be the roots of the equa- 
tions 

Us (tfo, ai, 02, ... am){x, 1)"« = 0, and F s (4o, *i, *», . . . bn) («, 1)* = ; 

from the simplest function of the differences of their roots, viz., 2 (op - $q), it is 
required to derive a covariant of the system U and V. 
This question wiU be solved if we express 

Op "fig 



^^S(T: 



(x-ap)(x-0g) 



in terms of the coefficients of U and V. 
For this purpose we have 

€^-fiq 



"0q)"^x-'a^x-'0 ^X"fi^x-a' 



and if U and V be written as homogeneous functions of x and y, 

^ x-ay dx ^ x-ay dy 

Whence, substituting these values in the last equation, we have 

^ ap-3ff dU dV dU dV 

-^(^-ayKjr-iSy) dx dy dy dx' 

which, is the Jacobian of V and V. It should be noticed also that the leading coef- 
ficient of /(IT, V) is 0O&1 — ai^Q. 

15. To reduce, by the linear transformation, 

« = XX + fiF, y = X'X + /r, 

the two cubics 

CTs (a, h, t, d)(x, y)», r= {of, V, e, d^{x, y)^ 
to the forms 



Let 
then 



F = (A, B, C, 2), E) (X, T)* ; 

U s («, ^ e, d) (*, y)> = (J, ^, C, D) (X, T)\ 

Fs (a', y, ^, d'){x, y)8= (J, (7, A E) (Z, D». 



Now, substituting the differential symbols Dy, - Dm for jr, y, and -^Dt,- s-^x 
for X and Y in the Hessian of both forms of U, we find the operational equation 

-^V- ^xr J^;. 

u< -B C 

5 C /> 



J)U 


dU 


d;. 




a 


b 


e 


1 


b 


c 


d 
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whence, operating on both forms of V, we have 



^ i^f y) = 



V 



a 



ar + 



y <•' 



Similarly, 



ip (*, y) - 



; b' 



x + 



b e 

e d 

e d 

1/ e 



JY 



v 



JX 



whore / is the ternary invariant of F, 
Again, since 

^(Dy, -2),) = — Dr, and 



-,f,(2)„-D,)=-^Dx, 



performing the operation 

^(7)y, -2),)t^(a-, y), or ,fr(2),, -/),) ^(*, y), 



on equivalent forms, we have 



Q 



a b e 
rt' b' e' 
b* e' d' 



V e' d' 
a b e 
bed 



a b' e 

a b e 
bed 



bed 
a' b' e' 
b' e' d' 



Jf«* 



We are now in a position to determine the coefficients of ^in terms of the coef- 
ficients of U and V, 

For wc have from former equations 



Qx = 



Qy^- 



b' e' d' 
a b e 
bed 

a' // r' 
a b e 
bed 



<l> - 



a! b' e 
V (f df 



+, 



+ 



a h 



't c 



a' b' c' 

b' e d: 



+ ; 



M'honro, substituting tliesc values of x and y in r/"and V^ wc lind 

r/* . CT = {jU, 7A,, Csu a.) (0, ^f. 
Q^.r = (Z?... Co, Do, Eu) {<p, ^)\ 
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andy UioraforOi 



^'^"iS» ^''^iS' ^^^^o-(^,Jo,fi),2\b^)(^»*)*; 



also 






^0 



0) 



Do 



Bo 



7^* 



16. Detennine the invariants of ^0 in the preoedixig example. 
We haye from the equations of Ex. 15, 

/io==jf46/^ and /•J=JPoJo; 

and, snbfititating differential symbols for x^ y and X, F in both forms of T, and 
operating on XT, we find 

Pa 01^1 - M - 3(3^ - ^0) s — , 

j% 
which equation, along with the equation Q > j=^ enables us by previous results to 

express Jo and /o in terms of F and Q in the foUowing way : 

Jo=:P(^, and Jo^Q^. 

We add certain observations. In the first place, since 



Jo' 






I* 



when P = 27/', we have necessarily P^ b 27Q ; but the first relation holds when 
P has a square &ctor, which necessitates U and V having a common factor ; whence 
we infer that P' - 27 Q is the resultant of the cubics U and V. 

Again, if Q = 0, this transformation of 27 and F* fails, for the values of Zand T 
become identicaL It is, moreover, easy toshow that if it can be determined so that 
U+kV he& perfect cube, Q = 0, for in this case the derived functions with regard 
to X and y become identical ; whence we have the equations 

Equating tiiese fractions separately to - 1^, we find the equations 

a + jcfl' + jc'4 + Ki^bT = 0, 

«+«•+«<?+ KK^d' = ; 

and solving for it, ic', kk', we may eliminate them, and thus find the condition that 
17'+ kV be a perfect cube in the form 



tl V e 
V e d' 



V e d* 

a b e 

b e d 



fi V e 
a b e 
bed 



c 



of V t' 

V e d' 



= 0. 
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Or, oliTninatJTig it and h^ without intioducmg ac', we liaye from the abofe equ- 
tions another form for Q, i. e., 



ad^U ad'^9ld-hd''Vd cfdf^Vif 

17. Froye that the quartic 
may be reduced by the linear tranaf onnation 

4/)'- //;» + /= 0, if as X^'-x'/yt. 



to the form 
where 



Dr. SylYQitflr. 



18. Proye that the common foctors of two quantics are double factors of theb 
Jacobion /( U, V)f when the quantics are of the same degree. 

19. Proye that the 2 (n - 1) double factors of lU+mV, obtained by yaiying 
/ and m, are the factors of J{U, V)^ where 27 and Fare both of the n^ degree. 

20. Find the resultant of two cubics CTand F by eliminating between 

zr=o, F=0, -^ = 0, -^ = 0. 

21. Proye that eyery double factor of 27 is a double factor ol its Hessian 



dx^ dy^ " \dxdyl ' 



CHAPTER XV. 

CX>VARIANTS AND IKYABIANTS OF THE QUADRATIC, CUBIC, 

AND QUABTIO. 

158. The iluadratlc. — The quadratic has only one inva^ 
rianij and no covariant other than the quadratic itself. 
For, if a and /3 be the roots of the quadratic 

the only functions of their difference which can lead to an inya- 
riant or covariant are powers of a -/3 of the iype (a - /3)'^ ; the 
odd powers of a - /3 not being expressible by the coefficients in 
a rational form. Whence, expressing 



\a -x p-xj 



by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - i% and no covariant distinct from U 
itself. 

159. The Cubic and Ito Covaiianto. — ^In the present 
Axtide the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined« 

In the case of the cubic, a covariant is obtained from a 

function of the differences of the roots most simply by sub* 

slituting 

/3y + cuP, ya + fixy afi + yx for ~o, -/3, -y, 

and thus avoiding fractions ; for, transforming a - j3, we have 

1 1 - (/3y + ax) + (7a + (ix) 

z2 
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and when fractions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the difierenoes RotO). This mode of traiuh 
f orming functions of the difierenoes will now be applied to the 
covariants of the cubic. 

(1). Ttie Quadratic Covariantj or Hemanj Hx. 

Transforming both sides of the equation 

we have 

aoM(o + *^i3 + w'y) a; + /3y + nryo + ci»*a/3} 

thus showing that 

Lx + Li and Mx + Mi (see Art. 59) 

are the factors of 

Hx = (tfo«8 - «i*) ^ + («oO» - 0102) « + (aifl, - a,'), 
where 

From the form of the Hessian in terms of the roots in Art. 147, 
or from the relations of Art. 42, we conclude that when a cubic 
18 a perfect cube^ each of the coefficients of the Sessian vanishes 
identically. 

(2). The Cubic Covariants Qx. 
We have, by Ex. 4, p. Ill, 

Transforming both sides of this equation as before, we find 

ao^[{Lx-vL,y -^(Mx + M.Y] ^'27 {mUo-¥2m^ZUiU^U) 

--27(?., 

where Ox denotes the covariant formed from the function of dif- 
ferences O ; and by the method of Art. 149, by means of the 
source a^a^ - ^a^a^^ai + 2fl^% we easily obtain 

- (rza^^o - SoacrafiTi + 2a-^) - 3 (^a^aflfo + o^Oi - 2a^ax^) X. 
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Resolving [Lx + ii)' + [Mx + ifi)', we may obtain the factors 

of Ox] OTj more simply, sinoe the factors of 6^ are /3 + 7 - 2a, 
7 + a - 2/3, a + 3 -2y, the factors of Ox are 

112 112 112 

+ , + t; , + 



jS-a? y-x a-x* y~x a-x (i-x^ a-x /3-a? y-x^ 

when fractions are remoyed. 

We have obviously the following geometrical interpretation 
of the equation Ox = : — If we take three points on a line 
AyBj C determined by Z7'= ; and three points A'j Ry C% such 
that A^ is the harmonic conjugate of A with regard to JB and 
C; S^ oi B with regard to C and A ; and C of C with regard 
to A and B ; the points A\ B^ C are determined by Ox «= 0. 
(Compare Ex. 13, p. 86, and Ex. Art. 65.) 

(3). Bxpreasion of the Cubic as the difference of two cubes. 

This can be effected, by means of the factors of the Hessian^ 
as follows : — 

{Lx + LiY- {Mx-^M.y ^27 U^. 
Fag, from Ex. 2, p. Ill, we have 

i»-iIP=v/^27(^-7)(7-«)(«-0)- 

Transforming this equation as before, the first side becomes 

{Lx-^LiY-iMx+MiY, 
and the second side 

/r27(/3-7)(y-a)(«-0)(a?-a)(aj-0)(ar-7). 
Subefcitating from previous equations, we have 

(2ip + ZO»-(Jlfo + ilfO» = 27-,v/G^ + 4ir» = 27^^. 

(Compare Art. 58.) 

(4). Relation between the Cubic and its Covariants^ 
The following relation exists : — 

Ox' ^ ^Hx' ^ £ilP. 
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For, from Ex. 2, p. Ill, 

«o*(/3 - 7)* (7 - a)« (o - ^)* = - 27 ((?« + 4ir») « - 27a,«A, 

and transfonning this equation as bef ore, 
«o*(/3-y)'(y-«)^(«-0)«(^-o)*(^-0)n^-yr--27(ff/+4ffi); 
whence A 17* = (?,* + 4-H;'. 

(5). Solution of the Cubic. 
The ezpreesLon 

{Uyi + (?*)» + {Uy/A - (?.)* 

is a linear factor of U. 

For, from Ex. 2 and Ex. 3, we have 

flo' (-£« + ii)« « 27 (CT/a - (7,), 

-aoU-»fo+JtfiV=27 (iryA + (?,) ; 
and since 

is a factor of Uy the proposition follows. 

This form of solution of the cubic is due to Prof. Oayley. 

160. IVumber of Covarianto and Invariante of the 
Cubic. — The following method of determining the number of 
covariants and invariants of the cubic is virtually equivalent to 
that proposed by Professor Cayley : — 

The cubic has only two covariants^ their leading terms being 
H and O; and only one invariant j viz., its discriminant A, where 

a»A = 6' + 4jff', or A=a«rf* + 4ac»-6aJcrf + 4d6»-36*c». 

To prove this, let (a, /3y 7) be any integral function of the 
differences of the roots (of order wj^ expressible by the ooefficiGnts 
in a rational form. 

We have then (see Remark^ Art. 37), 

^^{a,^,y)^F{a,H,Cf) (1) 

(where r remains to be determined) ; and, in the first place, if ^ 
be an even function of the roots, Q can enter this equation in 
even powers only, since f is an even function of the roots*. 
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Now, eliminatmg the even powers of O by means of the 

relation 

G» + 4JBr> = a»A, 

equation (1) takes the form 

^«(a, ft 7) = F{a, E, A) ; 
and, theref ore, 

«•* («, ft y) - Ji(«, -ff, A) + S ^^§-^, (2) 

where ta is the order of (a, j3, 7), and i^o an integral function. 
It is now necessary to prove the following Lemma : — 
No function ofH and A exists that is divisible by a. 

For, suppose Fp{H^ A) to be divisible by a\ then making a 

vanish, we have 

Ji(J',A')-0, 

where JT' = - 6% A' = 4rf6' - 3 J'c*, the values of jETand A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing 6 by means of the equation jEr'= - 1*, c and d remain in the 
equation connecting W and A^ 

Wherefore equation (2) must assume the form 

«'♦(«» /3,y) = -P'o(fl,-H, A); 

for the first side of the equation is expressible as an integral 
function of the coefficients; therefore so must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd fonctions of the roots, we 
have only to multiply the first side of the equation by 

«• (2« - ^ - r) (2/3 - 7 - a) (27 - a - ^) , 

and the second side by 27 Oj for must be a factor of every odd 

function, since R is even. 

We are now in a position to prove the original proposition 

as to the number of invariants and covariants. For since o^^ is 

of the form 

GF{ay -ff, A), or F{a, H, A), 

according as ^ is an odd or even function of the roots, it follows 
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in the first place that there cannot be an inyariant of an odd 
degree in the roots, since GF(af Hj ^) does not remain the 
same function when a, 6, c, £? are changed into dy c, (, a, 
respectively ; and the only inyariant of an even degree must he 
a power of A, since if F^a, H^ A) contained aoi H besides A, it 
could not remain the same function when the coefficients are 
similarly interchanged* 

Again, the cubic has only two distinct covariants ; for it has 
been proved that every function of the differences a'^ is of one 
of the forms 

J?'(a, JSr, A), or (7JP(a, -H", A)- 

Now, considering these forms as the leading tenns of cova- 
riants, every covariant must be expressible as 

F{U,H^^), or G»F(U,E^,/S); 

that is, every covariant is expressible in a rational and integral 
form in terms of Sx and O^j along with U and A ; or in other 
words, there are only two distinct covariants. 
ilii 161. The ilaartlc. Ito Covarianto and Invarianto. — 

We have shown already that the quartic has two invariants, I 
and J (see Art. 147) . From the functions H and Q of the diffe- 
rences of the roots we can derive two covariants Hx and Oxt 
whose leading coefficients are H and Q ; for from the relation 

ao'S(a-0)»=48(flroas-ai») 

we derive, by the process of Art. 147, 

flo'S(a-0)«(:c-7)' (a:-8)» = 48(27; 17,- Z7i«) ; 

and, expanding Uq U% - {7s% we have 
Ex = («o^ -^i')^ + 2 (floOs -aio^a? + (aoOi + 2aiai - Za%)3f 

In a similar manner, since 
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we obtain the ooyariant 

O^^ TPUi + 2 W - SUU^Uiy 

which reduoes to the sixth degree; and if it be written as 
follows : — 

Ox = A^oB^ + AiHB^ + A2X^ + AiO^ + Aio^ + Atx + Aej 

we find, by expanding the above, or more simply, by forming 
the sonroe Aty and performing the suocessive operations of 
Alt. 149, the following values of the ooeffioients: — 

At = Oidi - SaiOiOi + 2(h\ As = a^'eio + 2ai(h(ii + 6(h^(h - 9a40a% 

Ai = SaiChffo + 10flf3*«i - ISfliOaai, -^s = lOflo^a' - lOai'a*, 

Here it will be observed that, after A^ is determined, 
Atj Ai, and Aq may be obtained from Ai, As, and jile by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 148. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartio. 

162. iluadratic Factors of the Sextle Covariant,* 
Gx. — ^As the quadratic factors of Ox enter prominently into the 
following discussion, we proceed in the first place to find those 
factors expressed in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of (7, expressed in terms of a, /3, y, 8, are 

/3+7-0-8, 7 + 0-/3-8, + J3-7-8, 
the factors of Ox are obtained from these by substituting 
;:: » :r^:i» Z — » I~5» '^' "» (^^ y^ ^» respectively, and mul- 

X — a X — p X -y X - o 

tiplying each factor by — to remove fractions. 

* See a Paper by Prof. Ball, Quarterly Journal of Mathematics^ vol. yii. p. 368. 



av 
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Whence, denoting these factors by u, v^ w^ we have 
^ ^ j^f 1 ^ _1 1 }_\ 

\«-/3 «-7 »-a «-8/ 
\a?— o X - p x^ y X " oj 

which values of Uy Vj Wj ananged in powers of jp, are 

V =(y + o-0-8)a5»-2(7o-08)« + 7o(/3 + 8)-08(7+o), (2) 
IT- (o + ^-y-8)a?*-2(a0 -78)0?+ 0^(7 + 8)- 78(0 + 0); 

and, oonsequently, S20x » o'ufw'. 
From formulas (1) we easily find 

V = {a-S){x^P){x-y) - (/3-7)(:p-a)(a?-8), 

and from these and similar equations we have 

= r- «= .r = 4 -, (3) 

/i-v v-A A- fi a ^' 

and, consequently, 

whence 

-0«-v)tt'a(frv/X-/t4 + cv^A-i;)(frv/A - fl-V^X-v). 

Since, as this equation shows, the factors on the second side 
are both perfect squares, we may assume 



ic^/X-fi + v^/X" V s 2wi*, 
tr a/a - /ti - rjv^A - V a 2tt,' ; 
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we have, therefore, 

f> -v/X-v = Wi* - ifi*, 

from which values we oonolude that «, r , tr, <A^ quadraticfactars 
of 0x9 ^^^ mutually harmonic. 

163. Expression of the Hessian by the Unadratfe 
Factors of Og. — Since 

-48^' = s(«-^)M*-7)* (*-«)•; 

oombining the tenns in pairs, and noticing that 

S(/3-7)(a-8)C^=0, 

S(«-^)'(*-y)» (*-«)* 

= S {(/3-7) (^-«) (*-«) + («-«) (*-0) (^-7))', 
the quantities between brackets being u, % tr, we have 

- 48 § = fi« + f^ + 1^, 
or 

which is the required expression for Hx* 

164. Expression of the Unartle Itself by the Una- 
dratle Faistors of Ox* — ^From equations (3) a symmetrical 
value may be obtained for U\ for, substituting in those equa- 
tions in place of X, /u, v their values in terms of the roots 
PiyP^tpi of the equation 4p'- J/t) + c7'=0, we find 

from which equations, by means of the value of Sx in the pre- 
ceding Article, we obtain 

{auy^l6{piU-Hx)9 H' = 16(paCr-J5r,), (4) 

{awf ^16 {p,U-Sx). 
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We now make the assumption 

where 

Ai = -(X-ju) (X-v), A2 = -(/u-v)(jU-X), A,= -(v-X)(v-/i). 

The objeot of this transformation is to replace Uj r, to by 
three quadratics whose disoriminants are each equal to unity. 
The quadratics X, Yj Z determined by the above equations are 
of this nature, for if ^i be the discriminant of Uj we haye 

Ai=O + 7-a-8){0y(a + S)-7a(^+8))-(/37-a8)% 

which may be put under the form 

(^ + y) (a + 8) (^y + aS) - (ya + /38) (a^ + y8) - a37 + aS)«, 

from which we easily find, as above, 

Ai = -(X-fc) (X-v), with similar values for A, and A,. 

Making these substitutions, the preceding equations become 

[px-p^){pi-fh)X'^H,-p,U, (5) 

(Pi - ps) (pa - pi) T^ = Hx-p%Uj 

{pi-pi) (p8-pa) Z^ = Sx-piV; 

from which are easily deduced the following values of IT and 
Hx9 and the identical equation connecting X, F, Z : — 

Hx = pi'X^ + p,'T' + p^Z\ 

- U = piX^ ^ P2Y* + piZ\ 

where, as has been proved, X, F, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each case. 
The value of Ox may be expressed in terms of X, F, Z as fol- 
lows. Since 

and 
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we have 

(?x = J yP-27c7» . X YZ. 

165. Resolutfon of the Hiiartle. — ^From the equations 
wefind = Z«+F'.ZS 

U^{p,-pi)X*+{p,-p,)Y\ 

Now, substituting for J*, Y\ Z^ from equations (5), and break- 
ing up these values of U into their factors, we have three ways 
of resolving U depending on the solution of the equation 

The resolution of the quartic has been presented differently 
by Professor Cayley, in a symmetrical form, which may be 
easily derived from the expressions ahready given for U and JJ«. 
For, since in general 

/ (aiaj*+ 2 Jj 2!y + Ciy*) + w (a2«*+ 2 Jjiry + Cay*) + w (aiic* + 2 Jjiry+Csy^) 

is a perfect square, when 

S/* {aiCi - Ji*) + Smw {thCi + a^C2 - 2^2 58) = 0, 

IX + mY + nZ is Bk perfect square when P + w' + w* = 0, 

X, F, Z being mutually harmonic, and the discriminants of each 
reduced to unity. 

The resolution of ET is therefore reduced to finding values of 
/, w, n such that lX + mY+ nZ, or 

/ \/p2 - Pi »/Rx-pJJ + ^ \/p8-pi s/Sx-p\TT 



being a perfect square, may vanish when U vanishes ; or in fact 
to satisfy the two equations 



' y/pi - P8 + «> ypz - pi + w \//9i-p8 = 0, /* + m' + n' = 0. 
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These equations are plainly satisfied if 

4 m n 



^/p^-p^ vPs-pi y/pi^pt 

whenoe, finally, 

is the square of a linear factor of the quartic U. 

If it be required to resolve the quartic kU- X£r«, it appears 
in a similar manner that 



lypt-ptys^f-piU-^m^fH-piysg-ptU 

being a perfect square, must vamsh when kU~ XHg yanishes ; 

or, values of /, m^ n must be determined so as to satisfy the 

equations 

/» + w» + »» » 0, 

/\/fi>a-p8)(ic-piX)+f»-v^(p8-pi)(ic-p3A)+nv/(pi-pi)(ic-f)3A)=0. 
These equations are plainly satisfied if 
/ m _ n 

whence 

(p«-|08) V^IC-piXv^jHa;-piJ7+(p3-pi) v^lC-paXv/JKr-psZT' 

+ (pi-p«) \/ic -p»X v/jHx-pjCT 

is the square of a linear factor of kU- XSx. 

166. The Invaiiante and Covaiiante of kU- XH^. — 

From the equations of Art. 164, viz., 

p,'j« + p,«F» + p^z' = a;, 

we may, by adding - -g- Tto XITjc-kU^ reduce it to the form 
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JiiX» + JiaF* + JiaZ*, where J2i + £, + £,-0. When this is 
done, we have the following xeduoed values of B\y B%^ Bz : — 

3-Bi = ic(2/t>i-/>2-/b) + X(2/Bipi-pa/»i-/»ipt), 

3i22«ic(2pa-/08'-pi) + X(2pj/0i-pip»-papi), 

3i?| = lc(2/E>3-pi-pa) + A (2/0ip8-p9pt-'PtPi)- 

On aooount of the aimilarity of the f oims 

pxZ»+p,F» + p,Z» and AZ' + JB, F' + JfcZ', 

which are of a fixed type, we oaloolate the invariantB and cova- 
riants of kU- Xffx hy simply changing pi, p2, p3 into iZi, 222, i^s 
in the expressions for the invariants and covariants of U* 
Therefore, since 

and 

jRa-iZs^ (pt-p8)(ic-Api), i?3-JJi= {pz- Pi){k^\p%)j 

El- It2 = {pi'P%){K- Xpa), 

we find the following values for the invariants of kU- XEx : — 

If we form the covariants S^^,x)f cuid O^^^x)} of 

^Q = 4ic»-/ieX» + c7A» 

(the reducing cubic rendered homogeneous in ic, X), we find, 
as If. Hermite has remarked, 

I{K, X) = - i -HJ^, A)> «/(«, A) = Vff fi^(«. X)- 
Again, to calculate the Hessian of kU- XS^c, we reduce 
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by the snbstiiations 

Pi»X» + paT* + pfP - - |(/Cr+ cTT) = - \IU, 

the fiist of which follows from the equations 

pi' = Pipz + {^9 9t = f>8pi + W Pa* = pipa + W 

multiplying by PiX', /oaF*, pa^, respectively ; and the second 
from the first by changing X\ Y\ P into pxX\ p^Y^y p^P. 
In this way we find the following form for the Hessian of 



(4««-|x') + r(|7KA-JX«); 



which may be expressed in the form 
Again, sinoe 

P - 27 J» = 16(p, - p^Y {p. - /».)' (p. - p^)\ 

and G, = ^ \/P - 27 J» . ZFZ. 

Transfonning pi, pj, p, into £i, £>, i2s, we find 

4,a)-27J-,Vm = Q'(J'-27J'), 

We have therefore expressed the invariants and oovariants 
of kTT" XHx in terms of the invariants and oovariants of U. 

167. mrmnber of Covaiianto and InYaiiante of tlie 
Huartlc. — ^We proceed to prove the following propositioni 
which determines the number of these functions: — 

The quartic has only the two distinct invariants I and cT", and 
two distinct covariunts tchose leading coefficients are H and G. 
This proposition asserts that every invariant is a rational and 
integral function of / and J^ and every covariant a rational and 



Number of Cavariants and Invariants of Quartic. 353 

integral funotion of U^ Hx^ Ox^ If J> The following diBoussioiiy 
like that before given in the case of the cubic, is the same in 
principle as that proposed by Prof. Cayley. 

Attending to the observations in Arts. 37, 38, it is plain 
that if ^ (a, /3, 7, S) be any integral function of the diffe- 
rences of the roots expressible by the coefficients in a rational 
form, we have, in general, considering the equation with the 
second term removed, 

where jPis a rational and integral funotion, and r remains to be 

determined. 

And if, in the first place, ^ be an odd funotion of the roots ; 

changing their signs, and subtracting the two values of ^, we 

find 

2a'-^ (a, /3, 7, 8) = jP(o, -ff, /, (?) - F{a, H,I,-GF). 

This value of f plainly vanishes with O ; whence, eliminat- 
ing the powers of O beyond the first by the identical equation 

we have 

«''« («, 13, 7, S) = GFi («, JT, If J)' 

It follows that every odd function of the differences of 
the roots is divisible by 

(/3+Y-a-8)(7 + a-i3-8)(a + ^-7-8); 
and removing this factor on the first side of the equation, and 

32 -r on the second side, we have 

a--»^i(a, ^, 7, 8) = F,{a, H, 7, c7), 

where ^i is an even function of the roots, and JF\ a rational and 
integral function. 

We proceed to prove, in the second place, if ^ (a, /3, 7, 8) 
be any even integral function of the differences of the roots, of 
the order t?, expressible by the coefficients in a rational form, 
that cpi^ (a, j3, 7, 8) can be expressed as a rational and integral 
function of a, JS*, /, J. 

2a 
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To prove this, the following lemma is necefisaiy : — 
There exists no function ofS^I^J which is dkisibk by a. Far, 
suppose F{Hy IyJ)tohe divisible by a. Making a vanish, ve 
have F{H\I\J')^0, where S'^-b^ r«-4W + 3c*, 
J'^2bcd - eb^ - c^ (the values of JST, /, e/, when a « 0) ; andas 
it is impossible to eliminate b, c, d^e, so as to obtain a relation 
between JET", /', J\ we conclude that no relation such as 
F{H\ /', e/') = exists ; and therefore there is no function of 
the form F{Hy /, J) which is divisible by a. 

We now proceed with the proof of the proposition; and 
since, as has been already proved in the case of an even function 
of the roots, 

«''«(a,^,y,S) = JF(a,a;/,e7), 

we have, dividing by a*^, 

«^^(a, i3, y, 8) = Fo{a, H, /, J) + ^WlM}^ 

Now, since the first side of this equation is expressible as a 
rational and integral function of the coefficients not divisible by 
(T, the second side must be a similtir function of the coefficients ; 
and this, by the lemma just established, is impossible unless such 

terms as S -^ — disappear. 

Wherefore 

a-^(a,i3,7, S)=-Po(fl,ir,/, cT); 

and, finally, we have proved that a'<p(aj /3, 7, 8) may be ex- 
pressed by the forms 

GF{a,H,I,J), or F[a, H, I, J\ 

according as is odd or even. 

We 'are now in a position to prove the original proposi- 
tion as to the number of invariants and covariants. For, if 
jF(a, i/, /, J) be] an invariant, a and H must disappear, since 
if they were present this function could not remain the same 
when the coefficients ai^e written in direct or reverse order. Simi- 
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larly, no odd function sooh as OFia^ H^ /, J) oan give an in- 
variant. ItfoUowB that every invariant is a function of J and cT*. 
Again, the qnartic has only two distinct covaiiants ; for we 
have proved that every function of the differences a* ^ is of one 

of the forms 

F{ay H,I,J) or OF{a, E, /, J). 

Now, considering these forms as the leading terms of cova- 
riantSy it has been proved that every covariant is expressible as 

F[U,H,,I,J) or 0,F{U,H,,lJ); 

that is, every covariant is expressible in terms of Sx and Qxf 
along with U^ ly and J) and this is the proposition which 
was required to be proved. 

'M'tbckt.t.awbotjs Examples. 

1. If IT be any cubic, and Om its cubic covariant, prove that the Heaaioa of 
xU-^- ikOm baa tbe sam^ roots as the Hessian of IT, x and ii being constants. 

2. If ai, iSi, 71 be the roots of 6^* = 0, prove that 

(d d d \ Id d d\ 

where 

f(«,i8, 7)=»0i(«ii i8ii7i); 
and also that 

8ai = Wi = 871 = — 1. 

3. Given 

ll^{a,h,c,d)(x,f)\ and V m (a' , V , e\ d%x, y)\ 

find the relation which connects the coefficients of these cubics when it is possible 

to determine the ratio X : /a, so that 

xU-^iiV 
should be a perfect cube. 

In this case the Hessian of \U-^ fiV must vanish identically ; and writing it 

under the two forms 

where 

JT, a K + a tf - 2W')r» + (a<i' + a'rf - ^ - y^f) ay + (W + yrf - 2<»') y», 

we have 

X = 0, M=0, iV=0; 

and «>lif«in<t<ing x,\ A/A, fi^ from these equations, the condition is obtained in the 
following form: — 

ao — b^ ad "he hd-e^ 



ad^a'c-V)}/ ad* ^-tid-he' -Ve bd'i-b'd -iec' 

2a2 



B 0. 
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4. If a quartic have a square factor, proye tliat the same square factor enten 
its Hessian ; and determine the rehitions hetween the coefficients when the quiitac 
and its Hessian are identical. 

6. Prove that the sextio covaziant 6^x of the quartic ^ {x) may be written under 
the form 

and that, when the quartic has a d<miU factor, the coyariant Om has that factor 
as a quadruple factor. 

6. Find the value of the determinant 



A s 



7+a-iS-« 7a-iS« 7«(i8 + «)-i8«(7 + a) 
a+i8-7-« aj8-7« aj8(7 + «)-7«(« + ^) 



whose constituents are the coefficients in the quadratic factors of the sextic corazisiit 
of the quartic (see Art. 162). 

If these constituents be represented by ai, &i, ^, 03, ^, «», &c., and t]ie inverse 
constituents by Jli, ^1, Cu &c., we find 



where 



hence 



or 



Ai 


Bx 


Cx 




-Aei 


2Abi 


-Aai 


A2 


B2 


c% 


= 


^Bet 


2Bh 


-Boi 


Az 


Bz 


Cz 




-Cei 


2Ch 


^Caz 



^ = 0-7) («-»), -B=(7-a)(i3-8), C=(a-i8)(7-«); 



A3 = -2-4^CA, 



A = -2^-BC = -208-7)(7-a)(a-iS)(a-8)(i3-«)(7-8). 



CHAPTER XVI. 



TRANSFORMATIONS. 



168. Tsctairnhauseii's Transfbrmatlon. — Theorem. — 

The most general rational algebraic transformation of a root of an 
equation of the »** degree can be reduced to an integral transforma- 
tion of the degree n-^l at most. 

For every rational funotion of a root or of the equation 
/{x) = is of the form 

where \ and yfj are integral functions ; also 

X(gr) / X yp (fll) .... 1^ (Or-l) ^ (flr^i) . . . . \p (on) 

^M ^ ^ ''^ ^ (ai) ^ (a,) rPiar^UM' 

and the denominator xp (oi) yp {a%) . . .'\p (an), being a symmetric 
funotion of the roots oi f[x) « 0, can be expressed as a rational 

function of the coefficients. Whence ,) , is reduced to an in- 

tegral form. 

Moreover, the numerator of the former fraction is a sym- 

metric function of the roots of the equation ^ ^ = 0, and may 

X — Qr 

consequently be expressed as a rational function of the coef- 
ficients of that equation ; that is, in tenns of ar and the coef- 
ficients oif{x). 

Now, denoting by F{ar) this integral form of vTx > ^^ bave 

^ \ar) 

by division 

F[ar) = Qf[ar) + ^ [ar) = ^ (ar), 

where ^ (or) does not exceed the degree n - 1 ; which proves the 
proposition. 
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This traiisformation, in which, from the equation / {x) « 0, a 
new equation in y is formed by means of the substitution 
yi^{x) (where ^(ar) is a rational integral funotion of degree in- 
ferior to that oif{x))^ was first employed by Tschimhausen. 

169. Formatton of the Transfomied EqiuUioB. — ^We 
proceed to explain the method of forming the equation whose 
roots are 

♦ («i)> ♦(oO> ♦Wf • • • • ♦(aii)» 

where f ((r) is a rational and integral funotion of o^ of the degree 
n-1. 

Let ^ {») ■ A* + ai» + (h^ + . . . + Oj^-iaf"*. 

Baising successively ^ {x) to the different powers 2, 3, ... n, and 
reducing the exponents of a; in each case below n (by dividing 
hjf{x) and retaining the remainder), we have 

^' = Oo + CiiP + C2aj* + .... +c»_iaf~S 



Substituting for a; in these equations each of the roots of the 
equation /(a;) = 0, and adding, we find, if 8i, 8^^ fi^a, &c., denote 
the sums of the powers of the roots of the required equation, 

8i = nOa + aiBi + OtSt +....+ On-iSn-i^ 
82 = nbo + bi8i + 62*8+ . . . . + b,^i8n^f 



Now, expressing «i, Siy . . . 8,^1 in terms of the coefficients of 
f{x), we have /Si, 829 .. . 8n determined in terms of the coeffi- 
cients of ^ (a?) and f{x) ; we are also enabled by Art. 129 to 
express the coefficients of the equation whose roots are ^ (ai), 
^[02)9 • • • i^M in terms of 8^ 829 >. . £»», and therefore finally 
in terms of the coefficients of ^ {x) and/(:r) ; thus the transfor- 
mation is completed. 
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170. Second Blethoil of forming the Transformed 
Equation. — There is another way of finding the final equation 
in ^ by elimination, which we now give. Since 

(h-^-\-aiX + a%Q^ + . . . + a«.iir^* = 0, 

if this equation be multiplied by «, aj*, . . . a^"^ and the expo- 
nents of X reduced below n by means of the equation /(a?) = 0, wo 
have in all n equations to eliminate dialytically the n - 1 quan- 
tities Xy 3i?y . , . js^'^. We thus obtain the transformed equation 
in the form of a determinant of the n^^ order, entering into the 
diagonal constituents only. For example, if /(a?) = ir~ - 1, we 
obtain the transformed equation in the following form : — 






= 0. 



Ui (h (Is . . a© - : 

Although these methods of performing Tschimhausen's 
transformation appear simple, yet if they be applied to par- 
ticular cases the result usually appears in a complicated form. 
Professor Cayley, by choosing a form of the transformation 
suggested by M. Hermite, was enabled to take advantage of 
the theory of covariants, and thus to complete the transforma- 
tion for the cubic, quartic, and quintic. We shall content our- 
selves with showing in an elementary way how Professor Cayley 's 
results for the cubic and quartic may bo obtained. 

171. Tscliirnliaasen's Transformation applied to tbe 
Cnbie* — ^Let the cubic equation 

ax"^ + Sbx'^ + 3cx-¥ d = 

be written under the form 

and let it be transformed by the substitution 

y = A + ics + s'. 
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If si, sa, S3 be the roots o£ the cubic, and yi, ya, ys the correspond- 
ing values of y, we have 

y» - yi = (^ - «») (k - «i), 

y» - yi = («8 - »i) (k - 22), (1) 

yi - yt = (»i -««)(«- sb), 

and, consequently, 

2yi - ya - ya = (2si - Sa - Ss) « + (222S3 - S321 - Zi2i), 

2ya - ys - yi = (22a - »s - «i) K + (228«i - SiSz - ZjSa), (2) 

2y» - yi - ya = (22s - «i - «a) IC + (22i2t - 2»«8 - «8«i). 

Wherefore, if the equation in y with the second term removed be 

F» + 3JT'F+(?'=0, 
we have from equations (1) and (2) 

where H^ and (?« are the Hessian and cubic covariant of 

and the transformation is therefore completed, since yi + ya + ys 
can be easily determined. 

172. Tsclilmtaaiiseii's Transformattoii applied to 
the linartlc. — ^In this case we do not attempt to form directly 
the transformed quartio, but prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Theorem. — TschirnhnuserCs transformation chatiges a quartte 
Uinta one hating the same invariants as lU-h mHxj and therefore 
in general reducibk to the latter form by linear tranrformatian. 

To prove this, let the quartic 

a?* ■\-piO^ + p2X^ +P3X -hpi^O 
be transformed by the substitution 

1/ ^ ao + aiX + fla*^ + dzx^. 



Tschimhausen^s Transformation of the Quartic. 861 

If ^if ^jX^fXihe the roots of the quartio, and yi, ys, t/z^ Vi 
the corresponding values of y, we have 

^ — =2 = ax + at{x2 + x^-¥(h[x% ^■XtXz'^Xz)^ 
^ — ^ =^ai+at{xi+Xi) +(h{xi*+XiXi+Xi% 

X\ — Xi 

From these equations we proceed to show that 

(X2 - iPjJViCi - iPi) 

where Po and Qo involve the roots of the quartic symmetrically. 
In the first place, we find 

(X2^ + XiXz + aJs') (a?i* +XiXi + Xi*) = jPa* - PiPi +Pi -i?a A, 

where X has its usual value, i.e. Xtx^ + XiXi; and secondly, since 

X2* + X20Pz -¥ Xz* ^ {Xt-^X^y-XiXz, &C., 

we find again 

(Xt + Xz){Xi*+XiXi i-Xi*) + {Xi+Xi){Xi* + iPsiPs + iPa') " J»8--i>iPa+J»iA. 

Finally, since the other terms in the product are obviously of the 
same form as Po + QoX, we have proved that 

[X2 - Xz) [Xi - Xi) 

whence 

(y»-yB)(yi-y*) = (v-/i)(Po+QoA). 

Now, introducing pi, p2, ps) in place of X, /i, v, this and the 
similar equations preserve their forms ; whence, altering Po and 
Qo into similar quantities, we obtain the equations 

(l/i"yt!){Vi-Vi) =4(P3-/>2)(P-Qpi), 

(ys-yOCya-yO =4(pi-p3)(P-Q/)2), 
(yi-y2)(y3-y4) = 4(pa-pi)(P-Qp,), 

which lead at once to the invariants of the transformed quartic ; 
and comparing their values with the invariants oi kU- XJETx 
given in Art. 166, the theorem follows at once. 
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173. me««ea#M #f Oie Cvble to a inB#Hilal fo 
TscUmluiiiseii's TranAfermattoB. — ^Let the oubio 



be reduced to the form y^ -V by the transformation 

y = q +px +aj'. 

If ^19 ^, ^ be the roots of the given oubio, and pi a root of 
the transformed oubioi we have the following equations to deter- 
mine p and q : — 

a^*+/w?a + g = ciiyi, 

Xz^ +pxf^q = fjyx\ 
from which we find 

Adding oti +;r^ + ;rt to this value oip^ we have 

iPaa?8+ ta)X%X\ ■\- W^XiXi 



P + Xi + Xi + Xz^- 



Xi + ciiarj + w'iTa 



it follows (see Ex. 23, p. 57), that there are only two ways of 
completing this transformation, as the values of p, q ultimately 
depend on the solution of the Hessian of the cubio. 

174. TMdhlrnhaiiseii's Transformatton applied to 
Reduce the liuartlc to a Trinomial Form, In wUeli 
the Second and Fourth Terms are absent. — ^Let the 
quartio 

be reduced to the form y* + Py* + Q by the transformation 

y = q +|)a? + a?. 
If xij Xiy Xi, Xi be the roots of the quartio ; also y^ y% (ico 
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disiinet roots of the tronsfoimed quartio, we have the follow- 
ing equations to determine p and q : — 

iTi' +pxi + J = yi, x^ +pxz + ? = ya, 

x^ +px% + q^- yi, x^ +i?a'4 + J = - y2 ; 

from which we find 

Xi-^rXf- Xz—Xi 

And, adding a?i + ^ + d^+a?4 to this value of ^^ we have 

^ 2(a?iiCi-a^ir4) 

hence, by Ex. 7, p. 126, it follows that there are three ways of 
reducing the quartio to the proposed form, the determination of 
which ultimately depends on the solution of the reducing cubic 
of the quartic. 

175. RemoTal of the Seeond, Third, and Fourth.. 
Terms fk'om an EqaatloM of the n^^ Degree* — y^^ com- 
mence by proving the following proposition, which we shall 
subsequently apply : — 

A homogeneous function V of the second degree in r quantities 
X\y XiyXif ... Xn can be expressed in general as the sum ofn squares. 

To prove this, let F*, arranged in powers of xi^ take the fol- 
lowing form : — 

F=Pia:x» + 2Qia?i + JBi, 

where Pi does not contain a?i, x^^ . . . .Xn\ also Qi and JSi are 
linear and quadratic functions, respectively, of x%y Xi^ ... x^. 

Again, r-(y^«, + -^J+iJ,-gj 
also F,-fli- J = P,a'»' + 2Q,ar, + iJa, 



I 
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where Pa is a constant, and Qs and £% do not contain Xi and Xi] 
and similarly 



so that 



^..(yp.^.^J,a.a- 



Proceeding in this way we arrive ultimately at 22,^1 - ^^, 

which is equal to Pn x^ ; and the proposition is proved. 

It may happen that P«» vanishes, in which case Fis reduced 
to the sum of n - 1 squares. (Compare Ex. 25, p. 143.) 

Now, returning to the original problem, let the equation be 

a^ -^fi^^ +P2^f^ + . . . + p» = ; 
and, putting 

y-ax^ + /SaJ* + ya?* + 8a? + 6, 

let the transformed equation be 

r + Qiy**-' + Q^r^ + . . . + On = 0, 

where, by Art. 169, Qi, Q2, . . . Qn • • • are homogeneous functions 
of the first, second, . . . r** degrees in a, /3, 7, 8, c. 
Now, if a, j3, 7, 8, € can be determined so that 

the problem will be solved. For this purpose, eliminating e from 
Q% and Q3, by substituting its value derived from Qi = 0, we 
obtain two homogeneous equations, 

-Ba = 0, -Ba = 0, 

of the second and third degrees in a, /3, 7, 8 ; and by the pro- 
position proved above we may write B% under the form 

which is satisfied by putting u^v and tr = ^. From these 
simple equations we find 7 = & + wj3, and 8 = Ao + m^fi ; and 
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substituting these values in Qs = 0, we have a cubic equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities a, /3, 7, S, c a definite value, the rest are determined, 
and the equation is reduced to the form 

tr + QiV^ + Q^r-" + . . . + Q» = 0. 

In a similar way we may remove the coefficients Qi, Q2> Qiy 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms* 

ar» + Pa? + Q, 
ar» + Pa^+Q; 

or again, changing x into -, to either of the forms 

X 

ir* + Pa?* + Q. 

In this investigation we have followed M. Serret (see his 
Caura d^Algebre Sup^rieure^ vol. L, Art. 192). 

176. Redoctton of the linlntlc to the Sum of Three 
Filth Powers. — This reduction can be effected by the solution 
of an equation of the third degree, as we proceed to show. Let 

(flo, «i, (hi (hy fli, fl5)(iP,y)'= Ji(ir+/3iy)*+ 62(0?+ jSay)* + 63(2? + ^^y)*, 
where /3iy /32> /Ss are the roots of the equation 

Now, comparing coefficients in the two forms of the quintic, 

Oo^bi + Ja + is , «i = Jift +62^8+63)331 

(h = 6i^i' + b^fi,' + b,p,\ a, = 61 j3x' + 6a^2» + b^p,\ 
a, = JijSx* + JajS/ + iajSaS a, = b, (3,' + b,p^ + b^,' ; 

* See Note A. 
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PqGo +i?ifli +i?2«i -^Pith - 0, 
PQ(h+Pi(h + JH«4 +i?J«f " 0. 

When these equations are taken in oonjnnotion with the 

equation 

Po +i>i« +Pt^ -^Pt^ = 0, 

we have the following equation to determine /3i9 /3ti ^ :— 



1 


X 


a^ 


a* 


«^0 


«i 


02 


<h 


«1 


Os 


0% 


di 


(h 


«8 


Oi 


<h 



= 0. 



Also, (i, i2> h are determined by the equations 



hi + &2 + Ja 



= a, 



0> 



Jii3i + JijS, + Js/Sj - a,, 

whenoe the question is completely solved when j3i, jS,, /Ss are 
known. 

This important transformation of tiie quintio is a particuhur 
case of the following general theorem due to Dr. Sylvester : — 

Any homogeneous J^mction ofx^ y, of the degree 2n - 1, can be 
reduced to the form 

by the solution of an equation of the n^ degree. 

The proof of the general theorem is exactiy similar to that 
above given for the case of the quintic. 

177. lioartlcs Transformable Into eacli oilier. — ^We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the other, by linear transformation. 
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Let the quartios be 
U= {ay 6, (?, rf, e){x, yy^a[x -ay){z'pj/){x-yy){x -Sf/^ 

and if they become identical by the transf ozmation 

a^ = Aa? + /ly, ^ » Xx + /y* 
we have, by Art. 39, 

0-7)(a-8) (7-a)(^-8) («-/3)(7-8)' 

showing that the six anharmonio ratios determined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 

r = r*7, J' = t*J; (1) 

whence 

J^^T^' (2) 

Or, what is termed the absolute invariant of the quartics is 
the same for both. 

The conditions expressed by the equations (1), (2), are 
always necessary; but not always sufficient^ as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

where ti, r , tr, u\ t/, are of the linear form Ix + my. 

Although the condition -^ "" -7^ is satisfied in this case, the 

common value of these fractions being 27, it is impossible to 
transform TI into F, since it is impossible to make tw a perfect 
square by linear transformation. 

Secondly, if U^u^v^ F ■ t#'* ; 

although the equations /'=r*7, J'^n^J are satisfied, since 
/' c 0, / = 0, J' = 0, J" = 0, it is, n-.vertheless, impossible to 
transform ZZinto F. 
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In both these oases it would be impossible to identify the six 
anharmonio ratios depending on the roots of the quartios. And, 
in general, it is impossible to transform one quantio into another 
by linear transformation! when any relation exists between the 
invariants of one of them which does not exist between the in- 
variants of the other (see Glebsch's Theorie der Binaren Alge- 
braischen Formen, Art. 92). 

MiSGELLAKEOUS FiTAMPT.TM. 

1. If tho coefficients of three g[uadiatic8 

be connected by the relation 

«i *i ci I 

oi b% et = 0; 

az h ^ 
prove that they may be reduced by linear transformation to the forms 

2. Prove that the most general rational transformation of a quartic/(x} may be 
reduced to the transf onnation 

P Q 



When P « ^f(p) f{q), and Q = - B/{q) f{p), show that tho second term 
of the transformed quartic is absent 

3. Prove that tho transformation 

aa^ + 2$x + y 

may be resolved into the three successive transformations— (1) a homograpbic 
transformation ; (2) a transformation of the roots into their squares ; (3) a homo> 
graphic transformation. 

4. If ^ be any integer, prove that 

(XlP - X2>'){X^ - XjP) 

{xi-X2){xz-x,) = ^ + <''^** + ''**)^^' 
where Sq ^^^ 5i aic symmetric functions of xi, ft, xz^ xi. 
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5. Reduce (tty b, e, d) (jr, y)' to the sum of two cubes by the method of 
Art. 176. 

6. Show how to transform two quadratics to the forms 

where u and v are linear functions of x and y. 

7. Proye that two cubics can in general be transformed, the one into the other, 
by linear transformation, when their discriminants do not vanish ; and determine 
the transformation. 

8. Prove that the three roots of a cubic may be expressed as 

X, e(x), 0»(x), 
where 

§ X 'T m 

and «'(«) = !. (Compare Art. 60.) 

The meaning of the notation here employed is that 0* {x) is derived from $ (jr), 
and 03 (x) from $'- (x), in the same way as (i;) is from x, 

9. If {rty A, e, d, e) (ar, 1)* become {A, By C, 7), E) {i/, 1)* by the trar.fl- 
formation 

tt -f 20X + yx^ 

^~oi-f2i8i« + 7i*** 

find the invariants of the latter form. 

10. Show that the quartic Us. (a, A, e, rf, e){x, y)* may be reduced to the 
form 

crs(^-P3)tt* + u*) + 6pi|V, 

where the modulus of transformation is equal to unity. 
By Article 164 we have 

and making the substitutions 

X = 2i|ij, r = «(|^ - 1?=), Z= |« + r,\ where «" = - 1, 

we obtain the required form. These substitutions are allowable, for | and i} are 
proportional to mi and U2 (Art. 162) ; and, putting for |, n the values 

I = max - fwiy, ri = - I2X ■¥ lif/t 

we find that JT, Y, Z have the same discriminant (/iiwa - /jwi)^. Since this value 
is unity, it is proved that the modulus of the transformation 

\-iz., /|OT2 - Aim I, is equal to unity. 

2 II 



CHAPTER XVIL 



THE COMPLEX VARIABLE. 



178. Grapliie Representation of Imaginary linaB- 

tltles. — The imaginary expression a -\- b ^Z- 1 may be written 
in the form 



fi (cos a + sin a v/-~l), 



where 



/u = y/a^ + b^j and tan a = -. 

a 



It may be regarded, therefore, as determined by the linear 
magnitude /i, and the angle a ; fn being called the modulus^ and 
a the argument of the imaginary quantity. 

Let rectangular axes OX, OY (fig. 7) be taken ; and a 
point A such that 
XOA = a, and OA = /i. 
We have then OM = 
H cos a = ff, and AM 
= /i sin a = 6. The 

expression a + 6 y^" 1 
may therefore be re- 
presented graphically 
by the right line 
drawn from to a 




Fig. 7. 



point in a plane whose co-ordinates referred to the fixed axes 
are fl, 6 ; the distance OA of this point from the origin being 
equal to the modulus, and the angle XOA equal to the argu- 
ment of the imaginary quantity. 
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The magnitude of an imaginary quantity is estimated by 
the magnitude of its modulus. When the imaginary quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vaniBhes ; and, conversely, when the modulus vanishes, since 
then a' + 6* = 0, a and b must separately vanish, and therefore 
the imaginary quantity itself. Two imaginary quantities a + ib 
and a' + ib\ are equal when a = o' and b = b\ i. e. when the 
moduli are equal and when the arguments either are equal or 
differ by a multiple of 2ir. 

In what follows we shall for brevity represent the modulus 

and argument of a + 6 y/- 1 by the notation 

nwd, {a + /i), arg, [a + ih), 

where i as usual represents -v/- 1. 

179. Addition and Subtraction of Imaginaries. — 

Liet a second imaginary quantity a + iV be represented by the 
right line 0A\ so that 

OA' = mod, {a + 16'), XOA' = avg. {a' + W) . 

We proceed to determine the mode of representing the sum 

a ■\- ib + a' -h ib\ 

Writing this sum in the form a + a' + i (i + V), we observe, 
in accordance with the convention of Art. 178, that it will be 
represented by the line drawn from the origin to the point 
whose co-ordinates are a + a, h + b\ To find this point, draw 
AB parallel and equal to OA' ; since AP^ BP, are equal to 
a', b\ B is the required point, and we have 

OB^rnod, {a + o' + i(6 + *')K XOB = arg.[a + a' ■vi{b-^b')\. 

To add two imaginary quantities, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulus, 
and the angle it makes with OX equal to the argument, of the 
second) ; then OB represents the sum of the two imaginary 

2 b2 
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quantities. Since OB is less than OA + -4J5, it follows that 
the modulus of the sum of two imaginary quantities is less than the 
sum of their moduli. 

This mode of representation maybe extended to the addition 
of any number of imaginary quantities. Thus, to add a third 
«" + i6", represented by 0A'\ we draw BC parallel and equal to 
0A'\ and join OC. Then OC represents the sum of the three 
imaginary quantities 0-4, 0A\ 0A!\ It is evident also that we 
may conclude in general that the modulus of the stim of any 
number of imaginary quantities is less than the sum of their 
moduli. 

Subtraction of imaginaries can be represented in a similar 
'w:ay. Since OB represents the sum of OA and 0A\ OA will 
represent the difference of OB and 0A\ To subtract two 
imaginary quantities, therefore, we draw at the extremity of 
the line representing the first a line parallel and equal to the 
second, but in an opposite direction (i, e. a direction which makes 
with OX an angle greater by ir than the argument of the first). 
We join to the extremity of this line to find the right line 
which represents the difference of the two given imaginaries. 

180. Multiplication and Division of Imaginaries.— 
To multiply the two imaginary quantities a + /6, a' + ib'j we 
write them in the form 

a + ih - fi (cos a + / sin a) , a' + iV = /i' (cos o' + i sin a) . 

We have then, by De Moivre's theorem, 

{a + lb) {a + ib') = /i/i' (cos (a + a) + ♦ sin [a-\-a)\j 

which proves that the product of two imaginary quantities is an 
imaginary quantity of the same form y whose modulus is the prodwt 
of the two moduli, and whose argument is the sum of the two argu" 
ments. 

In the same way it appears that the product of any nimiber 
of imaginary factors is an imaginary quantity, whose modulus is 
the product of all the moduli, and whose argument is the sum 
of all tlie argTiments. 
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To divide a + ib by a' + ib\ we have similarly 

-7 rp s — 008 (a -a) +tSin(a-a) , 

a -¥ to fi 

whioh proves that the quotient of two imaginary quantities is an 
imaginary quantity of the same for m^ whose modulus is the quotient 
of the two moduliy and whose argument is the difference of the tico 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary quantity, e.g., {a + i6)"», can be expressed in the 
form A + i-B, where A and B are pal quantities. And, more 
generally, if in any polynomial 

whose coefficients are either real or imaginary quantities, an 
imaginary quantity a + ib be substituted for the variable 2, the 
result can be expressed in the standard form of imaginary quan- 
tities, i. e., A + iB, 

It was assumed in the proof of the theorem of Art. 16 that 
when a product of any number of factors (real or imaginary) 
vanishes, one of the factors must vanish. This is evident when 
the factors are all real. From what is above proved the same 
conclusion holds when the factors are imaginary ; for, in order 
that the modulus of the product may vanish, one of its factors 
must vanish, and therefore the imaginary quantity of which 
that factor is the modulus. 

181. The Complex ¥ariable. — In the earlier Chapters of 
the present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - 00 to + 00 ; and the mode of representing by a figure the 
form of the polynomial was explained. Such a mode of treat- 
ment is only a particular case of a more general inquiry. Given 
a polynomial 

we may study its variations corresponding to the diflferent values 
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of s, where z has tlie imaginary form x + *y, and where x and y 
both take all possible real values. This form ^r + ty is called the 
complex variable. All possible real values of the variable are of 
course included in the values of a? + ty, being those values which 
arise by varying x and putting y = 0. In aocordanoe with the 
principles of Art. 178 we may represent the imaginary quantity 
a; + ty by the line OP (fig. 8) drawn from a fixed origin to 
the point whose co-ordinates are a?, y. Or we may say, a? + ly is 
represented by the point P, Thus all possible values oix-^-iy 
will be represented by all the points in a plane. Since for any 
particular value of s,/(s) takes the form A + iB (Art. 180), the 
values of /(s) may be represented in a similar manner by points 
in a plane. We confine ourselves in the present Article to the 
representation of the vjuiable 
X + if/ itself. We conceive the 
variation of a? + it/ to take place 
in a continuous manner ; for ex- 
ample, by the motion of the 
point X, //, along a curve. If OP 
and OP^ represent two consecu- 
tive values of the variable, we 
write the corresponding values 
X + /y, ar' + if/\ as follows : — Fig. 8. 

z=^x-\-it/ = r (cos + 1 sin 0), z = / + />' ^ r (cos ff + i sin ff). 

Since OP" represents the sum of OP and PP' (Art. 179), it 
follows that PP" represents the imaginary increment of z ; and if 
::'-:: + //, It may be \mtten in the form 

// = p (cos + f* sin 0), 

where p = PP\ and is the angle PP" makes with OX, 

The variation of the modulus of z is OP" - OP or r - r ; the 

variation of the argument of s is FOP or ff-O; the variation 

of z itself is A or p (cos + / sin ^), as just explained. 

Ijet the point be supposed to describe a closed curve. When 

it returns to P the modulus takes again its original value ; and 
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Fij?. 9. 



the argument takes its original value if the point is exterior 
to the curve, or is increased by 2ir if is interior to the 
curve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i.e. the total variation is nothing. From this we 
oan derive a property of the variation of the argument of the 
oomplex variable, which will be found of importance in our sue- 
oeeding investigations. 

Let a plane area be divi- 
ded into any number of parts 
by lines BD, AF, EC, &c. 
(fig. 9) ; then the variation 
of the argument relatively to 
the perimeter of the whole 
area is equal to the sum of its 
variations- rehtively to thepe- 
rimetei's of the partial areas : 
all the areas being supposed to be described by the vjuiable 
moving in the same sense. This is evident; for when the 
point is made to describe all the partial areas in the same sense, 
each of the internal dividing lines will be described twice, the 
two descriptions being in opposite directions ; and the exter- 
nal perimeter will be described once ; hence the total variation 
of the argument relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
In the figure, for example, when the point describes the areas 
ABFy AFD in the sense indicated by the arrows, the total 
variation relatively to the line AF vanishes. 

182. Conttnnlty of a Function of the Complex 
¥aiiable. — Suppose the complex variable s, starting from 
a fixed value z^, to receive a small imaginary increment 
Asp (cos + z sin 0) ; we have then, if / (2) be the given 
function. 
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and the increment of /(«), being equal to/(zo + h) -/(«o)> ^ 



r w A + 



r w „ . r'w 



1.2 



A« + 



1.2.3 



A' + Ac. . . . 



In this expression the coefficients of the powers of h are all 

imaginary expressions of the usual form ; and if their moduli be 

a, 6, c, &c., the moduli of the successive terms are «/», ftp', cp\ &c. ; 

and since, by Art. 179, the modulus of a sum is less than the 

sum of the moduli, it follows that the modulus of the increment 

of/(c) is less than 

ap + bp^ + cp^ + &c. 

Now a value may be assigned to p (Art- 4), such that for it, 
or any less value of p, the value of this expression will be less 
than any assigned quantity. It follows that to an infinitely 
small vcuiation of the complex variable corresponds an infinitely 
small variation of the function ; in other words, the function varies 
continuously at the same time as the complex variable itself, 

183. ¥arlatlon of the Argument off{z) eorrespondlng 
to the Description of a small Closed Curre by the Com- 
plex ¥arlable. — Corresponding to a continuous series of values 
of z we have a continuous series of values of /(c), which can be 
represented, like the values of 2 itself, by points in a plcme. 
We represent these series of points by two figures (fig. 10) side 





Fig. 10. 

by side, whicli, to avoid confusion, may be supposed to be drawn 
on different planes. To each point P, representing x + ty, cor- 
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responds one determinate point P' representing /(«). When P 
desoribes a continuous curve, i^ describes also a continuous 
curve; and when P returns to its original position after describ- 
ing a closed curve, i^ returns also to its original position. 

Our present object is to discuss the variation of the argument 
of /(z) corresponding to the description of a small closed curve 
by P, Let A be any determinate point whose co-ordinates are 
^o» yo> i-®' ^0 = a?o + iyo. We divide the discussion into two 
cases: — 

(1). When 3^0 + «Vo is ^^^ a root of /(s) = 0, i.e. when/(So) 
is diflEerent from zero. 

(2), When x^^iy^ is a root of/(s) = 0, or/(2o) = 0. 

(1). In the first case, to the point A corresponds a point A' 
representing the value of /(so), and ffA' is diflEerent from zero. 
Let s = So + A> where A = p (cos ^ + « sin ^) ; and suppose P, which 
represents s, to describe a small closed curve round A. Let P' 
represent /(c); then -^'P' represents the increment of /(s) cor- 
responding to the increment AP of z. By the previous Article 
it appears that values so small may be assigned to p, that the 
modulus of the increment of /(s), namely A'P^^ may be always 
less than the assigned quantity O'A' ; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ing closed curve described by P' will be exterior to ff. It fol- 
lows, by Art. 181, that corresponding to the description hy P of a 
small closed curves which does not contain a point satisfying the 
equation f{z) = 0, the total variation of the argument of f{z) is 
nothing. 

(2). In the second case, suppose Xo + iy^ is a root of the equa- 
tion y (2) = repeated m times, and let 

/(2)-(s-g«;^(2); 
then 

f[z) = h*^\p{z) = p*" (cos mip + t sin m^p) xfj (s). 

In this case C/A' = ; and when P describes a closed curve 
round A, P" describes a closed curve round (X, and the argimient 
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oif[z) will be increased by a multiple of 2ir. To determine this 
increment, we have from the above equation 

arg. f[z) = fw0 + arg. \p (z) ; 

and the increment of arg,f{z) will be obtained by adding the 
increment of m^ to the increment of arg. \p (z). Now the latter 
increment is nothing by (1), since the curve described by P may 
be supposed to contain no root of i/^ (z) = ; and since the incre- 
ment of is 2ir in one revolution of P, the increment of m^ is 
2mir, It follows that when P describes a small closed curve con^ 
taininga root of the equation /(z) = 0, repeated m times, the argument 
off[z) is increased by 2 mw. 

184. Canchy's Theorem. — When z describes the same 
line in a plane in two opposite directions, /(z) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg,/{z) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 181, the 
variation of the arg. f{z), corresponding to the description in the 
same sense by z of all the partial areas, is equal to the varia- 
tion of arg, f[z) corresponding to the description by s of the 
external perimeter only. Now let any closed perimeter in the 
plane XF be described ; and suppose, in the first place, that it 
contains no point which satisfies the equation /(s) = 0. It can 
be broken up into a number of small areas, with respect to each 
of which the conclusions of (I) Art. 183 hold ; and by what has 
been just proved it follows that the 
variation of arg. f(z) corresponding 
to the description by z of the closed 
perimeter is nothing. Suppose, in the 
second place, that the closed perime- 
ter contains a point which is a root 

of the equation /(s) = repeated m 
times. Let a small closed curve 
PQRS be described round this 
point. The variation of arg. f[z) corresponding to the descrip- 
tion by z of the whole perimeter, is equal to the sum of its 








Fig. 11. 
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variations corresponding to the description of the areas 
ABCPSR, CDARQP, PQRS. The two former variations 
vanish by what is above proved ; and the latter is, by (2), 
Art. 183, equal to 2 rmr. The total variation, therefore, of /(c) 
is 2 mir. Similarly, if the area includes a second, third, &c., 
points which represent roots repeated m', m", &c., times, the 
total variation = 2 (w + m' + tn' + &o.) ir. Hence we derive the 
following theorem due to Cauchy : — 

The number of roots of any polynomial^ comprised within a given 
plane area^ is obtained by dividing by 2n tlie total variation of the 
argument of this polynomial, corresponding to the complete descrip- 
tion by the complex variable of the perimeter of the area. 

185. Itfamber of Rooto of the C^eneral Kqnatton. — 
We are enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 1 6 ; namely, every rational and integral equation of the n*^ 
degree has n roots real or imaginary. 

In the former Articles the reasons were given why the 
proof of this theorem, which may be regarded as the fundamen- 
tal theorem of the Theory of Equations, was deferred. 

Let 

f{z) - flTyS" + ^iS'*"* -f GiZ"-^ + . . . + an-\Z + an 

be a rational and integral function of s. Without making any 
supposition as to the existence of roots of f[z) = further than 
that/(z) cannot vanish for any infinite values of the variable, 
we can suppose z to describe in its plane a circle so large that 
no root exists outside of it. If, then, 

f{z) = s'*(r/o + flfis' + rtr3s''+ ... + r/„3''') 
= s'* (s'), where s' = -, 






z\ whose modulus is the reciprocal of the modulus of s, will 
describe a small circle containing a portion of the plane cor- 
responding to the part outside of the circle described by z ; and 
no root of {z) = will be included within this small circle. 
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Hence, corresponding to the description of the whole circle by z, 
the variation of arg. (p (/) = 0, and, therefore, 

variation of arg, f[z) = variation of arg. s"; 
and if 

s = r (cos + I sin 6), or z^ = r^ (cos nO + 1 sin wO), 

is increased by 27r, and, therefore, arg, s" is increased by 2 hf. 
It follows from Oauchy's Theorem, Art. 184, that the number 
of roots comprised within the circle described by s, i.e. the total 
number of roots of the equation f[z) = is « ; and the theorem 
is proved.* 



* Up to the period of Lagrange it appears to have been taken for granted that 
every equation must have a root. In his TraiU de la Ri$olutum dei Equationt Numt- 
riguesj note X., Lagrange has an investigation, the object of which is to prove d priori 
the possibility of decomposing any polynomial into real factors of the first or second 
degree. Gauss also gave a proof of the proposition. Cauchy occupied himself with 
the problem, and gave two forms of demonstration, one of which we have followed 
in the text. A simple investigation of this problem will be found in a Paper by Mr. 
John C. Malet, M.A., "On a Proof that every Algebraic Equation has a Eoot," 
Tram, of the Royal Iruh Academy ^ vol. xxvi. p. 453. 
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NOTE A. 

ALGEBRAIC SOLXTTIOIT OF KQUATI0N8. 

Thb solution of tho quadratic equation was known to the Arabianfi, and is found in 
the works of Mohammed Ben Musa and other ivTiters publi«hed in the ninth century. 
In a treatise on Algebra by Omar Alkhayyami, which belongs probably to the middle 
of the eleventh century, is found a classification of cubic equations, with methods 
of geometrical construction ; but no attempt at a general solution. The study of 
Algebra was introduced into Italy from the Arabian writers by Leonardo of Pisa 
early in the thirteenth century ; and for a long period the Italians were the chief 
cultivators of the science. A work, styled VArU Maggwre^ by Lucas Paciolus 
(known as Lucas de Burgo) was published in 1494. This writer adopts the Arabic 
classification of cubic equations, and pronounces their solution to be as impossible 
in the existing state of the science as the quadrature of the circle. At the same 
time he signalizes this solution as the problem to which the attention of mathemati- 
cians should be next directed in the development of the science. Tho solution of 
the equation 7^ -^ mx — n was effected by Scipio Ferreo ; but nothing more is 
known of his discovery than that he imparted it to his pupil Florido in the year 
1605. The attention of Tartaglia was directed to the problem in tho year 1630, in 
consequence of a question proposed to him by Colla, whoso solution depended on 
that of a cubic of the form x* + px^ = q, Florido, learning that Tartaglia had ob- 
tained a solution of this equation, proclaimed his own knowledge of the solution of 
the form ofi + mx — n. Tartaglia, doubting the truth of his statement, challenged 
him to a disputation in the year 1635 ; and in the mean time himself discovered the 
solution of Ferreo* s form 3^ + m^ = n. This solution depends on assuming for x 

an expression v ' "" v •^ consisting of the difference of two radicals ; and, in'fact, 
constitutes the solution usually known as Cardan's. Tartaglia continued his labours, 
and discovered rules for the solution of the various forms of cubics included under the 
classification of the Arabic writers. Cardan, anxious to obtain a knowledge of these 
rules, applied to Tartaglia in the year 1539 ; but without success. After many 
solicitations Tartaglia imparted to him a knowledge of these rules ; receiving from 
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him, however, the most solemn and sacred promises of secrecy. Regardless of Us 
promises, Cardan published in 1645 Tartaglia's rules in his great work styled An 
Magna, It had been the intention of Tartaglia to publish his rules in a work of bn 
own. He commenced the publication of this work in 1556 ; but died in 1559, belon 
he had reached the consideration of cubic equations. As his work, therefore, con* 
tained no mention of his own rules, these rules came in process of tiaie to beicguM 
as the discovery of Cardan, and to be called by his name. 

The solution of equations of the fomth degi«e was the next problem to engngs 
the attention of algebraists ; and here, as well as in the case of the cubic, the im- 
pnlse was given by CoUa, who proposed to the learned the solution of the equatioB 
«* + 6 a;' + 36 = 60j?. Cardan appears to have made attempts to obtain a fbrmok 
for equations of this kind ; but the discovery was reserved for his pupil Femri. 
The method employed by Ferrari was the introduction of a new variable, in such a 
way as to make both sides of the equation perfect squares ; this variable itself being 
determined by an equation of the third degree. It is, in fact, virtually the method 
of Art. 63. This solution is sometimes ascribed to Bombelli, who published it in 
his treatise on Algebra, in 1579. The solution known as Simpson's, which was 
published much later (about 1740), is in no respect essentially different from that 
of Ferrari. In the year 1637 appeared Descartes' treatise, in which are found many 
improvements in algebraical science, the chief of which are his recognition of the 
negative and imaginary roots of eqiiations, and his '' Rule of Signs." His expres- 
sion of the biquadratic as the product of two quadratic factors, although deduciUe 
immediately from Ferrari's form, was an important contribution to the study of this 
quantic. Euler's algebra was published in 1770. His solution of the biquadratic 
(see Art. 61) is important, inasmuch as it brings the treatment of this form into 
harmony with that of the cubic by means of the assumed irrational form of the root. 
The methods of Descartes and Eulct were the result of attempts made to obtain a 
general algebraic solution of equations. Throughout the eighteenth century many 
mathematicians occupied themselves with this problem; but their labours were 
unsuccessful in the case of equations of a degree higher than the fourth. 

In the solutions of the cubic and biquadratic obtained by the older analysts we 
observe two distinct methods in operation : the first, illustrated by the assumptions 
of Tartaglia and Euler, proceeding from an assumed explicit irrational form of the 
root ; the other, seeking by the aid of a transformation of the given function, to 
change its factorial character, so as to reduce it to a form readily resolvible. In 
Art. 56 these two methods are illustrated ; together with a third, the conception of 
which is to be traced to Vandermonde and Lagrange, who published their researches 
about the same time, in the years 1770 and 1771. The former of these writers was 
the first to indicate clearly the necessary character of an algebraical solution of any 
equation, viz., that it must, by the combination of radical signs involved in it, repre- 
sent any root indifferently when the symmetric f imctions of the roots are substituted 
for the functions of the coefficients involved in the formula (see Art. 94) . His attempts 
to construct formulas of this character were successful in the cases of the cubic and 
biquadratic ; but failed in the case of the quintic. Lagrange undertook a review of 
the labours of lus predecessors in the direction of the general solution of equation*. 
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and traced all their results to one uniform principle. This principle consists in 
reducing the solution of the given eqiiation to that of an eqiiation of lower degree, 
whose roots are linear functions of the roots of the given equation and of the roots 
of unity. He shows also that the reduction of a quintic cannot he effected in this 
way, the equation on which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree having failed, it was 
Latuzal that mathematicians should inquire whether any such solution was possible 
•I aU. Demonstrations have been given by Abel and Wantzel (see Serret*s CourM 
d*Algihre 8up4r%eure, Art. 516) of the impossibility of resolving algebrucaUy 
equations unrestricted in form, of a degree higher than the fourth. A transcendental 
solution, however, of the quintic has been given by M. Hermite, in a form involving 
^^lipdn integrals. Among other contributions to the discussion of the quintic since 
the researches of Lagrange, one of leading importance is its expression in a 
trinomial form by means of the Tschimhausen ttansformatinn (tee Art. 175). 
Tschimhausen himself had succeeded in the year 1688, by means of the assump- 
tion y = P+Qx + J^t in the reduction of the cubic and quartic, and had ima- 
gined that a similar process might be applied to the general equation. The 
reduction of the quintic to the trinomial form was published by Mr. Jerrard in 
his Mathematical Benareheif 1832-1835 ; and has been pronounced by M. Hermite 
to be the most important advance in the discussion of this quantic since Abel's demon- 
stration of the impossibility of its solution by radicals. In a Paper published by the 
Bev. Bobert Harley in the Qitarterly Journal of Mathematiet, vol. vi. p. 38, it is 
shown that this reduction had been previously effected, in 1786, by a Swedish 
mathematician named Bring. Of equal importance with Bring*s reduction is 
Dr. Sylvester's transformation (Art. 176), by means of which the quintic is expressed 
as the sum of three fifth powers, a form which gives great facility to the treatment 
of this quantic. Other contributions which have been made in recent years towards 
the discussion of quantics of the fifth and higher degrees have reference chiefly to 
the invariants and covariants of those forms. For an account of these researches 
the student is referred to Clebsch's TTisorie der Binaren jilgebrauchen Formeny and 
to Salmon's Zettons Introductory to the Modem Higher Algebra, 

There has also grown up in recent years a very wide field of investigation rela- 
tive to the algebraic solution of equations, known as the ** Theory of Substitutions.*' 
This theory arose out of the researches of Lagrange before referred to, and has re- 
ceived large additions from the labours of Cauchy, Abel, Galois, and other writers. 
Although many important results have been arrived at by these investigators, the 
subject is of such vast extent and difficulty that it must be considered as only in its 
infancy as yet. The reader desirous of information on this subject is referred to 
Serret's Ccure d* Algkbre Superieure, and to the Traiti dee Subetitutione et dee 
Equatione Algebriquee, by M. Camille Jordan. 
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NOTE B. 

SOLUnOK OF KUMSRICAL EQUATIONS. 

The first attempt at a general solutioii by approxiination of nmnerical equations 
was published in the year 1600, by Vieta. Cardan had previously applied the rule of 
'* false position*' (called by him *'regula aurea") to the cubic; but tlie resuki 
obtained by this method were of little value. It occurred to Yieta that a jMurticular 
numerical root of a given equation might be obtained by a process analogous to the 
ordinary processes of extraction of square and cube roots ; and he inquired in what 
way these known processes should be modified in order to afford a root of an equa- 
tion whose coefficients are given numbers. Taking the equation /(jt) — Q, where Q 
is a given number, and f(x) a polynomial containing different powers of s, with 
numerical coefficients, Yieta showed that, by substituting in/(x) a known approjd- 
mate value of the root, another figure of the root (expressed as a decimal) might be 
obtained by division. When this value was obtained, a repetition of the process 
f umishfKl the next figure of the root ; and so on. It will be observed that the prin- 
ciplo of this method is identical with the main principle involved in the meUiods of 
npproxitimtion of Newton and Homer (Arts. 100, 101). All that has been added 
Rin<'e Yinta'n time to this mode of solution of numerical equations is the arrange- 
ment of tlie cnl(!ulation so as to afford facility and security in the process of evolu- 
tion of tho root. How great has been the improvement in this respect may be 
jiulg<*<l of by on observation in Montuela's Histoire det Mathimatique9, vol. i. 
p. 603, where, speaking of Yieta's mode of approximation, the author regards the 
(calculation (performed by ^Yallia) of the root of a biquadratic to eleven decimal 
places as a work of the most extravagant labour. The same calculation can now be 
conducted with great ease by anyone who has mastered Homer's process explained 
in the text. 

Newton's method of approximation was published in 1669 ; but before this period 
the method of Yieta had been employed and simplified by Harriot, Oughtred, Pell, 
and others. After the period of Newton, Simpson and the Bemouillis occupied them- 
selves with the same problem. Daniel Bemouilli expressed a root of an equation 
in the form of a recurring series, and a similar expression was given by Euler ; but 
both these methods of eolution have been shown by Lagrange to be in no respect 
essentially different from Newton's solution {Traiti de la Eesolution d€$ EqtuUumt 
Nunuriques), Up to the period of Lagrange, therefore, there was in existence only 
one dintinct method of approximation to the root of a numerical equation ; and this 
method, as finally perfected by Homer, in 1819, remains at the present time the 
best practical method yet discovered for this purpose. 

Lagrange, in the work above referred to, pointed out the defects in the methods 
of Yieta and Newton. With reference to tho former he observed that it required 
too many trials ; and that it could not be depended on, except when all the terms on 
the left-hand side of the equation f{x) = Q were positive. As defects in Newton's 
method he signalized — firet, its failure to give a commensurable root in finite terms ; 
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secondly, the infleciirity of the process which leaves doubtful the exactness of each 
fresh correction ; and lastly, the failure of the method in the case of an equation 
with roots nearly equal. The problem Lagrange proposed to himself was the fol- 
lowing : — ** Etant donn^e tme ^nation num^rique sans aucune notion pr^alable de 
la grandeur ni de Tesp^ce de ses racines, trouver la valeur num^rique ezacte, s*il 
est possible, ou aussi approch^ qu'on voudra de chacune de ses racines." 

Before giving an account of his attempted solution of this problem, it \b neces- 
sary to review what had been already done in this direction, in addition to the 
methods of approximation above described. Harriot discovered in 1631 the com- 
position of an equation as a product of factors, and the relations between the roots 
and coefficients. Vieta had already observed this relation in the case of a cubic ; 
but he failed to draw the conclusion in its generality, as Harriot did. This discovery 
was important, for it led to the observation that any integral root must be a factor 
of the absolute term of an equation, and Newton's Method of Divisors for the deter- 
mination of such roots was a natural result. Attention was next directed towards 
finding limits of the roots, in order to diminish the labour necessary in appl3ring the 
method of divisors as well as the methods of approximation previously in existence. 
Descartes, as already remarked, was the first to recognise the negative and ima- 
ginary roots of equations ; and the inquiry commenced by him as to the determi- 
nation of the number of real and of imaginary roots of any given equation was 
continued by Newton, Stirling, De Gua, and others. 

Lagrange observed that, in order to arrive at a solution of the problem above 
stated, it was first necessary to determine the number of the real roots of the given 
equation, and to separate them one from another. For this purpose he proposed to 
employ the equation whose roots are the squares of the differences of the roots of the 
given equation. Waring had previously, in 1762, indicated this method of separat- 
ing the roots ; but Lagrange observes (Equations Numeriques, Note iii.), that he was 
not aware of Waring's researches when he composed his own memoir on this subject. 
It is evident that when the equation of differences is formed, it is possible, by 
finding an inferior limit to its positive roots, to obtain a number less than the least 
difference of the real roots of the given equation. By substituting in succession 
numbers differing by this quantity, the real roots of the given equation will be sepa- 
rated. When the roots are separated in this way Lagrange proposed to determine 
each of them by the method of continued fractions, explained in the text (Art. 105). 
This mode of obtaining the roots escapes the objections above stated to Newton's 
method, inasmuch as the amount of error in each successive approximation is known ; 
and when the root is commensurable the process ceases of itself, and the root is 
given in a finite form. Lagrange gave methods also of obtaining the imaginary 
roots of equations, and observed that if the equation had equal roots they could be 
obtained in the first instance by methods already in existence (see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which he proposed 
to himself is perfect. As a practical method, however, it is almost useless. The 
formation of the equation of differences for equations of even the fourth degree is 
very laborious, and for equations of higher degrees becomes well nigh impracticable. 
Even if the more convenient modes of separating the roots discovered since La- 

2c 
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grangers time be taken in conjunction with the rest of his process, still this process 
is open to the objection that it gives the root in the form of a continued fraction, 
and that the labour of obtaining it in this form is greater than the corresponding 
labour of obtaining it by Homer's process in the form of a dedmaL It will be 
observed also that the latter process, in the perfected form to which Homer has 
brought it, is free from all the objections to Newton's method above stated. 

Since the period of Lagrange, the most important contributions to the analysis 
of numerical equations, in addition to Homer's improvement of the method of ap- 
proximation of Vieta and Newton, are those of Fourier, Budan, and Sturm. The 
researches of Budan were published in 1807 ; and those of Fourier in 1831, after his 
death. There is no doubt, however, that Fourier had discovered before the publi- 
cation of Budan's work the theorem which is ascribed to them conjointly in the text. 
The researches of Stuim were published in 1836. The methods of separation of the 
roots proposed by these writers are fully explained in Chapter IX. By a oombiDiu> 
tion of these methods with that of Homer we have now a solution of Lagrange's 
problem &r simpler than that proposed by Lagrange himself. And it appears im- 
possible to reach mnch greater simplicity in this direction. In extracting a root of 
an equation, just as in extracting an ordinary square or cube root, labour cannot be 
avoided ; and Homer's process appears to reduce this labour to a minimum. The 
separation of the roots also, especially when two or more are nearly equal, must 
remain a work of more or less labour. This labour may admit of some reduction by 
the consideration of the functions of the coefficients which play so important a pait 
in the theory of the different quantics. If, for example, the functions JT, /, and /, 
arc calculated for a given quartic, it will be possible at once to tell the character of 
the roots (see Art. 93). Mathematicians may also invent in process of time some 
mode of calculation applicable to numerical equations analogous to the logarithmic 
calculation of simple roots. But at the present time the most perfect soludcm of 
Lagrange's problem is to be sought in a combination of the methods of Sturm and 
Homer. 



Notes. 387 



NOTE C. 

DETEBMIlfAKTS. 

The name ** determinAiit *' was introduced by Cauchy, as well as the notation in 
ordinary use (Art. 107) to represent these functions. Although Leibnitz in 1693 
had obserred the peculiarity of the Ainctions which arise from the solution of linear 
equations, no further advance in this direction took place till Cramer in 1750 was 
led to the study of such functions in connexion with the analyms of curves. During 
the latter period of the eighteenth century the subject was further enlarged by the 
labours of Bezout, Laplace, Yandermonde, and Lagrange. These labours were 
continued in the present century by Gauss and Cauchy ; to the former of whom is 
due the proposition that the product of two determinants is itself a determinant. A 
g^reat impulse was given to the study of these expressions by the writings of Jacobi 
in Crelle's Joumaly and by his memoirs published in 1841. Among more recent 
mathematicians who have advanced this subject may be mentioned Hermite, Hesse, 
Joachimstal, Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this calculus is not of 
great assistance, not only furnishing brevity and elegance in the demonstration of 
known properties, but even leading to new discoveries in mathematical science. 
Among recent works which have rendered this subject accessible to students 
may be mentioned Spottiswoode*s EUmmtarff Theorema relating to DtterminantSy 
London, 1851 ; Brio6chi*s La teoriea dei determinanti, Pavia, 1854 ; Baltzer's 
Theorie und Anwendung dsr detirminantM, Leipzig, 1864 ; Dostor's iUmentt dt la 
thiorit des Deierminanta, Paris, 1877 ; Scott's Theory of Determinantt, Cambridge, 
1880 ; and the chapters in Salmon's Lestont introductory to the Modern Higher 
jUgebrUf Dublin, 1876. For further information on the history of this subject, as 
well as on that of Eliminants, Invariants, Covariants, and Linear Transformatioiis, 
the reader is referred to the notes at the end of the work last mentioned. 
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and 24 Woodcuts. 8vo. I2x. 

The Moon ; her Motions, 

Aspects^ Scenery, and Physical Con- 
dition. By R. A. Proctor, B.A. 
With Plates, Charts, Woodcuts, and 
Lunar Photographs. Crown 8vo. iar.6</. 

The Sun ; Ruler, Light, Fire, 

and Life of the Planetary System. By 
R. A. Proctor, B. A. With Plates & 
Woodcuts. Crown Svo. 14J, 

The Orbs Around Us ; 

a Series of Essays on the Moon & 
Planets, Meteors & Comets, the Sun & 
Coloured Pairs of Suns. By R. A. 
Proci'OR, B.A. With Chart and Dia- 
grams. Crown Svo. ^s, 6</. 

The Universe of Stars ; 

Presenting Researches into and New 
Views respecting the Constitution of 
the Heavens. By R. A. Proctor, 
B.A. Second Edition, with 22 Charts 
(4 Coloured) and 22 Diagrams. Svo. 
price I or. fid. 



Other Worlds than Ours ; 

The Plurality of Woi*ds Studied under 
the Light of Recent Scientific Re- 
searches. By R. A. Proctor, B.A. 
With 14 Illustrations. Cr. Svo. lOf. 6d. 

Saturn and its System. 

By R. A. Proctor, B.A. Svo. with 
14 Plates, I4r. 

The Moon, and the Con- 
dition and Configurations of its Surface. 
By E. Neison, F.R.A.S. With 26 
Maps & 5 Plates. Medium Svo. 31J. 6a, 

Celestial Objects for 

Common Telescopes. By the Rev. 
T. W. Webb, M.A. Fourth Edition, 
revised and adapted to the Present State 
of Sidereal Science ; Map, Plate, Wood- 
cuts. Crown Svo. 9J. 

A New Star Atlas, for the 

Library, the School, and the Obser- 
vatory, in 12 Circular Maps (with 2 
Index Plates). By R. A. Proctor, 
B.A. Crown Svo. 5/. 

Larger Star Atlas, for the 

Library, in Twelve Circular Maps, 
with Introduction and 2 Index Plates. 
By R. A. Proctor, B.A. Folio, 151. 
or Maps only, 12s, 6d, 

Air and Rain ; the Begin- 
nings of a Chemical Climatology. By 
R. A. Smith, F.R.S. Svo. 24;. 



NATURAL HISTORY and PHYSICAL 

SCIENCE. 



Elementary Treatise on 

Physics, Experimental and Applied, 
for the use of Colleges and Schools. 
Translated and edit^ from Ganot*s 
Traits £,Ununtaire de Physique (with 
the Author's sanction) by Edmund 
Atkinson, Ph.D. F.C.S. Professor 
of Experimental Science, Staff Col- 
lege. Ninth Edition, revised and 
enlarged ; with 4 Coloured Plates 
and S44 Woodcuts. Large crown 
Svo. 15J. 



Natural Philosophy for 

General Readers and Toimgf Per- 
sons ; a Course of Physics divested of 
Mathematical Formulae and expressed 
in the language of daily life. Trans- 
lated and edited from Ganot's Ctmrs 
de Physique (with the Author's sanction) 
by Edmund Atkinson, Ph.D. F.C.S. 
Professor of Experimental Science, Staff 
College. Fourth^Edition, revised ; with 
2 Plates and 471 Woodcuts. Crown 
Svo. 7j. td. 
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Professor Helmholtz on 

the Sensations of Tone, as a Physio- 
logical Basis for the Theory of Music 
Translated by A. J. Ellis, F.R.S. 
8vo. 36J. 

Professor Helmholtz' 

Popular Lectures on Scientific Sub- 
jects. Translated and edited by Ed- 
mund Atkinson, Ph.D. F.C.S. Pro- 
fessor of Chemistry &c. Staff College, 
Sandhurst. First Series, with a 
Preface by Professor Tyndai.i^ F.R.S. 
Second Edition, with 51 Woodcuts. 
Crown 8vo. ys. 6</. 

Professor Helmholtz' 

Popular Lectures on Scientific Sub- 
jects, Second Series, on the Origin 
and Signification of Geometrical Axioms, 
the relation of Form, Shade, Colour 
and Harmony of Colour to Painting, 
the Origin of the Planetary System, &c. 
Translated by Edmund Atkinson, 
Ph.D. F.C.S. Professor of Chemistry 
&c Staff College, Sandhiurst. With 
1 7 Woodcuts. Crown 8vo. fs. 6d, 

Amott's Elements of Phy- 
sics or Natural Philosophy. Seventh 
Edition, edited by A. Bain, LL.D. 
and A. S. Taylor, M.D. F.R.S. 
Crown 8vo. Woodcuts, I2j. 6J, 

The Correlation of Phy- 
sical Forces. By the Hon. Sir W. 
R. Grove, F.R.S. &c. Sixth Edition, 
revised and augmented. 8vo. 15J. 

A Treatise on Magnet- 
ism, General and Terrestrial. By H. 
Lloyd, D.D. D.C.L. &c. late Provost 
of Trinity College, Dublin. 8vo. for. dd. 

Elementary Treatise on 

the Wave-Theory of Light By 
H. Lloyd, D.D. D.C L. &c. late Pro- 
vost of Trinity College, Dublin. 8vo. 
price los,6d. 

The Mathematical and 

other Tracts of the late James 
M'Cullagh, F.T.C.D. Professor of 
Natural Philosophy in the University 
of Dublin. Now first collected, and 
Edited by the Rev. J. H. Jellett, 
I*. D. and the Rev. S. H AUG i iton, M. D. 
Fellows of Trin. Coll. Dublin. 8vo. i$s. 



A Text-Book of Syste- 
matic Mineralogy. By H. Bauerm an, 

F.G.S. Associate of the Royal School of 
Mines. With numerous Woodcuts. 
Small 8vo. 6s. 

A Text-Book of Descrip- 
tive Mineralogy. In the same Series 
of Text-Books of Science, and by the 
same Author. Small 8vo. Woodcuts. 

[In preparation. 

Fragments of Science. 

By John Tyndall, F.R.S. Sixth 
Edition, revised and augmented. 2 vols. 
crown 8vo. idr. 

Heat a Mode of Motion. 

By John Tyndall, F.R,S. 
Sixth Edition (Thirteenth Thousand), 
thoroughly revised and enlarged. 
Crown Svo. I2j. 

Sound. By John Tyndall, 

r.R.S. Fourth Edition, including 
Recent Researches. [Nearly ready. 

Contributions to Mole- 
cular Physics in the domain of 
Radiant Heat By John Tyndall, 
F.R,S. Phites and Woodcuts. Svo. i6x. 

Professor Tyndall's Re- 
searches on Diamanetism and 
Magne-CrystaUic Action ; including 
Diamagnetic Polarity. New Edition 
in preparation. 

Professor Tyndall's Lec- 
tures on Lieht, delivered in America 
in 1872 and 1873. With Portrait, Plate 
& Diagrams. Crown Svo. 7j. 6d, 

Professor TyndalFs Les- 
sons in Electncitj at the Royal 
Institution, 1875-6. With 58 Wood- 
cuts. Crown Svo, zr. &/. 

ProfessorTyndali's Notes 

of a Course of Seven Lectures on 
Electrical Phenomena and Theo- 
ries, delivered at the Royal Institution. 
Crown Svo. u. sewed, is. 6d. cloth. 

ProfessorTyndairs Notes 

of a Course of Nine Lectures on 
Light, delivered at the Royal Institu- 
tion. Crown Svo. u. swd., ix. 6d, doth. 
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Cresy's Encyclopaedia of 

Ctvu Engineering, Historical, Theo- 
retical, and PracticaL With above 
3,000 Woodcuts. 8vo. 25X. 

Kerl's Practical Treatise 

on Metallurgy. Adapted from the last 
German Edition by W. Crookes, F. R. S. 
&c. and E. Rohrig, Ph.D. 3 vols. 
8vo. with 625 Woodcuts. £\, 19J. 

Ville on Artificial Ma- 
nures, their Chemical Selection and 
Scientific Application to Agriculture ; 
a Series of Lectures given at the Ex- 
perimental Farm at Vincennes. Trans- 
lated and edited by W. Crookes, 
F.R.S. With 31 Plates. 8vo. 2IJ. 

Mitchell's Manual of 

Practical Assaying. Fourth Edition, 
revised, with the Recent Discoveries 
incorporated, by W. Crookes, F.R.S. 
Crown 8vo. Woodcuts, 31J. 6^. 



The Art of Perfumery, 

and the Methods of Obtaining the 
Odours of Plants; the Growth and 
general Flower Farm System of Rais- 
ing Fragrant Herbs ; with Instructions 
for the Manufacture of Perfumes for 
the Handkerchief, Scented Powders, 
Odorous Vinegars and Salts, Snuff, 
Dentifrices, Cosmetics, Perfruned Soap, 
&c. By G. W. S. PiESSE, Ph.D. 
F.C.S. Fourth Edition, with 96 Wood- 
cuts. Square crov^n 8vo. 2Ij. 

Loudon's Encyclopaedia 

of Gardening; the Theoiy and Prac- 
tice of Horticulture, Floriculture, Arbori- 
culture & LandscapejGardening. With 
1,000 Woodcuts. 8vo. 2.15, 

Loudon's Encyclopaedia 

of Agriculture ; the Laying-out, Im- 
provement, and Management of Landed 
Property ; the Cultivation and Economy 
of the Productions of Agriculture. With 
1, 100 Woodcuts. 8vo. 2 1 J. 



RELIGIOUS and MORAL ^VORKS. 



A Handbook to the Bible, 

or. Guide to the Study of the Holy 
Scriptures derived from Ancient Monu- 
ments and Modern Exploration. By 
F. R, CONDER, and Lieut. C. R. 
CONDER, R.E. Second Edit. ; Maps, 
Plates of Coins, &c. Post 8vo. 7j. (>d, 

A History of the Church 

of England ; Pre-Reformation Period. 
By the Rev. T. P. Boultbee, LL.D. 
8vo. 1 5 J. 

Sketch of the History of 

the Church of England to the Revo- 
lution of 1688. By T. V. Short, 
D.D. Crown 8vo. is, 6d, 

The English Church in 

the Eighteenth Century. By Charles 
J. Abbey, late Fellow of University 
Coll^, Oxford; and John H. Over- 
ton, late Scholar of Lincoln College, 
Oxford. 2 vols. 8vo. 361. 

An Exposition of the 39 

Articles, Historical and DoctrinaL By 
E. H. Browne, D.D. Bishop of Win- 
chester. Eleventh Edition. 8vo. l6l. 



A Commentary on the 

39 Articles, forming an Introduction to 
the Theology of the Church of England. 
By the Rev. T. P. Boultbee, LL.D. 
New Edition. Crown 8vo. 6s, 

Sermons preached most- 
ly in the Chapel of Rug^by School 

by the late T. Arnold, D.D. Collective 
Edition, revised by the Author's 
Daughter, Mrs.W. E. Forster. 6 vols, 
crown 8yo. 301. or separately, ^s. each. 

Historical Lectures on 

the Life of Our Lord Jesus Christ 
By C. J. Ellicott, D.D. 8vo. 12s. 

The Eclipse of Faith ; or 

a Visit to a Religious Sceptic By 
Henry Rogers. Fcp. 8yo. $s. 

Defence of the Eclipse of 

Faith. By H. Rogers. Fcp.8vo.y.6^. 

Nature, the Utility of 

Religion, and Theism. Three Essays 
by John Stuart Mill. 8vo. los, 6d, 
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A Critical and Gram- 
matical Commentaiy on St Paul's 
Epistles. By C. J. Ellicott, D.D. 
8vo. Galatians, &r. &/. Ephesians, 
&r. 6d, Pastoral Epistles, lOr. 6d, 
Philippians, Colossians, & Philemon, 
los, 6d, Thessalonians, 7j. 6d, 

Conybeare & Howson's 

Uiit and Epistles of St PauL 
Three Editions, copiously illustrated. 

I^ibrary Edition, with all the Original 
Illustrations, Maps, Landscapes on 
Steel, Woodcuts, &c. 2 vols. 4to. 42J. 

Intennediate Edition, with a Selection 
of Maps, Plates, and Woodcuts. 2 vols, 
square cro^n 8vo. 21s. 

Stndenfs Edition, revised and con- 
densed, with 46 Illustrations and Maps. 
I voL crown 8vo. 7j. 6d, 

Smith's Voyage & Ship- 
wreck of St Paid; with Disserta- 
tions on the Life and Writings of St. 
Luke, and the Ships and Navigation of 
the Ancients. Fourth Edition, revised 
by the Author's Son ; with a Memoir 
of the Author, a Preface by the Bishop 
OF Carlisle, and all the Original 
Illustrations. Crown 8vo. ^s, 6d, 

The Angel - Messiah of 

Buddhists, Essenes, and Christians. 
By Ernest DE BuNSEN. 8vo. ioj.6</. 

Bible Studies. By M. M. 

Kalisch, Ph.D. Part I. TA€ Pro- 
phecies of Balaam. 8vo. loj. 6d, 
Part II. The Book of Jonah. 8vo. 
price lOf. dd. 

Historical and Critical 

Commentary on the Old Testament ; 
with a New Translation. By M. M. 
Kalisch, Ph.D. Vol. I. Genesis, 
8vo. i&r. or adapted for the General 
Reader, i&r. VoL II. Exodus, 15^. or 
adapted for the General Reader, I2j. 
Vol. III. Leviticus, Part I. 15J. or 
adapted for the General Reader, %s. 
VoL IV. Leviticus, Part II. itr. or 
adapted for the General Reader, Sr. 

The Four Gospels in 

Greek, with Greek-English Lexicon. 
By John T. White, D.D. Oxon. 
Square 32ma 5x. 



Ewald's History of Israel 

Translated from the German by J. £. 
Carpenter, M.A. with Prefiice bjr R. 
Martineau, M.A. 5 vols. 8vo. 63/. 

Ewald's Antiquities of 

ItrmeL Translated from the German 
by H, S. Solly, M. A. 8vo. lax. 6^ 

The Types of Genesis, 

briefly considered as revealing the 
Development of Human Nature. By 
A. Jukes. Crown 8vo. 7/. fid. 

The Second Death and 

the Restitution of all Things ; with 
some Preliminary Remarks on the 
Nature and Inspiration of Holy Scrip- 
tnre. By A. Jukes. Crown 8vo. y, 6d, 

The Gospel for the Nine- 
teenth Century. Fourth Edition. 
8vo. price los, 6d, 

Supernatural Religion ; 

an Inquiry into the Reality of Di- 
vine Revelation. Complete Edition, 
thoibughly revised. 3 vols. 8vo. 361. 

Lectures on the Origin 

and Growth of Religion* as illus- 
trated by the Religions of India ; 
being the Hibbert Lectures, delivered 
at the Chapter House, Westminster 
Abbey, in 1878, by F. Max Muu.er, 
K. M. 8vo. lOf. 6d, 

Introduction to the Sci- 
ence of Religion, Four Lectures de- 
livered at the Rojral Institution ; with 
Elssays on False Analogies and the 
Philosophy of Mythology. By F. Max 
MOller, K.M. Crown 8vo. los, 6d, 

Passing Thoughts on 

Religion. ByMissSswELL. Fcp. 8vo. 
price 31. 6d, 

Thoughts for the Age. 

By Miss Sewelu Fcp. 8vow 3/. W 

Preparation for the Holy 

Commnnion ; the Devodons chiefly 
from the worlu of Jeremy Taylor. By 
Miss Sewelu 32ma 31; 

Private Devotions for 

Young Persons. Compiled by 
Elizabeth M. Sewell, Author of 
• Amy Herbert * &c. iSmow ar. 
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Bishop Jeremy Taylor's 

Entire Woiies ; with Life by Bishop 
Heber. Revised and corrected by the 
Rev. C. P. Eden. 10 vols, jf 5. 5^, 

Hymns of Praise and 

rrayer. Corrected and edited by 
Rev. John Martineau, LL.D. 
Crown 8vo. 41. dd, 32010. u. dd. 

Spiritual Songs for the 

Snndays and Holidays througfaout 
the Year. By J. S. B. Monsell, 
LL.D. Fcp. ovo. 5/. i8mo. 2/. 

Christ the Consoler; a 

Book of Comfort for the Sick. By 
Kllice Hopkins. Second Edition. 
Fcp. 8vo. 2j. (>d, 

Lyra Germanica ; Hymns 

translated from the German by Miss C. 
WlNKWORTH. Fcp. 8va 5 J. 



Hours of Thought on 

Sacred Things ; Two Volumes of Ser- 
mons. By James Martineau, D.D. 
LL.D. 2 vols, crown 8vo. *is, 6d. each. 

Endeavours after the 

Christian Life ; Discourses. By 
James Martineau, D.D. LL.D. 
Fifth Edition. Crown 8vo. ^s. 6d, 

The Pentateuch & Book 

of Joshua Critically Examined. 
By J. W. Colenso, D.D. Bishop of 
Natal. Crown 8vo. dr. 

Lectures on the Penta- 
teuch and the Moatnte Stone ; with 
Appendices. By J. W. Colenso, 
D.D. Bishop of Natal. 8vo. I2J. 



TRAVELS, VOYAGES. 4Sfcc. 



The Flight of the ' Lap- 

wing*; a Naval Officer's Jottings in 
China, Formosa, and Japan. By the 
Hon. H. N. Shore, R.N. With 2 
Illustrations and 2 Maps. 8vo. 15J. 

Turkish Armenia and 

Eastern Asia Minor. By the Rev. 
H. F. Tozer, M.A. F.R.G.S. With 
Map and 5 Illustrations. 8vo. i6s. 

Sunshine and Storm in 

the East, or Cruises to Cyprus and Con- 
stantinople. By Mrs. Brassey. With 
2 Maps and 114 Illustrations engraved 
on Wood by G. Pearson, chiefly from 
Drawings by the Hon. A. Y. Bingham; 
the Cover from an Original Design by 
Gustave Dore. 8vo. 21s, 

A Voyage in the * Sun- 
beam/ our Home on the Ocean for 
Eleven Months. By Mrs. Brassey. 
Cheaper Edition, with Map and 65 
Wood Engravings. Crown 8vo. 7s. 6d. 

Eight Years in Ceylon. 

By Sir SAMUEL W. Baker, M.A. 
Crown 8vo. Woodcuts, ys, 6d, 

The Rifle and the Hound 

in Ceylon. By Sir Samuel W. Baker, 
M.A. Crown 8vo. Woodcuts, 7/. 6d, 



Sacred Palmlands ; or, 

the Journal of a Spring Tour in Egypt 
and the Holy Land. By A G. Weld. 
Crown 8vo. 7J. 6if. 

One Thousand Miles up 

the Nile; a Journey through Egjrpt 
and Nubia to the Second Cataract. 
By Miss Amelia B. Edwards. With 
Facsimiles, &c. and 80 Illustrations en- 
graved on Wood from Drawings by the 
Author. Imperial 8vo. 42s, 

Wintering in the Ri- 
viera ; with Notes of Travel in Italy 
and France, and Practical Hints to 
Travellers. By William Miller, 
S.S.C. Edinburgh. With 12 lUus- 
trations. Post 8vo. js, 6d, 

San Remo and the Wes- 
tern Riyiera, climatically and medi- 
cally considered. By A. Hill Hassall, 
M.D. Map and Woodcuts. Crown 
8vo. ios,6d, 

Himalayan and Sub- 

HimaUyan Districts of British 
India, their Climate, Medical Topo- 
graphy, and Disease Distribution ; with 
reasons for assigning a Malarious Origin 
to Goitre and some other Diseases. By 
F. N. Macnamara, M.D. With 
Map and Fever Chart. 8vo. 2ir. 



i8 



WORKS puhlislud by LONGMANS &* CO. 



The Alpine Club Map of 

SwitzerliEUid, with parts of the Neigh- 
bouring Countries, on the scale of Four 
Miles to an Inch. Edited by R. C. 
Nichols, F.R.G.S. 4 Sheets in 
Portfolio, 42J. coloured, or 34J. un- 
coloured. 

Dr. Rigby's Letters from 

France^ &c in 1789. Edited by 
his Daughter, Lady Eastlake. Crown 
8vo. lOi-. 6d, 

The Alpine Guide. By 

John Ball, M.R.I. A. PostSvo. with 
Maps and other Illustrations : — 



The Eastern Alps, lo^. 6d. 
Central Alps, including all 

the Oberland District, p, 6d. 

Western Alps, including 

Mont Blanc, Monte Rosa, Zermatt, &c. 
Price 6x. td. 

On Alpine Travelling and 

the Geolcgy of tiie Alps. Price is. 
Either of the Three Volumes or Parts of 
the * Alpine Guide * may be had ^-ith 
this Introduction prefixed, is, extra. 



WORKS of FICTION. 



Novels and Tales. By the 

Right Hon. the Earl of Beacons- 
field, K.G. Tfee Cabinet Edition. 
Eleven Volumes, crown 8vo. 6s, each. 
Endymioiii (>s. 



Lothair, 6s. 
Coning^by, dr. 
Sybil, 6s. 
Tancred, 6s. 



Venetian 6s. 

Akojt Istion, &c. dr. 

Young Duke &c. dr. 

Vivian Grey, 6s, 
Henrietta Temple, 6s. 
Contarini Fleming, &c dr. 

Blues and Bufifs ; a Con- 
tested Election and its Results. By 
Arthur Mills. Crown 8vo. 6s, 

Yellow Cap, and other 

Fairy Stories for Children, viz. 
Rumpty-Dudget, CaUadon, and 
Theeda. By Julian Hawthorne. 
Crown 8vo. 6s. cloth extra, gilt edges. 

The Crookit Meg: a 

Scottish Story of the Year One. By 
John Skelton, LL.D. Advocate, 
Author of 'Essays in Romance and 
Studies from Life* (by * Shirley'). 
Crown 8vo. 6/. 

Buried Alive ; or, Ten 

Years of Penal Servitude in Siberia. 
By Fedor Dostoyeffsky. Trans- 
lated from the German by Marie von 
Thilo. Post 8vo. los. 6d. 

* Apart from its interest as a picture of prison life, 
Buried Alive gives us several curious sketches of 
Russian life and character. Of course it is of the 
criminal side, but it seems to agree with what we 
learn from otner sources of other classes.' 

St. James's Gazette. 



Whispers from Fairy- 
land. By the Right Hon, E. H. 
Knatchbull-Hugessen, M.P. With 
9 Illustrations. Crown 8vo. 3J. 6d. 

Higgledy-piggledy; or, 

Stories for Everybody and Every* 
body's Children. By the Right Hon. 
E. H. Knatchbull-Hugessen, M.P. 
With 9 Illustrations. Cr. 8vo. 3^. 6J. 

Stories and Tales. By 

Elizabeth M. Sewell. Cabinet 
Edition, in Ten Volumes, each contain- 
ing a complete Tale or Story : — 

Amy Herbert, 2s. 6d. Gertrude, 2j. 6d. 
The Earrs Daugjhter, 2s. 6d. The 
Experience of Life, zs. 6d. Cleve 
Hall, 2j. 6d. Ivors, 2j. 6d. Katharine 
Ashton, 2s. 6d. Margaret Perdval, 
y. 6d. Laneton Parsonage, ^r. 6d. 
Ursula, 3^. 6d. 

The Modern Novelist's 

Library. Each work complete in itself, 
price 2J. boards, or zs, 6d. doth :— 

By Lord Beaconsfield. 



Lotfaair. 

Conlngsby. 

Sybil 

Tancred. 

Venetia. 



Henrietta Temple. 
Contarini Fleming. 
Ah-oy, Isdon, &c. 
The Young Duke» ftc 
Vivian Grey. 



By Anthony Trollope, 
Barchester Towers. 
The Warden. 
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THE MODERN NOVELIST'S LIBRARY— ^wAww^, 



By Major Whyte-Melville. 



Digby Grand. 
General Bounce. 
Kate Coventry. 
The Gladiators. 



Good for Nothing. 
Holmby House. 
The Interpreter. 
Queen's Maries. 



By the Author of * The Rose Garden.* 
Unawares. 



By the Author of * Mile. Mori.' 
The Atelier du Lys. 
Mademoiselle Mori. 

By Various Writers. 
Atherstone Priory. 
The Burgomaster's Family. 
Elsa and her Vulture. 
The Six Sisters of the VaUeys.; ] 



Novels and Tales by the Right Honourable the 

Earl of Beaconsfieldy K.G. Ten Volumesi crown 8vo. cloth extra, gilt edges, 
price 30J. 



POETRY and THE DRAMA. 



Poetical Works of Jean 

Ingelow. New Edition, reprinted, 
with Additional Matter, from the 23rd 
and 6th Editions of the two volumes 
respectively ; with 2 Vignettes. 2 vols, 
fcp. 8vo. 12S, 

Faust. From the German 

of Goethe. By T. E. Webb, LL.D. 
one of Her Majesty's Counsel in Ire- 
land ; sometime Fellow of Trinity 
College, now Regius Professor of Laws 
and Public Orator in the University of 
Dublin. 8vo. 12s. 6d, 

Goethe's Faust. A New 

Translation, chiefly in Blank Verse ; 
wJlh a complete Introduction and 
copious Notes. By James Adey 
Birds, B.A. F.G.S. Large crown 
8vo. I2J. 6d, 

Goethe's Faust. The Ger- 
man Text, with an English Introduction 
and Notes for the use of Students. By 
Albert M. Selss, M.A. Ph.D. &c. 
Professor of German in the University 
of Dublin. Crown 8vo. $s. 



Lays of Ancient Rome; 

with Ivry and the Armada. By Lord 
Macaulay. i6ma 3/. 6d, 

The Poem of the Cid : a 

Translation from the Spanish, with 
Introduction and Notes. By John 
Ormsby. Crown 8vo. 5J. 

Festus, a Poem. By 

Philip James Bailey. loth Edition, 
enlarged & revised. Crown 8vo. lis, 6d. 

The Iliad of Homer, Ho- 

mometrically translated by C. 6* 
Cayley. 8vo. I2J. 6d. 

The ^neid of Virgil. 

Translated into English Verse. By J. 
CoNiNGTON, M.A. Crown 8vo. 9J. 

Bowdler's Family Shak- 

speare. Genuine Edition, in i voL 
medium 8vo. laije type, with 36 Wood- 
cuts, 14J. or in 6 volSi fcp. 8vo. 2 it. 

South ey's Poetical 

Works, with the Author's last Cor* 
rections and Additions. Medium StOu 
with Portrait, 14J. 



RURAL SPORTS, HORSE and 

MANAGEMENT, &c. 



CATTLE 



Blaine's Encyclopaedia of 

Rural Sports; Complete Accounts, 
Historical, 'Practical, and Descriptive, 
of Hunting, Shooting, Fishing, Racing, 
&c With 600 Wo^cuts. §vo. 21/. 



A Book on Angling ; or^ 

Treatise on the Art of Fishing in every 
branch ; including full Illustrated Lists 
of Salmon Flies. By F&ANCis F&ANCiSi 
Post 8vo. Portrait and Plates, 15/. 
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